
647: Gravitational Physics

Problem Sheet 6

(1a) Consider the metric

ds2 = 2dudv + dx2 + dy2 +H du2 ,

where H = H(u, x, y) is an arbitrary function of u, x and y. Show that it solves the

vacuum Einstein equations (i.e. it is Ricci-flat, Rµν = 0) if

∂2H

∂x2
+
∂2H

∂y2
= 0 .

(The metric describes a gravitational plane wave.)

(1b) Calcuate the non-vanishing components of the Riemann tensor, and hence calculate

|Riem|2 ≡ Rµνρσ Rµνρσ for these metrics.

(2) An n-dimensional spacetime metric g̃µν is related to gµν by means of the conformal

scaling

g̃µν = e2σ gµν ,

where σ is an arbitrary function of the spacetime coordinates. Show that the Christof-

fel connection for the metric g̃µν is given by

Γ̃µ
νρ = Γµ

νρ + δµν ∂ρσ + δµρ ∂νσ − gνρ gµλ ∂λσ ,

where Γµ
νρ is the Christoffel connection of the metric gµν .

(3a) Show that the Ricci tensor R̃µν of the metric g̃µν is given in terms of the Ricci tensor

Rµν of the metric gµν by

R̃µν = Rµν − (n− 2)∇µ∇νσ − gµν σ + (n− 2)
[
∂µσ ∂νσ − gµν (∂σ)2

]
,

where = ∇µ∇µ is the covariant D’Alembertian, and (∂σ)2 means gµν ∂µσ ∂νσ.

(3b) Calculate also the Ricci scalar R̃ of g̃µν in terms of the Ricci scalar R of gµν .

Turn over for question 4...



(4a) Show that for any (p, q) and (r, s) tensors Aµ1···µp
ν1···νq and Bµ1···µr

ν1···νs , the following

holds:

[∇µ,∇ν ] (Aρ1···ρp
σ1···σq B

α1···αr
β1···βs) = ([∇µ,∇ν ]Aρ1···ρp

σ1···σq)Bα1···αr
β1···βs

+Aρ1···ρp
σ1···σq ([∇µ,∇ν ]Bα1···αr

β1···βs) .

(Do not attempt to write this in terms of Riemann tensors; this is purely an exercise

in showing what happens when the covariant derivatives are distributed, given that

∇ obeys the Leibnitz rule!)

(4b) By considering [∇µ,∇ν ] (W ρσ Vσ), making use of the result in part (3a) together with

the known expression in eqn (4.64) of the lecture notes for the commutator of covariant

derivatives acting on a vector, derive the expression for [∇µ,∇ν ]W ρσ, expressed in

terms of W and the Riemann tensor. Do this by taking Vσ to be an arbitrary vector.

[Recall how one proves the quotient theorem!]

(4c) By making use of whatever symmetries of the Riemann tensor or Ricci tensor are

needed, show that [∇µ,∇ν ]Wµν = 0, where Wµν is any (2, 0) tensor. (Do not make

any assumptions about any symmetry properties of Wµν .)

Due in class on Wednesday 13th October


