
647: Gravitational Physics

Comments on Problem Sheet 4

Qu. (1) In this question, you are asked to consider the metric ds2 = dθ2 + sin2 θ dϕ2

on the unit-radius 2-sphere, calculate the components of the Christoffel connection, and

then the components of the Riemann tensor. From this, you can then calculate the Ricci

tensor and the Ricci scalar. There is not too much to be said about this, except perhaps

to remark that it can pay to pause and think a bit about the symmetries of the Riemann

tensor, before starting to grind through all the possible index assignments.

First of all, if one is using the standard expression for the Riemann tensor, namely

Rµ
νρσ = ∂ρΓµ

σν − ∂σΓµ
ρν + Γµ

ρλ Γλ
σν − Γµ

σλ Γλ
ρν , (1)

then this is manifestly antisymmetric in ρ and σ. In two dimensions, this means that of the

four possible index assignments for ρ and σ,

(ρ, σ) = (1, 1) , (1, 2) , (2, 1) , (2, 2) , (2)

the cases (1, 1) and (2, 2) are obviously going to give zero, and furthermore the case (2, 1)

will just give the negative of the case (1, 2). So really, one only has to work out the Riemann

tensor components Rµ
ν12, with

(µν) = (1, 1) , (1, 2) , (2, 1) , (2, 2) . (3)

Now, we know also that Rµνρσ = −Rνµρσ. Since the metric in this 2-sphere example is

diagonal, meaning g12 = g21 = 0, then the inverse metric is also diagonal, g12 = g21 = 0.

This means that since antisymmetry implies R11ρσ = 0 and R22ρσ = 0, then we will also

necessarily have that

R1
1ρσ = 0 , R2

2ρσ = 0 . (4)

Therefore there are only two components of the Riemann tensor that actually need to be

calculated, namely

R1
212 , and R2

112 . (5)

In fact the second could be calculated easily from the first, given the already-observed point

that the metric and its inverse are diagonal.

In fact, this is probably an example where in practice it is slightly more efficient to use

the “Weinberg formula” for Rµνρσ, appearing in eqn (4.71) in the lecture notes:

Rµνρσ = 1
2(∂µ∂σgνρ − ∂µ∂ρgνσ + ∂ν∂ρgµσ − ∂ν∂σgµρ) + gαβ (Γα

µσΓβ
νρ − Γα

µρΓβ
νσ) . (6)



With no further ado, given that the metric in this question is two-dimensional, it imme-

diately follows from the antisymmetry of the Riemann tensor Rµνρσ on its first index-pair

and on its second index-pair, that we only need to calculate

R1212 . (7)

Qu. (2) Similar remarks apply to the metric on two-dimensional anti-de Sitter space-

time in this question. If one really wants to minimise the calculations, it is probably easiest

to use the formula (6) above for the Riemann tensor Rµνρσ.

Qu. (3) Here we have the example of the metric on a unit-radius 3-sphere S3, derived

by viewing it as being embedded as the surface of the unit ball in 4-dimensional Euclidean

space. Thus, starting with the four Euclidean coordinates (y1, y2, y3, y4), one restricts them

to lie on the surface of the unit ball by writing

y1 = sin θ cosφ , y2 = sin θ sinφ , y3 = cos θ cosψ , y4 = cos θ sinψ (8)

Question (3a) asks you to show that this indeed describes the embedding of the unit S3 in

Euclidean 4-space, parameterised by (θ, φ, ψ). The first thing to show is that indeed eqns (8)

restrict the (y1, y2, y3, y4) coordinates to lie on the unit ball. This is just a matter of showing,

using properties of the trigonometric functions, that one gets (y1)2+(y2)2+(y3)2+(y4)2 = 1.

Slightly less trivial is to show that as the angles θ, φ and ψ vary, one is actually covering

all the points on the surface of the unit ball. In fact, a question that probably should have

been asked here, in order to give a better understanding of how this is working, is “what

ranges of the θ, φ and ψ coordinates are needed in order to cover the whole of the 3-sphere

(once)?”.

If you look at the parameterisation in eqns (8), you can see that if we hold θ fixed,

then varying φ corresponds to moving around in a circle in the (y1, y2) plane at a fixed

radius sin θ. Likewise, if ψ is varied while again keeping θ fixed, this corresponds to moving

around a circle in the (y3, y4) plane at a fixed radius cos θ. So φ and ψ each needs to be a

periodic coordinate with period 2π, in order to cover a complete circle. The θ coordinate

then needs to range over 0 ≤ θ ≤ 1
2π. In the (y1, y2) plane this means one fills out a disc

of radius 1, described as a nested sequence of circles starting form zero radius when θ = 0,

and expanding to unit radius when θ reaches 1
2π. Meanwhile, in the (y3, y4) plane one is

getting another filled disc, this time starting from unit radius when θ = 0 and shrinking to

zero radius when θ = 1
2π. We have (y1)2 + (y2)2 = sin2 θ and (y3)2 + (y4)2 = cos2 θ, with



the sum of these two quantities giving

[
(y1)2 + (y2)2

]
+

[
(y3)2 + (y4)2

]
= sin2 θ + cos2 θ = 1 , (9)

as indeed we should expect on the unit ball in Euclidean 4-space.

It is not really possible to visualise this explicitly, because of our restricted three-

dimensional experience, but the kind of picture one should have in mind is as follows.

At fixed θ, the S3 metric

ds2 = dθ2 + sin2 θ dφ2 + cos2 θ dψ2 . (10)

(which one derives in Qu. (3b)) describes a metric on the product of two circles (otherwise

known as a 2-torus). As θ increases, starting from θ = 0, the radius of the circle parame-

terised by φ increases from zero until it reaches unit radius when θ reaches 1
2π. Meanwhile,

the radius of the circle parameterised by ψ starts out at unity when θ = 0, and shrinks down

to zero radius as θ reaches 1
2π. The whole 3-manifold of the 3-sphere is being described as a

so-called foliation by these 2-tori, one circle expanding while the other contracts, and vice

versa. There is a name in the mathematical literature for this geometrical structure. The

3-sphere is said to be foliated by Clifford Tori.

It is instructive, by the way, to think of what is happening in the case of the 2-sphere,

described by the metric ds2 = dθ2 + sin2 θ dϕ2. Here, ϕ is a periodic coordinate on a circle,

so it has period 2π. The θ coordinate in this case ranges over 0 ≤ θ ≤ π, and the 2-sphere

is being described as a foliation by circles. The radius of the circle is zero when θ = 0 (at

the north pole), it grows until it reaches unit radius when θ = 1
2π (on the equator), and

then it shrinks down again to zero when θ reaches π (at the south pole).

In Qu(4), you are asked to calculate the Christoffel connection and then the curvature,

for the metric (10) on the unit 3-sphere. The task can be made considerably less onerous

by thinking about the symmetries of the Riemann tensor. For a hand calculation, probably

the “Weinberg formula” for Rµνρσ in eqn (6) is the most efficient one to use. In view of

the antisymmetry in the first index-pair, in the second index-pair, and also the symmetry

Rµνρσ = Rρσµν one can see after a little thought that it suffices to calculate just the six

components

R1212 , R1213 , R1223 , R1313 , R1323 , R2323 , (11)

since all the others follow from the symmetries.


