
647: Gravitational Physics

Comments on Problem Sheet 8

Qu. (1) This problem is essentially solved in the discussion in section 8.3.1 in the

lecture notes. To be precise, the discussion in the lecture notes is for the case of anti-de

Sitter spacetime, which is the case where the cosmological constant Λ is negative. In the

notation of the lecture notes, the hyperboloid in the five-dimensional flat spacetime of (2, 3)

signature is taken to be

−X2
0 +X2

1 +X2
2 +X2

3 −X2
4 = −`2 , (1)

so ` is related to Λ by Λ = −3`−2. As discussed there, one can parameterise the embedding

coordinates by

X0 =
√
r2 + `2 sin

t

`
, X4 =

√
r2 + `2 cos

t

`
,

X1 = r sin θ cosϕ , X2 = r sin θ sinϕ , X3 = t cos θ . (2)

One can verify that the metric induced on the hyperboloid from the flat metric ds25 =

−dX2
0 + dX2

1 + dX2
2 + dX2

3 − dX2
4 is indeed the same as the obtained by setting M = 0

in the Schwarzschild-de Sitter metric, taking Λ = −3`−2. The relation between the radial

coordinate r being used here, and the radial coordinate ρ that was used in the discussion

in “Comments and Discussion related to Homework 5” can readily be seen.

The case of de Sitter spacetime, where Λ is positive, can be obtained by making the

analytic continuation ` −→ −i `. In order to obtain a real embedding in five dimensions,

one can now make an analytic continuation of the X0 coordinate, by sending X0 −→ iX0.

Thus the five dimensional spacetime will now have a metric of signature (1, 4), namely

ds25 = dX2
0 + dX2

1 + dX2
2 + dX2

3 − dX2
4 , and the hyperboloid will be of the form

X2
0 +X2

1 +X2
2 +X2

3 −X2
4 = `2 , (3)

The time dependence in the expressions fo the X0 and X4 coordinates after the analytic

continuation will involve hyperbolic functions of t/` rather than trigonometric functions.

Qu. (2) As has now been discussed extensively in the class, the energy-momentum

tensor of any matter field whose equations of motion are derivable from a general-coordinate

invariant Lagrangian density will necessarily be conserved, ∇ν Tµν = 0, subject to the use

of the equations of motion. The calculations in parts (a) and (b) of this question illustrate



this for two standard examples, namely a massless scalar field, and the electromagnetic

field. One should find in Qu. (2a) that the given energy-momentum tensor is conserved

provided that the scalar field φ satisfies the massless Klein-Gordan equation, i.e. φ = 0,

where = ∇µ∇µ. In Qu. (2b), one should find that the given energy-momentum tensor

is conserved upon use of the source-free Maxwell equations, ∇µ Fµν = 0. Note that in this

case one has to make use also of the Bianchi identity ∂[µ Fνρ] = 0, which, of course, can also

be written as

∇µ Fνρ +∇ν Fρµ +∇ρ Fµν = 0 . (4)

Qu. (3) This question involves playing around with the geodesic equations for a massive

particle moving in a purely radial inward direction in the Schwarzschild geometry. One just

has to take the basic equations that were derived in section 6.3.1 of the lecture notes, and

specialise to the case where θ = 1
2π and ϕ is a constant. The first and third equations

in eqns (6.36) of the lecture notes, with ` = 0, then determine everything. The energy E

can be re-expressed easily in terms of the radius r0 from which the particle is released. By

following the procedure outlined in the question, defining a new radial variable η given by

r = 1
2r0 (1 + cos η) , (5)

it is straightforward to integrate and find the given expression for τ in terms of η. Solving

for t as a function of η is a little more tricky, because of the nature of the integral that

has to be performed. If all else fails, one can simply differentiate the given answer and

show that it indeed gives back the correct expression for dt/dη that one can derive from

the geodesic equations. In a sense, this is not really “cheating,” since very often the oper-

ation of integration is in actuality a process of making use of one’s acquired “database” of

known integrals that was assembled from experience of what one gets when differentiating

functions.

Qu. (4) This question is quite nice because it forces one to get to grips with an actual

“physical” problem where one has to figure out what the passage of time actually means for

different observers. Sidney Coleman once made the observation that “in general relativity

you don’t know where you are and you don’t know what time it is.” What he was getting

at is that when one is dealing with a theory where any coordinate system is just as good as

another, it is not always obvious how to extract something of actual physical meaning, as

opposed to merely an artifact of some particular choice of coordinates.



The basic setup is straightforward. Paul is orbiting the neutron star, which has mass

M , at a radius r = 4M . All details of his geodesic motion are easily calculable, as in

the discussion of circular orbits in section 6.3.1 of the lecture notes. Peter is fired radially

outwards from a cannon on the surface of the neutron star, and so all of his subsequent

motion is following a radial geodesic that heads outwards, reaches a maximum radius r =

rmax, and then falls back again until he hits the neutron star. His path intersects Paul’s

orbit on the way out, and it intersects Paul’s orbit again when Peter is on the way down.

Paul has completed exactly ten orbits between their two meetings.

One can imagine that this whole process is being observed by someone far away from

the neutron star. (It doesn’t actually matter where this observer is, in fact.) If a clock,

measuring coordinate time t, is started, at t = 0 say, when Peter and Paul first pass each

other, then ten of Paul’s orbits later, the clock will be showing some time t = tf . Thus the

coordinate time t at which Paul complete’s his tenth orbit must be exactly the same as the

coordinate time t at which Peter gets back to r = 4M as he is on his way down. Both of

these events occur at t = tf .

