
647: Gravitational Physics

Comments on Problem Sheet 1

Qu. (1) The purpose of this question is to illustrate the point that one can apply the

Einstein way of thinking about gravity even in a purely non-relativistic Newtonian context.

Gravity, in the Einsteinian viewpoint, is the force experienced by a massive object when it

accelerates relative to a local inertial frame. Recall that a local inertial frame is otherwise

known as a freely-falling frame, and this means exactly what it says; the local frame of

reference of an observer who is in free fall. One the earth, an example of a free-fall frame

would be the local frame of an observer who has jumped out of a window (we neglect air

resistance in this discussion). Obviously such a frame (and the observer in it) will be usable

only for a short time, until the ground is reached.

The free-fall frame will of course be accelerating downwards with acceleration g, relative

to a nearby frame attached to the earth. Conversely, the nearby surface of the earth will

be accelerating upwards with acceleration g, relative to the free-fall frame.

In the case of a truck that is accelerating horizontally with acceleration a, it follows that

relative to the local free-fall frame it has a horizontal component of acceleration a, and a

vertical upward component of acceleration g. Thus it has a net acceleration of magnitude

g̃ =
√
g2 + a2 relative to the local free-fall frame. This acceleration is directed up at an

angle θ given by tan θ = a/g, where the tilt of θ is in the forward direction in the truck (the

direction it is accelerating).

This now has determined everything we need to know about the gravitational field

experienced by an observer in the truck. The observer experiences a gravitational force in

the direction antiparallel to the direction of the the truck’s acceleration relative to the free-

fall frame. All possible questions about the behaviour of particles or objects, as seen by an

observer inside the truck, can be answered simply by knowing that there is a gravitational

field of strength g̃ =
√
g2 + a2 acting at that angle θ.

A point worth emphasising is the universality of this result. Questions (1b) and (1c)

gave a couple of examples of problems that can now be solved essentially as trivialities. A

helium balloon on a string always rises vertically along the direction of the gravitational

field, so once we know which way gravity is acting, we immediately know which way the

string will be pointing. By contrast, in a traditional Newtonian approach to solving question

(1b) one would probably be drawing force diagrams, calculating buoyancy forces, etc. Then,

in question (1c), in a traditional Newtonian approach, it would be a whole new problem,

with new force diagrams to draw, etc., etc.



By contrast, in the Einsteinian approach it is just the same old underlying problem

that was already solved. Once the strength of the gravitation field and its direction of

action are known, all problems just reduce to being like the situation when the truck is not

accelerating, except that now the strength of the field is g̃ =
√
g2 + a2 rather than g, and

the angle θ at which it acts is given by θ = arctan(a/g) rather than θ = 0.

One could construct endless further examples of problems that would each have to be

analysed separately and individually in the Newtonian way of doing things, but which are

trivially answerable without any further work in the Einsteinian approach.

Qu. (2) Part (2c) is the one that gave the most difficulties here; the components of a

Lorentz tensor Kµν are specified in some particular frame. One is asked to come up with

a test for whether Kµν is actually equal to the outer product of two vectors Aµ and Bν .

That is, whether Kµν = AµBν .

As many people noticed, by writing out the components as a matrix K, it is clear that

if Kµν = AµBν , then the determinant of K will be zero. So having detK = 0 is certainly

a necessary condition for Kµν to be equal to AµBν . However, a simple counting argument

shows that having detK = 0 is not a sufficient condition for Kµν to be equal to AµBν .

To see this, note that a generic tensor Kµν would be specified by enumerating its

4 × 4 = 16 independent components. The statement that detK = 0 would place just one

condition on these 16 components, implying that a tensor Kµν with detK = 0 could have

anything up to 16 − 1 = 15 independent components. However, the most general possible

Kµν of the form AµBν would specified by at most 8 independent parameters, namely four

parameters specifying a generic Aµ, and four more parameters specifiying a generic Bµ.

The counting above shows that there could easily exist many examples of tensors Kµν

that satisfied detK = 0 and yet could not be written as an outer product of two vectors.

