
647: Gravitational Physics

Comments on Problem Sheet 3

Qu. (1) This question is rather straightforward, if you follow the steps indicated.

It does illustrate an important point, however. Namely, that the totally-antisymmetrised

partial derivatives of an antisymmetric general-coordinate tensor gives another general-

coordinate tensor. Clearly the result obtained in Qu. (1b), that Fµν = ∂µAν − ∂νAµ is a

general-coordinate tensor, will have an application when we look at Maxwell’s equations

in a curved spacetime, since it shows that the way one writes the Maxwell field-strength

tensor in terms of a 4-vector potential in special relativity carries over with no modification

whatsoever in general relativity.

Likewise, the result one proves in Qu. (1c), that ∂µFνρ + ∂νFρµ + ∂ρFµν is a general-

coordinate tensor, implies that the Maxwell equation that reads ∂µFνρ +∂νFρµ +∂ρFµν = 0

in special relativity carries over with no modification in general relativity.

Qu. (2), (3) These questions illustrate that if one transforms in Minkowski spacetime

to an appropriate non-inertial frame, one can see how one can describe the motion of a non-

relativistic partlicle a uniformly accelerating frame (in Qu. (2)) or in a uniformly-rotating

frame (in Qu. (3)). In the non-relativistic Newtonian limit one recovers the expected results,

such as the centrifugal and Coriolis forces in the case of uniform rotation.

Qu. (4) This question explores a little bit of the geometry of the 2-sphere, and at the

same time gives a few insights into some of the issues that map-makers encounter when

deciding how to display the earth on a flat sheet of paper. In Qu. (4a), one shows that

by transforming from Cartesian to spherical polar coordinates, the Euclidean metric in

3-dimensional space takes the form ds2 = dr2 + r2 dΩ2, where dΩ2 = dθ2 + sin2 θ dϕ2 is

the metric on the unit 2-sphere. Thus in spherical polar coordinates, one is viewing 3-

dimensional Euclidean space as a nested sequence of 2-spheres, starting from a zero-radius

2-sphere (i.e. a point) at the origin r = 0, and expanding out to infinity as r grows to

infinity.

In the Mercator projection, points on the unit sphere are mapped to points on a Eu-

clidean 2-plane with Cartesian coordinates (u, v), where u = ϕ and v = log cot 1
2θ. As

can be straightforwardly demonstrated, one sees in Qu. (4b) that the Euclidean metric

ds22 = du2 + dv2 on the Mercator plane is related to the metric dΩ2 on the unit sphere by

a conformal factor, so ds22 = Ψ2 dΩ2. The conformal factor becomes singular at the north

and south poles of the sphere, reflecting the fact that the Mercator map is not very useful



for polar explorers.

Qu. (4c) asks you to show that any straight-line path on the Mercator map translates

into a path on the surface of the sphere that maintains a constant compass bearing (with

respect to true north). For those not familiar with sailing or piloting a plane, maintaining

a constant compass bearing means that the angle between the direction of motion of the

craft and the direction to the north pole remains constant as it travels along its path.

Equivalently, one could say that the angle between the direction of motion and the direction

of due east (i.e. the direction along a line of increasing ϕ at constant θ) remains constant

along the path. If you think about a little arrow along the direction of motion as the boat

or plane moves from (θ, ϕ) on the sphere to (θ+ dθ, ϕ+ dϕ) on the sphere, then this arrow

clearly has a component −dθ pointing north, and a component sin θ dϕ pointing east. A

simple trigonometric calculation therefore gives the angle between the arrow and the due

easterly direction.

Thinking instead for a moment about a straight-line path on the Mercator plane, one can

clearly write any such straight line in the form of the equation αu+ β v = constant, where

α and β are constants. Thus along the path of the straight line, one has αdu + β dv = 0.

Writing u and v in terms of θ and ϕ using the Mercator projection discussed above, one

can now easily see that the straight-line Mercator path, when mapped onto the sphere,

describes a path that indeed has the property of keeping the compass bearing constant.

In Qu. (4d), you are asked to find the equation of the paths on the Mercator plane that

correspond to great circles on the sphere. As is said in the question, a great circle is the

path obtained as the intersection of the unit sphere with a plane through the origin in the

embedding Euclidean 3-space. The equation for such a plane is

a x+ b y + c z = 0 , (1)

where a, b and c are constants. The intersection with the sphere is therefore obtained by

plugging the expressions x = sin θ cosϕ, y = sin θ sinϕ, z = cos θ, into eqn (1). This,

then, gives an equation relating θ and ϕ, and this defines the great circle. Of course since

this equation depends on the constants a, b and c that specify the plane, this means that

these constants parameterise which great circle on the sphere one is getting. Finally, by

re-expressing this equation in terms of u and v, one gets an equation for the path on the

Mercator map that correponds to this particular great circle on the sphere. One should

now be able to see that this equation is the one that one is asked to derive in Qu. (4d).


