
647: Gravitational Physics

Comments on Problem Sheet 5

Qu. (1) In this question, you are asked to calculate the Christoffel connection, Riemann

tensor, Ricci tensor and Ricci scalar for the metric on (n + 1)-dimensional anti-de Sitter

spacetime

ds2 = gµν dx
µ dxν = dr2 + e2r ηab dx

a dxb , (1)

where we can take 0 ≤ µ ≤ n and 0 ≤ a ≤ n−1, with ηab being the flat metric on an (n−1)-

dimensional Minkowski spacetime. Clearly here, since the dimension (n + 1) of the whole

spacetime is arbitrary, it is necessary to do the calculations without explicitly calculating

each individual component of Γµνρ or Rµνρσ separately. In fact, one can do the calculations

abstractly very easily, by exploiting the fact that there is a manifest n-dimensional Lorentz

covariance in the n-dimensional Minkowski spacetime directions.

The Christoffel connection can be calculated easily enough by using the usual formula

Γµνρ = 1
2g
µσ (∂νgσρ + ∂ρgνσ − ∂σgνρ). Clearly the only independent Christoffel components

that need be calculated are

Γabc , Γnab , Γanb , Γnna , Γann , Γnnn . (2)

Because of the symmetry Γµνρ = Γµρν , the components Γabn and Γnan of course follow

immediately from Γanb and Γnna respectively. Note that the “n” in the above expressions

is just the fixed number n, and not an index spanning a range of values. The n direction

refers to r; that is to say, xµ with µ = n is xn = r. Note that the whole set of components

Γabc can be calculated in one single computation, and similarly for all the other cases where

Γ carries one or more a, b, c type index.

Of course even easier is to use the trick of considering the Lagrangian L = 1
2gµν ẋ

µ ẋν =

1
2 ṙ

2 + 1
2e

2r ηab ẋ
a ẋb for timelike geodesics xµ(τ) in the curved spacetime background. One

then reads off the components of the Christoffel connection from the Euler-Lagrange equa-

tions ẍµ + Γµνρ ẋ
ν ẋρ = 0. By this means, one can very easily see that the only non-zero

components are given by

Γnab = −e2r ηab , Γanb = δab , (3)

(and, of course, Γabn = δab also).

Two observations are worth emphasising here. Firstly, note that we have made full use

of the n-dimensional Lorentz covariance in the directions indexed by a, b, . . .. That is to say,



all of these index values are handled as a single “package”; there is no need to complicate

life by treating the a = 0 term (the time direction in the Minkowski spacetime) as a special

case, or breaking up the Γnab terms into the a = b terms and the a 6= b terms, or anything

like that. Similar comments apply also to the calculation of the Riemann and Ricci tensors,

of course.

The other observation concerns the reading off of the Γanb (and Γabn) components from

the ẍa+2ṙ ẋa = 0 geodesic equations. The Γanb and Γabn do not have a factor of 2, precisely

because that term 2ṙ ẋa is arising from the two equal terms Γanb ṙ ẋ
b + Γabn ẋ

b ṙ, coming

from Γaνρ ẋ
ν ẋρ.

I’m appending some notes I typed up about the geometry of anti-de Sitter spacetime at

the end of these “Comments on Problem Sheet 5.”

Qu. (2) Here, one explores what happens when a vector is parallel transported around

certain closed curves on the 2-dimensional sphere. Specifically, one considers what happens

when a vector is parallel transported around circles of constant latitude; i.e., around circles

of fixed θ, if we use the standard coordinates (θ, ϕ) on the unit sphere with metric ds2 =

dθ2 + sin2 θ dϕ2. The vector V = V µ ∂µ is then parallel transported using the equation

dxν(λ)

dλ
∇ν V µ = 0 , (4)

where λ parameterises the path xµ = xµ(λ). In our case, the path is at fixed θ, and we may

as well simply use ϕ as the parameter along the path. Thus

dx1

dλ
=
dθ

dϕ
= 0 ,

dx2

dλ
=
dϕ

dϕ
= 1 . (5)

