
647: Gravitational Physics

Problem Sheet 10

(1) Suppose that the components gµν of a metric do not depend on one particular coor-

dinate, which we may call z. Show by explicit calculation that the vector K = ∂
∂z

obeys the Killing equation ∇µKν +∇νKµ = 0.

[That is, write the Killing equation in terms of partial derivatives and Christoffel

connection terms, and use results that follow from ∂
∂z gµν = 0, etc. You may find eqns

(4.46) and (4.48) in the lecture notes useful.]

(2) Show explicitly that each of the four vectors

K =
∂

∂t
, L3 =

∂

∂ϕ
,

L1 = − sinϕ
∂

∂θ
− cot θ cosϕ

∂

∂ϕ
, L2 = cosϕ

∂

∂θ
− cot θ sinϕ

∂

∂ϕ

satisfies the Killing vector equation in the Schwarzschild geometry.

(3a) A more general ansatz compatible with time-independence and spherical symmetry

when solving the Einstein-Maxwell equations is to take

ds2 = −B(r) dt2 +A(r) dr2 + r2 (dθ2 + sin2 θ dϕ2) , (1)

Aµ dx
µ = −φ(r) dt− p cos θ dϕ , (2)

where p is a constant. (The gauge potential Aµ itself is not spherically symmetric,

but the field strength Fµν is. In other words, the ansatz for Aµ is spherically sym-

metric modulo gauge transformations.) Solve the Einstein-Maxwell equations, and

hence arrive at the generalisation of the Reissner-Nordström solution that describes a

black hole carrying magnetic charge p as well as the electric charge q of the Reissner-

Nordström metric derived in the lectures.

(3b) Find the non-vanishing components of the Maxwell field strength tensor Fµν . Calcu-

late also the non-vanishing components of the Hodge dual ∗Fµν , defined by

∗Fµν = 1
2εµνρσ F

ρσ , (3)

where εµνρσ is the totally-antisymmetric Levi-Civita tensor defined in eqn (7.37) of

the lecture notes.

(3d) Define the “area element” dΣµν , antisymmetric in µ and ν, with non-vanishing com-

ponents dΣ23 = −dΣ32 = 1
2dθ dϕ. Calculate the integrals

P =
1

4π

∫
S2

Fµν dΣµν , Q =
1

4π

∫
S2

∗Fµν dΣµν , (4)

where the integration is over the 2-sphere, with θ and ϕ having their standard ranges.

Turn over for question 4...



This question explores some properties of the Kerr black hole:

(4a) The consider the vector

K =
∂

∂t
+ Ω

∂

∂ϕ
, (5)

where Ω is a constant. Explain why this is a Killing vector in the Kerr metric, given

in eqn (8.14) in the lecture notes. (No detailed calculation with the Killing equation

is needed here!)

(4b) The outer horizon of a Kerr black hole is located at r = r+, the larger of the two

roots of ∆ = 0, where ∆ is defined in eqn (8.15) of the lecture notes. Find the value

of the constant Ω such that the vector K has the property of becoming null on the

outer horizon. (i.e KµKµ = 0 for r = r+.) This expression for Ω defines the angular

velocity of the outer horizon of the Kerr black hole.

(4c) Consider the Kerr metric when M = 0. Show that it becomes exactly the Minkowski

metric (written in spherical polar coordinates for the spatial directions) if one defines

new radial and angular coordinates r̃ and θ̃ by

r̃2 sin2 θ̃ = (r2 + a2) sin2 θ , r̃2 cos θ̃2 = r2 cos2 θ . (6)

Due in class on Wednesday 10th November