One way to find necessary and sufficient conditions for Kµν to be an outer product

AµBν is to take the putative expression Kµν = AµBν and contract it with an arbitrary

vector Uµ. This would give

UµK
µν = (U ·A)Bν , (1)

where we use the notation (U ·A) to mean the scalar product UµA
µ. So eqn (1) says that

different choices for the vector Uµ will always give some scalar multiplied by the same vector

Bν . One could first take, for example, Uµ = (1, 0, 0, 0), and then instead Uµ = (0, 1, 0, 0)

and then instead Uµ = (0, 0, 1, 0), and then finally take instead Uµ = (0, 0, 0, 1). If Kµν is

indeed of the form AµBν then all four calculations should produce vectors that are multiples



of one another. The same game could be played where instead one contracts an arbitrary

vector Vν on the second index:

Kµν Vν = Aµ (V ·B) . (2)

If one works through four linearly-independent choices for Vµ and finds Kµν Vν is always

proportional to the same vector, then combined with the previous tests using eqn (1), this

would establish that indeed Kµν = AµBν for some vectors Aµ and Bν .

Actually, a nicer way to formulate a necessary and sufficient condition can be obtained.

By playing around taking the product of the two equations (1) and (2)1, one can obtain an

equation from which one can deduce that if Kµν is expressible as AµBν for some vectors

Aµ and Bν , then it must satisfy

Kµν Kρσ = KµσKρν . (3)

The strategy for showing this depends upon the fact that if one can show that Zµνρσ Uρ Vσ =

0 for all possible vectors Uρ and Vσ, then it must be that Zµνρσ = 0.

Having shown that eqn (3) is a necessary condition for Kµν to expressible as AµBν ,

one must now complete the proof by showing that it is also a sufficient condition. This

can easily be done by multiplying eqn (3) by any pair vectors Xρ and Yσ, where the only

stipulation about these vectors is that the scalar quantity S ≡ KρσXρ Yσ must be non-zero.

Dividing out by S, one sees that eqn (3) then gives that Kµν is equal to an outer product

of two vectors.

The upshot, then, is that one has established that Kµν is expressible as the product

AµBν for some vectors Aµ and Bν , if and only if Kµν satisfies eqn (3) .

Qu. (3) The reason why this is called the quotient rule is that one is given the equation

Uµ = Wµν Vν with Uµ and Vν specified to be Lorentz vectors, and one has to figure out the

transformation properties of the object Wµν . So in some sense, one wants to “divide out by

Vν ,” in order to read off the transformation properties of Wµν . Of course “dividing out by

a vector” as such makes no sense, so one has to do something a bit more sophisticated. We

know from what we are told that in a primed Lorentz frame it must be that U ′µ = W ′µν V ′
ν ,

and we know what U ′µ and V ′
ν are in terms of the unprimed Uµ and Vν . But we don’t

yet know what W ′µν is. By making use of the expressions for U ′µ and V ′
ν in terms of Uµ

and Vν , and then also using the original equation Uµ = Wµν Vν , it is possible to end up

1As always in calculations like this, be scrupulously careful to relabel dummy indices where necessary so

that there is never a clash of indices!



with an equation involving W , W ′ and V , together with the various Lorentz transformation

matrices. The key point then is that the whole thing can be written as

(something)µν Vν = 0 , (4)

and now one can invoke the very important fact that we were told that Vν can be a

completely arbitrary Lorentz vector. This means that one can derive from eqn (4) that

(something)µν itself must be zero. After a final manipulation involving properties of the

Lorentz transformation matrices, one ends up proving that

W ′µν = Λµ
ρ Λν

σW
ρσ , (5)

thus establishing that Wµν is a Lorentz tensor.

Qu. (4) An elegant way to prove a result like this, noting that information is given

about the various scalar products V µVµ, kµkµ and kµVµ, is to think about the scalar

quantity

(V µ − λ kµ)(Vµ − λ kµ) . (6)

Here, λ could be any scalar, and we eventually will choose it optimally in order to derive

the required result.

The strategy then is to expand out eqn (6), making use of the various given properties of

the various scalar products. Then, on the other hand, just look at eqn (6) before expanding.

In general, nothing can be said about the sign of (6), because it involves the square of the

component (V 0 − λ k0), with a −1 prefactor, and then added to this is the sum of squares

of the spatial components, all with a +1 prefactor. However, recall that we are free to play

around with λ and to choose it to be whatever we like. In particular, we can choose λ so

as to make the troublesome (V 0 − λ k0) term vanish. If we do that, we then know that (6)

will be non-negative. Combine that with the given information about the various scalar

products, and the required result will follow.