The fact that Paul is in a circular orbit at radius r = 4M completely determines ev-

erything about his motion. In terms of the geodesic equations (6.36) in the lecture notes,

the constants E and ` can be expressed purely in terms of M , and so one can easily find

an expression for the coordinate time that elapses during his 10 orbits. (Recall that, as

discussed in the lecture notes, for a circular orbit at radius r = r̄ one must have not only

V (r̄) = E2 (so that ṙ = 0 in eqn (6.37)), but also that dV (r)/dr vanishes at r = r̄.) Thus,

one can obtain an expression for dϕ
dt , and integrate to find the elapse of t time corresponding

to completing 10 orbits (i.e. ϕ −→ ϕ+ 20π). This determines tf purely in terms of M .

Peter’s radial trajectory between the two meetings can be divided into two parts; first,

the outward radial motion beginning at their first meeting, at r = 4M , up until the moment

when Peter reaches the highest point of his trajectory, at r = rmax. The second part of

his trajectory is the part where he falls radially back down from r = rmax until his second

meeting with Paul, at r = 4M . The geodesic equations determining Peter’s motion are

time-reversal symmetric, and so the coordinate time interval ∆t for his journey upwards

from r = 4M to r = rmax is equal to the time interval for his downward journey from

r = rmax to r = 4M . The total coordinate time interval between his two meetings with

Paul is therefore 2∆t. This therefore needs to be equated with the coordinate time interval

in which Paul completes 10 orbits.

The time interval ∆t for half of Peter’s trajectory can be read off from the expression



for t that needed to be derived in Qu. (3). Thus in principle we just set r0 = rmax and

r = 4M in that expression, giving

∆t

2M
= log

∣∣∣∣∣
(
rmax
2M − 1

)1/2
+ tan η

2(
rmax
2M − 1

)1/2
− tan η

2

∣∣∣∣∣+ (rmax

2M
− 1

)1/2 [
η +

rmax

4M
(η + sin η)

]
, (6)

where η is given by the equation

4M = 1
2rmax (1 + cos η) . (7)

Equating this expression for ∆t to 1
2 tf , where tf is the coordinate time one has already

calculated at which Paul completes his tenth orbit, in principle allows one to solve for rmax.

Having found that, it is easy enough to complete the calculation by using Paul’s geodesic

equations to work out how much proper time τ elapses during his ten orbits, and then

using Peter’s geodesic equations to work out how much proper time elapses for him as he

travels from r = 4M up to r = rmax and back down to r = 4M again. Thus one finally

obtains expressions for Paul’s elapse of proper time ∆τPaul and Peter’s elapse of proper time

∆τPeter. These provide the required answer to the question.

The only fly in the ointment is that one cannot explicitly solve equations (6) and (7)

above for rmax, so one has to resort to some numerical work in the end. One approach, as

suggested in the question, is to make the guess that the logarithm term in eqn (6) above is

going to be relatively small in comparison to the second term on the right-hand side. (One

can guess that rmax is going to be reasonably large in comparison to 4M .) Doing this, and

then playing around with solving numerically, one finds that rmax ≈ 36.2M . Now, one can

plug this back into eqn (6) to see what the relative contributions of the two terms on the

right-hand side are. The logarithm term is about 1.68, while the second term is about 125.7,

so we see that the approximation of dropping the logarithm term was a pretty good one;

within about 1%. If we now use this approximate result to work out the elapse of proper

time experienced by Paul, and by Peter, between their two meetings, we get answers like

∆τPaul = 80πM ≈ 251M , ∆τPeter ≈ 475M . (8)

Thus Paul ages much more slowly than Peter. This is reasonable, because Paul is spending

all his time deep down in the gravitational potential, at r = 4M just outside the neutron

star, while Peter’s trajectory takes him quite a long way away from the neutron star for

much of the time. Clocks run more slowly in stronger gravitational fields.

An alternative approach to solving for rmax is by a direct numerical calculation using

the expressions found in Qu. (3), homing in on the value of rmax that solves the required



equation by a process of successive refinement of guessed values. Alternatively, one could go

directly to a numerical integration of the equations for Peter’s trajectory, again homing in

on the value of rmax that satisfies the required equation by means of a successive refinement

of guessed values.

As the wording of the question suggests, the setup being studied in this question is

actually a little bit unrealistic. A typical neutron star has a radius of about 5 kilometres,

and a mass that is about 1.4 times the mass of the sun. As noted in a previous context,

the Schwarzschild radius for a compact object of the mass of the sun would be about 3

kilometres, so a compact object of 1.4 solar masses would have a Schwarzschild radius

of about 4.2 kilometres. The neutron star, with its radius of 5 kilometres is only just a

little bit bigger than a black hole. The mass of the neutron star comes out to be about 7

microseconds (the time for light to travel 4.2/2 kilometres), so

∆τPaul ≈ 1.75 milliseconds , ∆τPeter ≈ 3.33 milliseconds . (9)

A few microseconds after their second meeting, Peter will smash into the neutron star. (And

will have been subject to enormous forces when fired out of the cannon.) Paul will also have

been pretty uncomfortable, in his orbit, since he will have been subject to enormous tidal

forces that will be tending to pull him apart. (Consider, for example, that he completes one

orbit every 175 microseconds.) It is unlikely that either of them will have been in a state

or in a mood for indulging their obsession about comparing clocks during this very brief

experiment.


