
647: Gravitational Physics

Comments on Problem Sheet 6

Qu. (1) The metric to be studied here is

ds2 = 2du dv + dx2 + dy2 +H du2 , (1)

where H = H(u, x, y). We shall index the coordinates as follows:

xµ = (u, v, x, y) , for µ = (0, 1, 2, 3) . (2)

One has to find the conditions on the function H under which the metric will be a solution

of the vacuum Einstein equations; i.e. the conditions under which Rµν = 0. Therefore,

we face a familiar exercise; first calculate the Christoffel connection, and then calculate the

curvature.

For the Christoffel connection we can use the trick of first writing down the Lagrangian

L = 1
2gµν ẋ

µ ẋν whose Euler-Lagrange equation will give the geodesic equation. Thus we

have

L = u̇ v̇ + 1
2 ẋ

2 + 1
2 ẏ

2 + 1
2H u̇2 . (3)

The Euler-Lagrange equations are easily obtained, and from these one can read off the

components of the Christoffel connection. The non-zero components therefore turn out to

be given by:

Γ1
00 = 1

2∂uH , Γ1
0i = Γ1

i0 = 1
2∂iH , Γi00 = −1

2∂iH , (4)

where we are using an index i ranging over 2 ≤ i ≤ 3 so that we compactly package the x

and the y directions together.

At this point, it really pays to pause and look at how to exploit symmetries to the

best effect, in order to reduce the amount of labour involved in calculating the curvature.

It is probably most efficient here to calculate the whole Riemann tensor next, using the

“Weinberg formula”

Rµνρσ = 1
2(∂µ∂σgνρ − ∂µ∂ρgνσ + ∂ν∂ρgµσ − ∂ν∂σgµρ) + gαβ (ΓαµσΓβνρ − ΓαµρΓ

β
νσ) , (5)

since we can then exploit to the full the symmetries of the Riemann tensor. On symmetry

grounds, since Rµνρσ is antisymmetric in the first index-pair, and in the second index-pair,

we can see that the possible independent index assignments to consider for µν are

µν = 01 , 0i , 1i , ij , (6)



and similarly for the ρσ index pair.

Now, observe two very important features that are apparent in the results in eqns (4)

for the non-zero Christoffel components, namely:

1. Every non-zero Γµνρ component has at least one downstairs “0” index.

2. No non-zero Γµνρ component has a downstairs “1” index.

It is evident, therefore, that the ΓΓ terms in eqn (5) could only be non-zero if at least

two of µ, ν, ρ and σ are equal to the value “0,” and furthermore if none of µ, ν, ρ and σ is

equal to the value “1.”

Looking at the ∂∂g terms in eqn (5), it is clear also, since the only metric component

that has any coordinate dependence is g00 = H(u, x, y), and since this does not depend on

v, it follows that the ∂∂g terms in (5) will never have any contribution with a downstairs

“1” index. Furthermore, the ∂∂g terms will only be non-zero if there are at least two “0”

indices.

In view of the antisymmetry of Rµνρσ in µν and in ρσ, it is also evident that there can

be no more than two “0” indices on any non-vanishing component of Rµνρσ.

Putting all this together, it is clear that in the list (6), the cases 01, 1i and ij can never

occur (and similarly for ρσ). The upshot, then, is that the only non-zero components of

the Riemann tensor will be those given by

R0i0j , (7)

(together with the obvious symmetry-related components Ri00j , R0ij0 and Ri0j0). Thus

the initially daunting-looking task of enumerating many possible sets of components of the

Riemann tensor reduces to just the cases in eqn (7). These are easily calculated using

eqn (5), and having obtained these, the calculation of the Ricci tensor Rµν becomes very

simple, as does the calculation of Rµνρσ Rµνρσ. It is worth noting in these calculations that

the non-zero components of the inverse metric are

g01 = g10 = 1 , g11 = −H , g22 = g33 = 1 , (8)

(and so, in particular, g00 = 0).

Qu. (2) In this question, one has to calculate the the Christoffel connection Γ̃µνρ of a

metric g̃µν that is related by the conformal scaling g̃µν = e2σ gµν to a metric gµν , where σ is

an arbitrary function of the spacetime coordinates. Specifically, one is asked to show that

Γ̃µνρ = Γµνρ + δµν ∂ρσ + δµρ ∂νσ − gνρ gµλ ∂λσ . (9)



The calculation is straightforward, using the standard formula that gives the Christoffel

connection in terms of the inverse metric and the first derivatives of the metric.

