
647: Gravitational Physics

Problem Sheet 5

(1a) Calculate the Christoffel connection Γµνρ for the (n+ 1)-dimensional metric

ds2 = gµνdx
µdxν = dr2 + e2r ηab dx

adxb ,

where ηab dx
adxb is an n-dimensional Minkowski metric. (gµν is the metric on (n+1)-

dimensional anti-de Sitter spacetime, in the so-called “Poincaré patch.” The hyper-

surfaces at constant r are themselves n-dimensional Minkowski spacetime.)

(1b) Calculate the components of the Riemann tensor, and the Ricci tensor, and also the

Ricci scalar, for the metric in (1a). Show that the Riemann tensor can be expressed

as Rµνρσ = c (gµρ gνσ−gµσ gνρ), for some constant c that you should determine. Show

that it is an Einstein metric, Rµν = Λgµν , and calculate the constant Λ.

(2a) Calculate the effect of parallel propagating a vector around a complete circle on the

“line of lattitude” θ = constant, in the metric ds2 = dθ2 + sin2 θ dϕ2 on the unit

2-sphere. Take the vector to be in the direction ∂/∂θ at ϕ = 0, and then use the

equation of parallel propagation (eqn (4.102) in the notes) to calculate it after taking

it around a full circle, at ϕ = 2π. Show that it undergoes a rotation, and calculate

the rotation angle.

(2b) Consider instead the metric ds2 = dr2 + r2dθ2, and use eqn (4.102) to calculate the

parallel propagation of a vector around a complete circle at r = constant, starting at

θ = 0 and ending up at θ = 2π. Take the initial vector, at θ = 0, to be in the direction

of ∂/∂r. Show that the vector after parallel propagation around the complete circle is

exactly the same as the one at the start of the circle. (This is what one would expect,

since the metric ds2 = dr2 + r2dθ2 is flat.)

(3a) The geodesic equation in a space of positive-definite metric signature is just like that of

a particle in a spacetime, except that now we use the proper distance s to parameterise

the path rather than the proper time τ (where ds2 = gµν dx
µ dxν):

d2xµ

ds2
+ Γµνρ

dxν

ds

dxρ

ds
= 0 . (1)

Obtain the equations for geodesics on the unit 2-sphere, using the standard spherical

polar coordinates (θ, ϕ). Prove that a geodesic that starts at θ = 1
2π (the equator)

with θ̇ = 0 remains at θ = 1
2π, circling the equator. (The dot means d/ds here.)

Turn over for the rest of question 3, and question 4...



(3b) Show that the two equations you obtained in Qu. (3a) admit the first integrals

ϕ̇ sin2 θ = ` , θ̇2 + sin2 θ ϕ̇2 = 1 , (2)

where ` is a constant. Show that these equations imply that θ is a function of ϕ,

obeying the equation

`2 θ′
2

+ `2 sin2 θ = sin4 θ , (3)

where a prime means a derivative with respect to ϕ.

(3c) Now consider general geodesics on the 2-sphere. Show that these correspond to great

circles.

Hints: Recall from Homework 3 that a great circle corresponds to the curve describing

the intersection of the unit sphere with a plane through the origin in the embedding

Euclidean 3-space. One way to solve this problem is to introduce a new variable u

defined by u = cot θ, and hence turn eqn (3) into a simple differential equation for u

that can easily be solved. Then, show that these solutions coincide with the expression

that one obtains by calculating the intersection of the sphere with the plane through

the origin.

(4) Consider the metric ds2 = dθ2 + sin2 θ dϕ2 on the unit 2-sphere. Calculate the metric

in terms of new coordinates x = θ cosϕ and y = θ sinϕ. Expand the metric in powers

of x and y so as to include the leading order and the first non-trivial order beyond

that (i.e. up to terms quadratic in x and y, namely x2, y2 and xy). Show that the

metric at x = y = 0 is the Euclidean metric, and that the first derivatives of the

metric vanish at x = y = 0, but the second derivatives do not.

This problems illustrates the fact that even in a curved space, one can find a coordinate

system such that at a chosen point (the north pole, θ = 0 in this example), the metric

is just the Euclidean metric (or Minkowski, if we had instead considered a spacetime

with (−+ · · ·+) signature metric rather than the positive-definite signature of this toy

example). Furthermore, our choice of (x, y) coordinate system has ensured that first

derivatives of the metric vanish at the chosen point. Hence, the Christoffel connection

vanishes at the chosen point, in the (x, y) coordinate system. Second derivatives of the

metric do not vanish at x = y = 0; this is to be expected, because there is curvature.

Due in class on Wednesday 6th October


