
647: Gravitational Physics

Comments on Problem Sheets 9 and 10

1 Problem sheet 9

I don’t have a lot of comments on homework 9. Most of the questions are rather straight-

forward, and any notable features have already been indicated in the questions themselves.

Qu. (1) The Proca theory is a massive generalisation of the Maxwell theory of electro-

magnetism. Note that because of the mass term, there is no longer any gauge invariance.

The calculation of the energy-momentum tensor proceeds along very similar lines to the

calculation for the Maxwell case. Note that there is a metric used when raising the µ in-

dex on the first A factor in the mass term 2m2AµAµ in the Proca action, so this term is

2m2AµAν g
µν . This gives a contribution when calculating the energy-momentum tensor

by varying gµν .

Calculating the equation of motion for the Proca field by varying Aµ in the action is a

straightforward generalisation of the calculation in the Maxwell case. One can then explic-

itly check that the energy-momentum tensor is conserved, upon use of the Proca equation.

A general arguement was presented in the lectures to show that any energy-momentum ten-

sor that is derived from a general-coordinate invariant action must necessarily be conserved

upon use of the equations of motion. It is always good to verify this explicitly, though, as

a check on the correctness of the calculations.

Qu. (2) Another exercise in deriving the equations of motions for a system of matter

coupled to gravity. I this example, the “matter” actually comprises the fields of the bosonic

string theory. The main need for attention in this example comes from the fact that the

exponential e−2φ of the dilaton field φ appears as an overall prefactor in the Lagrangian.

In particular, it multiplies the
√
−g R term of the usual Einstein-Hilbert action, and so this

means one has to pay attention to contributions in the Einstein equation coming from the

−
√
−g (∇µ∇ν − gµν )δgµν terms coming from varying

√
−g R with respect to the metric.

These terms would just be total derivatives in the variation of the usual Einstein-Hilbert

action (and hence give no contribution in the equations of motion), but here they do give

a contribution. This was already remarked upon in the question.



Qu. (3) and Qu. (4) are fairly self-explanatory. Note that the method used in Qu. (4) for

constructing the Killing vectors on the 2-sphere can be applied more generally in a variety

of examples. For instance, one can use the same kind of technique to construct the Killing

vectors on a sphere of any dimension n, by viewing it as being embedded as the unit-radius

surface in (n + 1)-dimensional Euclidean space. Further examples include constructing

the Killing vectors in anti-de Sitter or de Sitter spacetimes, since, as we saw earlier in

the semester, these n-dimensional spacetimes can be viewed as hyperboloids embedded in

appropriate flat spacetimes of dimension (n+ 1).

2 Problem sheet 10

Again, there is not too much to comment on in homework 10, since most of the exercises

here were reasonably self-explanatory.

A couple of remarks concerning Qu. (3) are perhaps worthwhile. You should have found

in Qu. (3a) that the metric for the charged spherically-symmetric black hole comes out to

be of the same form as the metric for the usual Reissner-Nordström black hole carrying just

an electric charge q, except that now in the g00 and g11 metric functions the quantity q2 is

replaced by q2 + p2.

In Qu. (3b) you should find that in the Hodge dual ∗Fµν of the Maxwell field strength

tensor, the roles of q and p are essentially exchanged, except with a minus sign too, so that

one has something like

q −→ −p , p −→ q . (1)

This is a reflection of the fact that the Hodge dualisation essentially switches the roles

of electric and magnetic fields (again with a minus sign). Some observations about this

appeared in the “Comments on Problem Sheet 2” earlier in the semester, in the context of

Minkowski spacetime.

In Qu. (3d) (it should have been called Qu. (3c), but there was a typo!), one is

evaluating integrals that provide expressions for the magnetic charge P and the electric

charge Q. These expressions would correspond, in the case of a flat Minkowski spacetime,

to

P =
1

4π

∫
~B · d~S , Q =

1

4π

∫
~E · d~S . (2)

The expression for Q here is just Gauss’ law.



In Qu.(4a), one shows that by choosing the constant Ω appropriately, the Killing vector

K =
∂

∂t
+ Ω

∂

∂ϕ
(3)

becomes null (i.e. KµKν gµν becomes zero) on the horizons where ∆ ≡ r2 + a2 − 2Mr

vanishes.

Notice that if one specialises to the Schwarzschild metric by setting a = 0, the results

just reduce to the fact that the Killing vector

K =
∂

∂t
(4)

becomes null at the horizon at r = 2M . In this case KµKν gµν is simply equal to g00, and

we just have the familiar Schwarzschild result that

g00 ≡ −
(
1− 2M

r

)
(5)

vanishes when r = 2M . The discussion of horizons is thus a bit more involved in the

case of the rotating Kerr black hole. The value that one finds for the constant Ω has the

interpretation of being the angular velocity of the horizon.

Qu. (4c) is motivated by understanding the asymptotic structure of the Kerr metric as

r goes to infinity. Clearly, we should expect that the metric far away from a rotating star

or black hole should asymptotically approach the metric of flat Minkowski spacetime. It

does indeed do this, but not in the obvious coordinate system one might expect. This can

be studied by looking at the Kerr metric when the mass parameter M is set to zero. The

M = 0 metric is indeed flat (that is, the Riemann tensor vanishes), and so it should be

possible to write it in standard Minkowski coordinates. For the present purposes, what we

would really like to find is a coordinate system in which the M = 0 metric takes the form

ds2 = −dt2 + dr̃2 + r̃2 (dθ̃2 + sin2 θ̃ dϕ2) . (6)

In other words, the Minkowski metric where we use spherical polar coordinates for the

3-dimensional spatial part of the metric.

As one readily sees, the Kerr metric with M = 0 does not have the form given in (6).

(That is, if one sets M = 0 in the Kerr metric, one does not simply get eqn (6) with r̃ = r

and θ̃ = θ.) Instead, what one gets is

ds2 = −dt2 +
ρ2

r2 + a2
dr2 + ρ2 dθ2 + (r2 + a2) sin2 θ dϕ2 . (7)



In fact, the spatial 3-metric here is the flat Euclidean metric written in terms of spheroidal

polar coordinates. The coordinate transformation that will put this into the form of the

usual spherical polar coordinates is not entirely obvious, but it is given in Qu. (4c):

r̃2 sin2 θ̃ = (r2 + a2) sin2 θ , r̃2 cos θ̃2 = r2 cos2 θ . (8)

In other words, if one transforms the coordinates (r, θ) in eqn (7) to the coordinates (r̃, θ̃)

using the relations given in eqn (8), one should find that one arrives at the metric (6). It is

very easy to see, of course, that the dϕ2 term comes out nicely as it should.

In order to do the rest of the calculation directly, one would ideally like to turn (8)

into a nice pair of equations giving r as a function of r̃ and θ̃ and giving θ as a function of

r̃ and θ̃. Then, one would plug these expressions into eqn (7) and crank out the answer.

Unfortunately, the expressions one gets when trying to write r and θ as explicit functions

of r̃ and θ̃ are pretty messy.

It is easier, in fact, to work in the other direction, namely, first turning eqns (8) into

a pair of expressions giving r̃ and θ̃ as functions of r and θ. This is good enough, because

now one can plug these expressions into the metric (6), and show that one indeed gets the

metric (7).

Technically, it is probably easiest to split the exercise up into sub-exercises, first showing

that the dr̃2 terms work out; then showing that the dθ̃2 terms work out; and then finally

showing that the dr̃ dθ̃ terms work out (i.e. give zero).


