
647: Gravitational Physics

Problem Sheet 11

(1) Show that the massless Klein-Gordon equation ψ = 0 in the background of the Kerr

metric can be solved by separation of variables, writing ψ(t, r, θ, ϕ) = T (t)R(r)S(θ) Φ(ϕ).

Show that the radial equation for R(r) and the angular equation for S(θ) can be writ-

ten as

∂r (∆ ∂rR) +W R = 0 ,
1

sin θ
∂θ (sin θ ∂θS) + Z S = 0 , (1)

where

W = −λ+
ω2 (r2 + a2)2 − 4aMωmr + a2m2

∆
, (2)

Z = λ− a2 ω2 sin2 θ − m2

sin2 θ
. (3)

[Hints: (1.) Write the equation as ∂µ(
√
−g gµν ∂νψ) = 0. (2.) Take care to invert

the metric correctly. (3.) Then show that T (t) and Φ(ϕ) satisfy separated equations,

leading to T (t) = e−iωt and Φ(ϕ) = eimϕ. (ω2 and m2 are two of the total of three

separation constants that are needed.) (4.) Then show that the remaining equation,

involving the r and θ dependence, can be separated to give an ODE for R(r) and an

ODE for S(θ). Note that λ is the third separation constant.]

(2) The extremal Reissner-Nordström (ERN) metric is given by setting Q = M in the

general Reissner-Nordström metric

ds2 = −
(

1− 2M

r
+
Q2

r2

)
dt2 +

(
1− 2M

r
+
Q2

r2

)−1
dr2 + r2 (dθ2 + sin2 θ dϕ2) .

Note that the radii of the inner and outer horizons coincide in the ERN metric.

Rewrite the ERN metric using the new radial coordinate ρ = r −Q, for which ρ = 0

on the horizon. Now define ρ̃ and ds̃2 by

ρ̃ =
Q2

ρ
, ds̃2 =

Q2

ρ2
ds2 .

Show that ds̃2, written using the coordinates (t, ρ̃, θ, ϕ), is again the ERN metric.

(3a) Consider the action I =
∫ √
−g d4x(−1

2g
µν ∂µψ ∂νψ − 1

2αRψ
2) for a conformally-

coupled scalar field in four dimensions (as was studied in Qu. 3 of Homework 7,

and the “Comments on Problem Sheet 7,” so α = 1
6 here). Calculate the energy-

momentum tensor for ψ, using eqn (7.63) of the lecture notes.

(3b) Show explicitly that the energy-momentum tensor is conserved, ∇νTµν = 0, upon the

use of the equation of motion for ψ.

(3c) Show that gµν Tµν = 0, again using the the equation of motion for ψ.

Turn over for question 4...



(4) The extremal Kerr metric is obtained by setting M = a, in the Kerr metric, so now

∆ = (r − a)2 and the two roots of ∆ coincide. The resulting metric does not have a

conformal inversion symmetry of the kind seen for the extremal Reissner-Nordström

metric in Qu. 2. However, as shown by Couch & Torrence (1984), after separating

variables in the massless Klein-Gordon equation ψ = 0 as in Qu. 1, the radial

equation for R(r) in the extremal Kerr metric does exhibit a remarkable inversion

symmetry. This question is concerned with demonstrating this.

(4a) Let x = β/(r − a), where β is a certain constant. Show that W , given in eqn (2) and

now viewed as a function of x, has the inversion symmetry

W (x) = W
(1

x

)
, if β2 = 2a2 − am

ω
,

in the case of the extremal Kerr metric.

(4b) Show that the radial equation can be written as

x2 ∂2xR(x) +W (x)R(x) = 0 . (4)

[Note: We are now viewing the radial function R as a function of x.]

(4c) Hence, using the inversion symmetry in part (4a), show that if we define x̃ = x−1 and

R̃(x̃) = x−1R(x), then eqn (4) implies that R̃(x̃) satisfies the same equation in the

tilded variables, i.e.

x̃2 ∂2x̃ R̃(x̃) +W (x̃) R̃(x̃) = 0 . (5)

Thus the radial function R(x) is related by inversion to R(x−1); that is, the solution

near the extremal Kerr black hole horizon is related to the solution near infinity.

Due in class on Wednesday 17th November