It is worth noting here a rather important point, namely that the form of the relation

(9) is

Γ̃µνρ = Γµνρ +Wµ
νρ , (10)

where

Wµ
νρ = δµν ∂ρσ + δµρ ∂νσ − gνρ gµλ ∂λσ (11)

is a general coordinate tensor. (This is obvious, since δµν is a tensor, gµν is a tensor, and ∂µσ

is a vector.) In fact, this is a special case of a completely general result, that the difference

between two connections is always a tensor. This is understandable if you look back to

equation (4.36) in the lecture notes, where it was shown that under general coordinate

transformations, a connection Γµνρ transforms as

Γ′ν
µρ =

∂x′ν

∂xσ
∂xα

∂x′µ
∂xλ

∂x′ρ
Γσαλ −

∂xλ

∂x′ρ
∂xα

∂x′µ
∂2x′ν

∂xα ∂xλ
. (12)

If there were only the first term on the right-hand side, Γ would be transforming as a tensor.

However, the second term, which spoils the tensor transformation law, is completely inde-

pendent of the connection Γ. So if we had any other connection, say Γ̂, its transformation

law would be

Γ̂′ν
µρ =

∂x′ν

∂xσ
∂xα

∂x′µ
∂xλ

∂x′ρ
Γ̂σαλ −

∂xλ

∂x′ρ
∂xα

∂x′µ
∂2x′ν

∂xα ∂xλ
. (13)

Therefore, the difference Γ̂µνρ − Γµνρ will always transform as a tensor:

(Γ̂′µ
νρ − Γ′µ

νρ) =
∂x′ν

∂xσ
∂xα

∂x′µ
∂xλ

∂x′ρ
(Γ̂σαλ − Γσαλ) , (14)

since the nasty second terms in eqns (12) and (13) will then cancel each other.

Going back to the current problem, we shall see in the discussion of Qu. (3) below that

we can take advantage of the observation that (Γ̃µνρ−Γµνρ) is a tensor in order to simplify

the calculation of the curvature.

Qu. (3) This question asks you to calculate the Ricci tensor R̃µν of the conformally-

scaled metric g̃µν in terms of the Ricci tensor Rµν and the function σ that appears in the

conformal factor. Rather than immediately launching into a rather brutal calculation of

the Riemann tensor using the expression in eqn (9) for Γ̃µνρ, it is worthwhile first to look



at the general structure of how the calculation will go, and, most importantly, to make use

of the observations made above in the discussion of Qu. (2).

Consider the usual expression for the Riemann tensor in terms of the Christoffel con-

nection, i.e.

Rµνρσ = ∂ρΓ
µ
σν − ∂σΓµρν + Γµρλ Γλσν − Γµσλ Γλρν . (15)

Suppressing the indices, we may write this structurally as

Riem = ∂Γ + ΓΓ . (16)

It should be emphasised that this is rather schematic; the two terms here on the right-hand

side refer to the two terms with plus signs together with the two terms with minus signs in

eqn (15) (corresponding to swapping the ρ and σ indices in eqn (15)). We also have, from

eqn (10) above, that

Γ̃ = Γ +W , (17)

where W is the tensor given in eqn (11). Therefore, the Riemann tensor for the conformally-

rescaled metric g̃µν with its Christoffel connection Γ̃µνρ will be given structurally by

R̃iem = ∂Γ̃ + Γ̃Γ̃ ,

= ∂(Γ +W ) + (Γ +W )(Γ +W ) ,

= ∂Γ + ΓΓ + ∂W +WΓ +WΓ +WW ,

= Riem + ∂W +WΓ +WΓ +WW . (18)

Now, we know that Riem is a tensor, and we know that R̃iem is also a tensor. And, of

course, WW is a tensor. It follows from (18), therefore, that

∂W +WΓ +WΓ (19)

must also be a tensor. (Again, we emphasise that this schematic expression actually means

a set of terms as displayed minus another such set with the indices ρ and σ swapped.)