Using the previously-established results for the Christoffel connection of the 2-sphere,

namely

Γ1
22 = − sin θ cos θ , Γ2

12 = Γ2
21 = cot θ , (6)

we then easily find that eqn (4) implies

dV 1

dϕ
− sin θ cos θ V 2 = 0 ,

dV 2

dϕ
+ cot θ V 1 = 0 . (7)

Here, of course, θ is just a constant; it specifies the co-latitude of the circle around which

the vector is being propagated. Plugging one equation into the other gives a second-order

differential equation for V 1, and doing it the other way around gives a second-order equation

(in fact, the same equation) for V 2. It is convenient to solve first for V 2, since it is specified



in the question that V 2 = 0 at the starting point (ϕ = 0 on the circle of constant θ) and so

one of the two constants of integration is determined. The other constant of integration is

of course just setting the overall scale-size of the vector V µ. Having obtained V 2, we can

just use the second equation in (7) in order to read off

V 1 = −dV
2

dϕ
tan θ . (8)

Notice, by the way, that the magnitude of the vector V µ is always the same, as it makes its

trip along the path. That is to say, gµν V
µ V ν is constant.

We can easily determine the angle ψ that the vector V makes with the normal to the

circular path, as a function of ϕ. This angle will be given by

tanψ =
V 1

V 2 sin θ
. (9)

By this means, we can then find what the angle ψ has become by the time the vector V

has been parallely transported all the way round the circle of constant θ; that is, when ϕ

reaches ϕ = 2π. Since, by definition, ψ was zero at ϕ = 0, we therefore discover by how

much the vector V has been rotated when it reaches ϕ = 2π.

In Qu. (2b), one repeats the same exercise for the case of flat Euclidean 2-space, written

in polar coordinates r and θ. In this case, you should find that the vector is not rotated at

all, after parallel transport around a circle of constant r. This is not surprising, of course,

since there is no curvature in this example. But it is instructive to see the differences

between the parallel-transport equations in the cases of the sphere and the plane, in order

to appreciate why a rotation occurs in the former case but not in the latter.

Qu. (3) This question is concerned with constructing the geodesics on the unit 2-

sphere. After obtaining the geodesic equations for this geometry, Qu. (3a) asks you to

show that one specific solution is given by the equatorial circle of the sphere, that is, the

circle at fixed θ = 1
2π, with ϕ increasing from 0 to 2π.

Of course it is pretty obvious then by symmetry that any other great circle on the

sphere should also provide a solution of the geodesic equations. The rest of Qu. (3) is then

concerned with establishing explicitly that this is indeed the case. Qu. (3b) guides you

through the process of manipulating the geodesic equations, ending up with a first-order

differential equation for θ as a function of ϕ on the geodesic. Qu. (3c), together with

its hints, guides you through the process of solving the first-order equation explicitly, by

means of a judicious change of variable, and of then comparing the resulting answer with

the equation one can derive for the general great circle on the sphere, constructed as the



intersection of the surface of the sphere with a plane through the origin of the Euclidean

3-space in which the sphere is embedded.

Qu. (4) A general discussion in the lecture notes showed that it must always be possible

to find a coordinate system in which, at any chosen point in the spacetime, the metric at

that point is the Minkowski metric and the first derivatives of the metric vanish.

The analogous statement in the context of a space with a metric of positive-definite

signature is that it is always possible to find a coordinate system in which, at any chosen

point, the metric at that point is the flat Euclidean metric and its first derivatives vanish.

In each case, the fact that the first derivatives of the metric vanish at the chosen point

means that the Christoffel connection vanishes at that point. Of course, if there is curvature

then it will not be possible to find any coordinate transformation that allows one to set the

second derivatives of the metric to vanish too.

In Qu. (4), one establishes that if one considers the standard metric ds2 = dθ2 +

sin2 θ dϕ2 on the unit sphere, and then transforms to new coordinates x and y that are

related to θ and ϕ by x = θ cosϕ and y = θ sinϕ, then the new metric has the property

that it becomes the Euclidean metric ds2E = dx2 + dy2 as x and y approach zero, and

that the first derivatives of the metric vanish as x and y approach zero. Now the point

x = y = 0 corresponds to θ = 0; in other words the north pole of the sphere. So what has

been established here is that the coordinate transformation that is given in this problem is

precisely an example of one that gives a metric that is the Euclidean metric, with vanishing

first derivatives, at the north pole of the sphere. One also easily checks that the second

derivatives of the new metric do not vanish at x = y = 0. This is understandable, since the

sphere has curvature.

