
647: Gravitational Physics

Comments on Problem Sheet 2

Qu. (1) This question is concerned with the extension of the Poincaré group of trans-

formations that leave the Minkowski metric ds2 = ηµνdx
µdxν invariant to the so-called con-

formal group. The Poinacaré group has, as we have seen, 10 parameters (6 for the Lorentz

transformations plus 4 more for the translations). The conformal group enlarges this to a

total of 15 parameters, with the extra 5 comparising 4 conformal boosts and 1 dilatation.

The dilataion and the conformal boosts do not leave the Minkowski metric invariant, but

instead they transform the Minkowski metric into a (possibly coordinate-dependent) factor

times the original metric. The 5 parameters of the conformal extension of the Poincaré

group are the constants b and αµ in the transformations given in Qu. (1):

x′
µ

=
b2

Ω2
(xµ + αµ) , with Ω2 = ηµν (xµ + αµ)(xν + αν) , (1)

The constant b corresponds to the dilatation parameter and the constants αµ comprise the

four conformal boost parameters. The aim of the question is to show that under these

transformations the Minkowski metric transforms to

ds′
2

=
b4

Ω4
ds2 . (2)

The calculation to verify this is straightforward, provided that one takes care not to end

up with clashes of dummy indices. As always when approaching a problem like this, it is

helpful to establish basic lemmas for expressions that will be needed in the course of the

calculation. In this case, the differential of dΩ is clearly needed. From the definition of Ω2

in (1) we have

2Ω dΩ = 2ηµν (xµ + αµ) dxν . (3)

Therefore we have

dΩ = Ω−1 (xµ + αµ) dxµ , (4)

where dxµ + αµ just means ηµν (dxν + αν).

With the result (4) for dΩ, one can straightfowardly calculate ds′2 and verify that eqn

(2) indeed holds. Note that, as always in such calculations, one should be careful to choose

the letters for dummy indices carefully to ensure there is no clash with other indices that

are already being used.



Qu. (2) The hints given at the end of question (2) should be sufficient to solve this

problem. It is often helpful, as in this case, to make use of freedoms such as the choice

of origin and orientation of coordinate systems in order to simplify subsequent calculations

while not losing any generality.

Qu. (3) Qu. (3a) is really just answered by a simple combinatoric argument. If a

four-index tensor in four dimensions is totally antisymmetric in its indices, then the only

components that could possibly be non-zero are those where the four indices take the four

different values 0, 1, 2 and 3. Once one such component is specified, then all the others

(corresponding to the permutations of 0, 1, 2 and 3) follow from the antisymmetry.

In (3b), one can first show that the left-hand side, i.e. εµνρσ Z
µ
α Z

ν
β Z

ρ
γ Z

σ
δ, is totally

antisymmetric in the free indices α, β, γ and δ. (Show that if any pair of indices chosen

from {α, β, γ, δ} is exchanged, then the resulting expression is the negative of the original

one. Do this by making use of the total antisymmetry of εµνρσ, together with appropriate

relabelling of dummy indices.) Knowing now that the left-hand side is totally antisymmetric

in α, β, γ and δ, it follows that it must be expressible as some quantity, say X, times εαβγδ.

(This follows using essentially the same argument as in Qu. (3a).)

It remains to determine what X is. It suffices now to make a specific choice for the

values of the indices {α, β, γ, δ}; let’s choose {α, β, γ, δ} = {0, 1, 2, 3}. (Of course to get a

useful result, the four index values must be chosen to be all different, otherwise the equation

εµνρσ Z
µ
α Z

ν
β Z

ρ
γ Z

σ
δ = X εαβγδ will just give 0 = 0.) One now needs to show that X is

in fact equal to detZ; in other words, to show that

εµνρσ Z
µ
0 Z

ν
1 Z

ρ
2 Z

σ
3 = detZ . (5)

One could simply show this by writing out all the terms (of which there will be 24), and

showing that they give precisely detZ. This would be a little tedious, and a nicer way to

do it would be by coming up with some sort of iterative construction. Recall that one can

calulate the N ×N determinant by working along the top row, adding the product of each

entry times the corresponding cofactor.1 With a bit of thought, one can reduce the problem

iteratively, using these ideas.

Having established the general result in Qu. (3b), the result in Qu. (3c) comes out very

easily.

1The minor of a given element in the matrix is the determinant of the (N − 1)× (N − 1) matrix formed

by striking out the row and the column that intersect on the given element. Suppose the chosen element in

the matrix is in the i’th row and the j’th column. The cofactor of this element is its minor, multiplied by

(−1)i+j .



Qu. (4) The question begins by defining the notation of enclosing a set of indices in

square brackets to denote antisymmetrisation, or round brackets to denote symmetrisation.

