
647: Gravitational Physics

Problem Sheet 3

(1a) Suppose Aµ is a general-coordinate co-vector. Show that Wµν ≡ ∂µAν is not a general-

coordinate tensor. (i.e. show that it does not transform as a tensor under general

coordinate transformations.)

(1b) Show that, on the other hand, Fµν ≡ ∂µAν − ∂νAµ is a general-coordinate tensor.

(1c) Suppose Fµν is a completely arbitrary antisymmetric general-coordinate tensor. (In

particular, do not assume that it is written in terms of a co-vector Aµ as in part (1b).)

Show that the equation

∂µFνρ + ∂νFρµ + ∂ρFµν = 0

is a (general-coordinate) tensor equation. That is, show that it takes the same form

in any coordinate frame.

(2a) Consider the transformation from a Minkowski coordinate system (t̃, x̃, ỹ, z̃) to a non-

inertial coordinate system (t, x, y, z) where

t̃ = t , x̃ = x+ 1
2at

2 , ỹ = y , z̃ = z ,

and where a is a constant. Calculate the components of the Christoffel connection

Γµνρ, using eqn (3.9) in the notes.

(2b) Show that the geodesic equation (eqn (3.8) in the notes) reduces in the Newtonian

low-velociy limit to d2xi/dt2 + Γi00 = 0. Look at this limit for the connection you

found in part (2a), and show that it reproduces the expected Newton second law for

a particle in a uniform gravitational field.

(In the low-velocity Newtonian limit the 4-velocity Uµ = (γ, γ~u) reduces to Uµ ≈ (1, ~u)

with |~u | << 1, and dτ ≈ dt.)

(3a) Consider the transformation from a Minkowski coordinate system (t̃, x̃, ỹ, z̃) to a ro-

tating non-inertial coordinate system (t, x, y, z) where

t̃ = t , x̃ = x cosωt− y sinωt , ỹ = x sinωt+ y cosωt , z̃ = z ,

where ω is a constant. Calculate the metric expressed in terms of the untilded coor-

dinates. (The expression is quite simple.)

(3b) Calculate the Christoffel connection for the metric you obtained in part (3a). Show

that in the Newtonian low-velocity limit, the geodesic equation produces the expected

equations for a particle moving under the influence of centrifugal and Coriolis forces.

Turn over for question 4...



(4a) Calculate the metric in Euclidean space, ds2 = dx2 + dy2 + dz2, when expressed in

terms of the spherical polar coordinates (r, θ, ϕ), where

x = r sin θ cosϕ , y = r sin θ sinϕ , z = r cos θ . (1)

The metric has the form ds2 = dr2 + r2 dΩ2, where dΩ2 is the metric on a unit-radius

sphere. Read off dΩ2 in terms of the θ and ϕ coordinates.

(4b) The Mercator projection maps points on the sphere (for example, the earth) onto a

rectangular Cartesian plane with coordinates (u, v) defined by

u = ϕ , v = log cot
θ

2
. (2)

Calculate the metric ds22 = du2 + dv2 on the Mercator plane in terms of θ and ϕ, and

show that it is conformal to the metric dΩ2 on the unit sphere, i.e. ds22 = Ψ2 dΩ2,

with a conformal factor Ψ2 that you should find explicitly.

(4c) Show that the Mercator projection has the property that straight lines in the (u, v)

plane correspond to trajectories on the unit sphere (or the earth) that maintain a

constant compass bearing (i.e. relative to true north).

(4d) Show that the great circles on the unit sphere are given by curves obeying

sinh v = α sin(u+ β)

on the Mercator map, where α and β are constants. (These are for the generic great

circles. There are special cases where v = 0 or u = constant.)

[Recall that a great circle corresponds to the line of intersection of the sphere with a

plane through the origin.]

Due in class on Wednesday 22nd September