One could, of course, with a bit more work, redo the discussion for any other chosen

point on the sphere.

Here is some discussion of the geometry of anti-de Sitter spacetimes:

1 AdSn+1 as a hyperboloid in M2,n spacetime

Let ZA with 0 ≤ A ≤ n+ 1 be coordinates on a flat spacetime with metric

ds2(2,n) = KAB dZ
A dZB , KAB = diag (−1, 1, 1, . . . , 1, 1,−1) , (10)



(so 2 time directions and n spatial directions). The manifold of the (n + 1)-dimensional

anti-de Sitter spacetime is defined as the hyperboloid

KAB Z
A ZB = −1 . (11)

(More generally, we could take KAB Z
A ZB = nΛ−1, where Λ is a constant, which in fact

is the cosmological constant. (The induced metric on the hyperboloid is Einstein, obeying

Rµν = Λ gµν . By taking Λ = −n we are setting the scale-size of the AdS spacetime to be

unity.)

1.1 AdSn+1 in Poincaré patch

There are various ways that one can conveniently parameterise the points on the hyper-

boloid. For now, we shall consider the so-called Poincaré patch, which is parameterised

using coordinates (r, xa) (with 0 ≤ a ≤ n− 1) as follows:

Zn+1 − Zn = er , Zn+1 + Zn = e−r + er ηab x
a xb , Za = er xa , (12)

where ηab is the metric on an n-dimensional Minkowski spacetime:

ηab = diag (−1, 1, 1, . . . , 1, 1) . (13)

One can straightforwardly see that eqns (12) indeed satisfy the hyperboloid conditions (11).

Substituting into eqn (10) one obtains the induced metric

ds2 = dr2 + e2r ηab dx
a dxb . (14)

AdSn+1 is described here as a foliation of (Minkowski)n spacetimes.

Note that this Poincaré patch does not cover the whole of the AdSn+1 spacetime. Since

r is real, one sees from the first expression in eqns (12) that only the half-space where

Zn+1 ≥ Zn is covered.

1.2 AdSn+1 in global coordinates

Here, we parameterise points on the hyperboloid (11) by means of the coordinates (t̃, ρ, ui),

where 1 ≤ i ≤ n and the ui are subject to the constraint ui ui = 1. We have

Z0 = cosh ρ cos t̃ , Zn+1 = cosh ρ sin t̃ , Zi = sinh ρ ui , (15)



and it can be seen that the hyperboloid condition (11) is satisfied. Noting that ui ui = 1

implies ui dui = 0, and that dui dui = dΩ2
n−1, the metric on a unit (n− 1)-sphere,1 we see

that plugging (15) into (10) gives the metric

ds2 = − cosh2 ρ dt̃2 + dρ2 + sinh2 ρ dΩ2
n−1 (16)

on AdSn+1. This parameterisation covers the entire hyperboloid, and thus the embedding is

globally defined. Note that the time coordinate t̃ must be taken to have period 2π, in order

to give a single covering of the hyperboloid. Commonly, one passes to the universal covering

space of AdSn+1, often denoted by CAdSn+1, by removing the periodicity restriction and

taking t̃ to range over the entire real line.

1Commonly, in specific cases, one parameterises the n coordinates ui in terms of trigonometric functions

of (n − 1) unconstrained coordinates. For example, when n = 2 we can take u1 = sinϕ and u2 = cosϕ,

and so dui dui = dΩ2
1 = dϕ2, which is the metric on unit 1-sphere (the circle). When n = 3 we can use the

standard angular coordinates of spherical polars, with u1 = sin θ cosϕ, u2 = sin]theta sinϕ and u3 = cosϕ,

giving dui dui = dΩ2
2 = dθ2 + sin2 θ dϕ2), the metric on the unit 2-sphere.