The definitions are designed to be such that putting square brackets around a set of indices

that are already antisymmetric does nothing, and likewise putting round brackets around

a set of indices that are already symmetric. Thus

T[[µ1···µn]] = T[µ1···µn] , T((µ1···µn)) = T(µ1···µn) , for any Tµ1···µn . (6)

In other words, if the tensor is already antisymmetric in a set of indices then the process

of antisymmetrising over them will not change anything. Similarly for symmetrisation.

These properties are easily proven from original definitions. Notice that the 1/n! factors in

the original definitions of antisymmetrisation and symmetrisation are combinatoric factors,

precisely designed to ensure that the antisymmetrisation or symmetrisation is of “strength

1,” and therefore that eqns (6) hold. Almost everyone defines antisymmetrisation and

symmetrisation like this, and it is certainly the most convenient definition. Believe it or not,

a few people do define antisymmetrisation or symmetrisation without the 1/n! combinatoric

factor. This then leads to tiresome features such as T[[µ1···µn]] = n!T[µ1···µn].

Notice that the property Tµν = T[µν] + T(µν) that you are asked to show in Qu. (4a)

is just the index version of the familiar result that any square matrix can be decomposed

as the sum of an antisymmetric matrix and a symmetric matrix. The next question in

Qu. (4a) demonstrates that one does not in general have such a simple property when one

considers tensors with more indices. This is illustrated by the example of a 3-index tensor,

where one can easily see by explicitly writing out the expressions that

Tµνρ 6= T[µνρ] + T(µνρ) in general . (7)

In other words, a general 3-index tensor cannot be decomposed purely into a sum of a totally

antisymmetric tensor and a totally symmetric tensor; there is in fact a third irreducible piece

as well. Specifically, it is what is left over after extracting the totally antisymmetric and

totally symmetric parts;

T extra
µνρ ≡ Tµνρ − T[µνρ] − T(µνρ) . (8)

If one looks at tensors with more than three indices then the situation will be yet more

complicated, with there being multiple additional irreducible parts. If you want to delve

further into this, which goes beyond the scope of what we shall be discussing in the lectures,

look up the topic of Young Tableaux.



The expression in Qu. (4b),

εµνρσ ε
αβρσ = −4δαβµν , (9)

can be verified in a brute-force way simply by enumerating all the possible assignments

for the free indices α, β, µ and ν, and verifying that the left-hand side is equal to the

right-hand side in all cases. In fact, though, one can greatly reduce the task by taking

into account the symmetries of the equation. The left-hand side is clearly antisymmetric

in the pair of free indices µ and ν, and it is also antisymmetric in the pair of free indices

µ and ν. The right-hand side has the same manifest antisymmetries. This means that in

a “brute-force” enumeration of all possible values for the free indices, one need only check

for α < β, and for µ < ν. This already reduces the brute-force task from enumerating

44 = 256 possible numerical assignments to just (4× 3/2)2 = 36 possible assignments. But

in fact, if one thinks about it, the actual number of cases that need to be checked is a lot

less. For example if one has verified that the left-hand side equals the right-hand side for

(α, β, µ, ν) = (1, 2, 1, 2) then checking for (α, β, µ, ν) = (1, 3, 1, 3) is superfluous; if it works

for (α, β, µ, ν) = (1, 2, 1, 2) then obviously it works for (α, β, µ, ν) = (1, 3, 1, 3). After taking

all this into account, one can establish there is really only one non-trivial assignment that

needs to be checked; for example (α, β, µ, ν) = (1, 2, 1, 2).

Just one further remark about Qu. (4b). Note that the minus sign appears on the right-

hand side of (9) because of the Minkowskian metric signature (i.e η = diag (−1,+1,+1,+1),

with a minus sign in 00 component). This means that while εµνρσ is totally antisymmetric

with ε0123 = +1 (this was chosen by as part of the definition, remember), εµνρσ is totally

antisymmetric with ε0123 = −1.

The dualisation referred to in Qu. (4c) is more fully called Hodge Dualisation. If you

look at the example where Fµν is the Maxwell field tensor, with components given by

F0i = −Ei and Fij = εijk Bk, then you will see that the Hodge dual F̃µν of the Maxwell

tensor looks very like the Maxwell tensor except that the roles of the electric field and the

magnetic field have been exchanged;

F̃0i = Bi , F̃ij = εijk Ek . (10)

In other words, to be precise, the exchange is ( ~E, ~B) −→ (− ~B, ~E). Notice also that the

Maxwell equation ∂µFνρ + ∂νFρµ + ∂ρFµν = 0 can be written simply as ∂µF̃
µν = 0, which

looks very like the Maxwell equation ∂µF
µν = −4π Jν if we turn off the source current Jν .

This symmetry between the roles of electric fields and magnetic fields in the absence of



sources is known as Electric/Magnetic Duality. It, and related symmetries in string theory,

play a very important role in understanding subtle non-perturbative effects at the quantum

level.


