
647: Gravitational Physics

Problem Sheet 12

(1a) Writing the Schwarzschild metric as

ds2 = −h dt2 +
dr2

h
+ r2 (dθ2 + sin2 θ dϕ2) , h = 1− 2M

r
,

show that it can be embedded in a flat six-dimensional spacetime with signature (1, 5),

coordinates Xa with 0 ≤ a ≤ 5, and metric

ds26 = −(dX0)2 + (dX1)2 + (dX2)2 + (dX3)2 + (dX4)2 + (dX5)2 ,

by writing

X0 =

√
h

c
sinh ct , X1 =

√
h

c
cosh ct , X2 = w(r) ,

X3 = r sin θ cosϕ , X4 = r sin θ sinϕ , X5 = r cos θ ,

where c is any non-zero real constant. Obtain the differential equation that the func-

tion w(r) must satisfy.

(1b) By choosing c appropriately, the function w(r) will be analytic at r = 2M . Determine

this value for c (take it to be positive, without loss of generality).

[This calculation was used in an early alternative proof by C. Fronsdal (1959) that the

Schwarzschild solution is non-singular for all r > 0, provided one chooses appropriate

coordinates.]

(2a) Carry out the steps described in the lecture notes to derive the unique result in eqn

(9.100) for eij ek`, the summation of eij ek` over all polarisation states. [i.e., derive the

coefficients c1, c2, c3, c4 and c5 in eqn (9.99) by using the conditions in eqn (9.93).]

(2b) Carry out the steps described in the lecture notes to derive the expressions in eqns

(9.105) for the integrals
∫
ni nj dΩ and

∫
ni nj nk n` dΩ over the sphere, where ni is a

unit vector.

(2c) Using the results above, derive the final result in eqn (9.106) for the total power

radiated by the gravitational quadrupole, starting from eqn (9.97).

(2d) Derive the total power radiated in the gravitational waves generated by an orbiting

system of two stars of equal mass M , with a separation ` between them. (Treat the

whole orbital problem using Newtonian mechanics.) Finally, put in all the necessary

powers of c and G and find the result, as an actual number in SI units, for the

gravitational wave power radiated by two solar-mass stars orbiting around each other

at a separation equal to the sun-to-earth radius. (i.e. separation of about 150 million

kilometres).

Turn over for questions 3 and 4...



(3a) Show that the equations governing the geodesic motion of a massive particle in the

background of the Kerr geometry imply that if θ = 1
2π and θ̇ = 0 at some initial

proper time τ = τ0, then θ̈ = 0 at τ = τ0 and hence the particle’s motion will remain

confined to the θ = 1
2π plane (i.e. the equatorial plane).

(3b) Taking θ = 1
2π from now on, obtain the equations for geodesic motion in the equatorial

plane (i.e. first integrals following from ∂L/∂t = 0 and ∂L/∂ϕ = 0, together with

the constraint L = −1
2). Obtain an equation for r, of the form ṙ2 +W (r) = 0, given

by plugging the two first integrals into the L = −1
2 constraint (as was done in the

lectures for Schwarzschild).

(3c) Give the conditions on W (r) for a circular orbit (i.e. r = constant). Defining Ω ≡ dφ
dt ,

show that in the special case a = 0 (i.e. Schwarzschild), these conditions imply the

“Kepler Law” Ω2 = M/r3.

(3d) Show that for circular orbits in the Kerr background, Ω is given in terms of M , r and

a by

Ω =

√
M

r
3
2 − a

√
M

, or Ω = −
√
M

r
3
2 + a

√
M

. (1)

Hints for (3d): If the two first integrals are ∂L/dṫ = −E and ∂L/∂ϕ̇ = `, then

using Ω = dφ/dt to solve for `, and then plugging ` into the equations coming from

the conditions on W (r) for circular orbits, will give two equations where E appears

only quadratically. From these, one can eliminate E2 and find a single equation that

factorises nicely, with one of the factors giving the required equation determining Ω

in terms of M , r and a. It is OK to use Mathematica (or other algebraic computing

language) for some of the more involved calculations in this question as long as you

give a clearly spelled-out pedagogical presentation of how the calculation goes. Don’t

just report “Mathematica says the answer is XXX.”!

General Remark: In fact clear, pedagogical presentations are always preferrable in

all circumstances. They are much more helpful than a few scribbled equations that

end with a claim that the problem has been solved! It also helps for developing a

clear style for writing papers or making seminar presentations.

Turn to page 3 for question 4...



(4a) Consider the extremal Reissner-Nordström (ERN) black hole, obtained by setting

q = M (charge equals mass). Define the Regge-Wheeler coordinate r∗ in the analogous

way to what was done in the class for the Schwarzschild metric. Hence show that in

terms of the coordinates (v, r, θ, ϕ), where v = t+ r∗, the ERN black hole metric is

ds2 = −
(

1− M

r

)2
dv2 + 2dv dr + r2 (dθ2 + sin2 θ dϕ2) .

Calculate the components of the inverse metric gµν in this coordinate system.

(4b) Show that a massless Klein-Gordon field ψ, satisfying ψ = 0, obeys the equation

2r ∂v ∂r (r ψ) + ∂r (∆ ∂r ψ) + 2 ψ = 0 ,

where 2 ≡ (sin θ)−1 ∂θ(sinθ ∂θ) + (sin θ)−2 ∂2ϕ is the usual scalar Laplacaian on the

unit 2-sphere, and ∆ ≡ (r −M)2. (Recall that ψ can be calculated using ψ =

(
√
−g)−1 ∂µ(

√
−g gµν ∂νψ).)

(4c) Hence show that the quantity H ≡
∫

sin θ dθdϕ ∂r (r ψ) is conserved on the horizon

at r = M , in the sense that ∂vH = 0 when r = M . (This result forms the basis

of a recent demonstration by Aretakis that the ERN black hole is unstable to small

perturbations.)

Due in class on Wednesday 1st December


