
647: Gravitational Physics

Problem Sheet 7

(1) Construct the solution for a spherically-symmetric, static metric that obeys the vac-

uum Einstein equations with a cosmological constant, i.e. Rµν = Λ gµν . Show that it

can be written as

ds2 = −
(

1− 2M

r
− 1

3Λ r2
)
dt2 +

(
1− 2M

r
− 1

3Λ r2
)−1

dr2 + r2 (dθ2 + sin2 θ dφ2) .

This is known as the Schwarzschild-de Sitter, or Kottler, solution.

Note: Derive the results that were given in eqns (6.18) and (6.19) of the lecture

notes, for the components of Γµ
νρ and Rµν for the general class of static spherically

symmetric metrics ds2 = −B(r) dt2 + A(r) dr2 + r2 (dθ2 + sin2 θ dϕ2). You can then

make use of these results in order to construct the Schwarzschild-de Sitter solution.

(2a) Consider a massive particle that is in motion (not necessarily geodesic) inside a

Schwarzschild black hole of mass M . Using Schwarzschild coordinates (t, r, θ, ϕ), show

that the r coordinate of the particle must decrease at a minimum rate given by∣∣∣dr
dτ

∣∣∣ ≥√2M

r
− 1 ,

where τ is the proper time.

(2b) Hence calculate the maximum possible time that the particle can survive, starting at

the event horizon, before it hits the singularity at r = 0.

(2c) What is the trajectory that achieves this maximum lifetime? Is it a geodesic?

(3) This problem makes use of results from question 3 of problem sheet 6. Consider

again an n-dimensional metric g̃µν , related to the metric gµν by the conformal scaling

g̃µν = e2σ gµν , where σ is an arbitrary function of spacetime. Show that there exists

a so-called conformally-invariant scalar wave operator (− + αR), which has the

property that if we define ψ̃ = eβσ ψ, then

(−˜ + α R̃)ψ̃ = e(β−2)σ (− + αR)ψ ,

provided that the constants α and β are chosen appropriately. Specifically, you should

prove that this works provided that

α =
n− 2

4(n− 1)
, β = −n− 2

2
.

We then have the property that a solution ψ to (− + αR)ψ = 0 in the untilded

metric implies a solution ψ̃ to the conformally transformed equation (−˜+α R̃)ψ̃ = 0.

Hint: It is convenient to use the result that ψ = (
√
−g)−1 ∂µ(

√
−g gµν ∂νψ) when

doing this calculation.

Turn over for question 4...



(4) Show that the massless Klein-Gordon equation ψ = 0 in the background of the

Schwarzschild metric can be solved by separation of variables, writing ψ(t, r, θ, ϕ) =

T (t)R(r)S(θ) Φ(ϕ). (The radial equation is not explicitly solvable in terms of “stan-

dard” special functions, so just obtain the ordinary differential equation satisfied by

R(r).)

Note: Recall that the D’Alembertian operator acting on a scalar field φ, that is,

∇µ∇µ φ, can be written as

φ =
1√
−g

∂µ
(√
−g gµν ∂νφ) .

Due in class on Wednesday 20th October