What could (19) be? There is clearly only one possibility; it must be that the WΓ terms

are precisely going to conspire with the partial derivative terms ∂W to make the covariant

derivatives ∇W :

∂W +WΓ +WΓ = ∇W . (20)

So structurally, the result for R̃iem is going to be

R̃iem = Riem +∇W +WW . (21)



Having seen what to expect structurally, it is pretty simple now to do a proper cal-

culation, with all the terms and all the indices, and to obtain the explicit expression for

R̃µνρσ in terms of Rµνρσ, ∇W and WW . It can actually be quite satisfying to see how

the conspiracy of all the WΓ terms together with ∂W terms works out in detail, giving the

covariant ∇W result. After some modest amount of calculation, the answer will turn out

to be

R̃µνρσ = Rµνρσ +∇ρWµ
σν −∇σWµ

ρν +Wµ
ρλW

λ
σν −Wµ

σλW
λ
ρν . (22)

Notice that this expression could really have been foreseen right from the beginning, given

that Γ̃µνρ is written in terms of Γµνρ and the tensor Wµ
νρ as in eqn (10). General covariance

is an incredibly powerful tool, if one knows that an equation is itself generally covariant.

Finally, calculating the expression R̃µν that is requested in Qu. (3) is just a matter of

contracting the expression for the Riemann tensor in (22) to get the Ricci tensor, and then

feeding in the expression in eqn (11) above giving W in terms of σ. It is probably quite a

lot simpler to do the calculation in the way suggested here, first working out the result (22)

for a general tensor Wµ
νρ and only plugging in the explicit form (11) at the final stage of

the calculation.1

Qu. (4) This question shows the way in which one can generalise the basic result for

the commutator of covariant deivatives on a vector, i.e.

[∇µ,∇ν ]V ρ = Rρσµν V
σ , (23)

to the case of a general tensor with more indices. The result you are asked to prove in

Qu. (4a) may look a little daunting because of all the indices on the tensors A and B, but

notice that they are all actually just “going along for a ride,” and really, the statement of

1Note, for example, that a great advantage of first deriving the manifestly-covariant equation of the form

(21) and only then plugging in the expression (11) for Wµ
νρ is that there is no need to worry about the

presence of the metric tensors in the third term in (11), since they are covariantly constant. If, on the other

hand, one simply plowed ahead grinding out the curvature by plugging the expression (9) for Γ̃µ
νρ into the

standard expression for the curvature in terms of the Christoffel connection, one would have to deal with

terms where a partial derivative landed on those metric tensors. It would all have to work out nicely at the

end of the day, but it would be a very long day in which there would be an awful lot of unpleasant terms

to keep track of in the intermediate steps. In fact a rather universal strategy when doing any calculation,

which almost always pays off, is to try to break the calculation down in a nice modular way; first establishing

general results for an arbitrary case before plugging in specifics of a particular case. One should always be

hesitant about plugging in specific details too early in a calculation.



the result you are asked to show is simply that

[∇µ,∇ν ](AB) = ([∇µ,∇ν ]A)B +A ([∇µ,∇ν ]B) (24)

for any tensors A and B. In other words, the operator [∇µ,∇ν ] is obeying what one might

call a Leibnitz rule. It is easy enough to prove this, by writing out the terms one gets from

(∇µ∇ν −∇ν∇µ) acting on the product (AB), and making use of the standard Leibnitz rule

that ∇µ(AB) = (∇µA)B +A (∇µB). Various terms cancel, and the result follows.

In Qu. (4b) one makes use of the result proved in part (4a) (there was an obvious

typo on the homework problem sheet, here it said use the result from Qu. (3a), and it

should have said (4a)). Thus one uses the formula obtained in Qu. (4a) in order to express

[∇µ,∇ν ](W ρσ Vσ) (which we know already, since it is the commutator acting on the vector

Zρ = W ρσ Vσ) in terms of the commutator acting on W ρσ (which is what we want to find)

multiplied by Vσ plus the commutator on Vσ (which we know already) times W ρσ. Feeding

in the results we already know, we end up with an equation that allows us to derive the

expression for [∇µ,∇ν ]W ρσ. Doing this requires that we can peel off an overall factor of

Vσ from the equation. Crucially, we are told that Vσ is an arbitrary vector, and this is the

reason why we can peel it off. This is closely analogous to the type of argument one uses

when proving the quotient theorem.

Finally, in Qu. (4c), one uses the result for [∇µ,∇ν ]W ρσ that was obtained in Qu. (4b)

in order to calculate [∇µ,∇ν ]Wµν , and show that it vanishes. This can be shown to follow

because of the symmetry of the Ricci tensor.


