
647: Gravitational Physics

Problem Sheet 4

All the formulae for the Christoffel connection, the covariant derivative, the Riemann

tensor, etc., that were derived in the lectures are valid in any dimension, and for met-

rics of any spacetime signature. In particular, they can be applied in some simpler lower-

dimensional cases, which can provide useful exercises to familiarise oneself with the cal-

culations and concepts. A few examples are contained in the homework problems below:

(1a) The metric on the unit-radius 2-sphere is given in terms of spherical polar coordinates

by ds2 = dθ2 + sin2 θ dϕ2. Using the labelling of coordinates xµ where x1 = θ and

x2 = ϕ, calculate the components of the Christoffel connection Γµνρ.

(1b) Calculate the components of the Riemann tensor Rµνρσ for the 2-sphere. Calculate

also the Ricci tensor Rµν , defined by Rµν = Rρµρν . Show that Rµν = Λ gµν , where Λ

is a quantity you should determine.

(2) Consider the two-dimensional metric ds2 = −e2r dt2 + dr2. Calculate the Christoffel

connection, the Riemann tensor and the Ricci tensor. Show that Rµν = Λ gµν , and

determine Λ.

[Remark: This is a metric on two-dimensional anti-de Sitter spacetime.]

(3a) Show that if (y1, y2, y3, y4) are coordinates on 4-dimensional Euclidean space, then

y1 = sin θ cosφ , y2 = sin θ sinφ , y3 = cos θ cosψ , y4 = cos θ sinψ (1)

describes the embedding of a unit-radius 3-sphere, parameterised by coordinates

(θ, φ, ψ). (The superscripts on y are of course index values here, not powers!)

(3b) Show that the metric on the 3-sphere, inherited from the Euclidean 4-metric, is

ds2 = dθ2 + sin2 θ dφ2 + cos2 θ dψ2 . (2)

(In other words, plug the expressions for the Euclidean coordinates given in eqns (1)

into the Euclidean 4-metric ds24 = (dy1)2 + (dy2)2 + (dy3)2 + (dy4)2, to derive the

metric (2).)

Turn over for question 4...



(4) Calculate the components of the Christoffel connection, the Riemann tensor and the

Ricci tensor for the metric on the unit 3-sphere that was obtained in Qu. (3b). Show

that Rµν = Λ gµν , and determine Λ.

[Use the labelling x1 = θ, x2 = φ, x3 = ψ in this problem.]

Due in class on Wednesday 29th September


