
647: Gravitational Physics

Problem Sheet 8

(1) Show that if the mass parameter M in the Schwarzschild-de Sitter metric constructed

in Qu. (1) of homework 7 is set to zero, then by means of a coordinate transformation

the resulting metric can be cast in the form described in the discussion of “AdSn+1 in

global coordinates” in the notes linked under “Comments and Discussion related to

Homework 5” on my website. [First redo the derivation of the AdS metric in global

coordinates, this time allowing Λ to be arbitrary (as discussed at the top of page 5

in the “Comments and Discussion...” pdf). Then specialise to n = 3, and find the

required coordinate transformation.]

(2a) The energy-momentum tensor of a massless scalar field φ is

Tµν =
1
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)
.

Derive the equation of motion for φ that follows from the conservation equation

∇νTµν = 0.

(2b) Prove by direct calculation that the energy-momentum tensor

Tµν =
1

4π

(
Fµρ Fν

ρ − 1

4
F 2 gµν

)
for the electromagnetic field in a general curved spacetime is conserved, i.e. ∇ν Tµν =

0, provided that Fµν satisfies the source-free Maxwell equation ∇µ Fµν = 0 and the

Bianchi identity ∂[µ Fνρ] = 0. [Note that F 2 means F ρσ Fρσ.]

(3) Consider the geodesic equations for a massive particle falling radially inwards in the

Schwarzschild geometry. The particle is released from rest at an initial radius r = r0.

By introducing a “cycloid parameter” η, related to r by r = 1
2r0 (1 + cos η), show that

t and τ are given by
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(for appropriate choices of the origin for t and τ).

Turn over for question 4...



(4) Suppose Paul is orbiting a static, spherically symmetric, neutron star in a circular

orbit at radial coordinate r = 4M . Peter, his colleague, has been fired radially from a

cannon on the neutron star, with less than escape velocity. He flies radially outward,

just meeting Paul as he crosses his orbit, reaches a maximum radius r = rmax, and

falls back down. He just happens to meet Paul again on his way down. Between their

meetings, Paul has completed exactly 10 orbits. Peter and Paul have an obsession

about comparing clocks whenever they meet. They set their clock to agree at their

first meeting when Peter was flying outwards. When they compare clocks when they

meet again, by how much do they disagree? What is the value of rmax?

This problem is rather unrealistic (for a variety of reasons!); estimate roughly the

duration of the experiment, in the case of a typical neutron star.

Hints: Both Peter and Paul are in geodesic motion. In each case, the elapse of time

in their frame of reference is measured by proper time τ . (That is, the rate at which

their clocks tick is governed by the elapse of proper time.) Their first meeting occurs

at r = 4M and at a coordinate time t that may be taken to be t = 0. Their second

meeting, after Paul has completed 10 orbits, again occurs at r = 4M , at some later

coordinate time (say t = tf ).

All details of Paul’s geodesic are easily explicitly solvable. Peter’s geodesic (a radial

geodesic) is a bit trickier, since the solution for r as a function t, or as a function of

τ , involves special functions. That would not of itself present a real problem; you can

obtain an explicit expression for Peter’s tf as a function of rmax but unfortunately you

would need to invert this, in order to find the value of rmax that makes Peter’s tf equal

to Paul’s tf . (The parameter characterising Peter’s trajectory can be taken to be the

value of rmax.) It is probably easiest to resort to numerical methods. A simple way to

do this (assuming you know how to use Mathematica or Maple) is to construct Peter’s

tf via numerical integration, and then home in on the value of rmax that causes tf at

r = 4M to be equal to Paul’s value for tf after 10 orbits. The “homing in” can be

done by trial and error, making successively better approximations for the guess for

rmax. (Depending on how you set up the computation, you may find it helpful to fix

the scale size by taking M = 1 (for example) when doing the numerical integration.)

One further observation; Peter’s trajectory is time-reversal symmetric, so the elapse

of coordinate time t for him to get from r = 4M to r = rmax on the way up is equal

to the elapse of coordinate time for him to fall back from r = rmax to r = 4M on the

way down.

A further possible approach is described on page 3...



Added: Another approach is to use the expression for t/(2M) obtained in Qu. (3)

in order to describe Peter’s trajectory, and make the guess that the logarithm term

is small (negligible) in comparison to the second term. This allows one to solve

the problem without the need for numerical integration. Having done so, go back

and check that the solution obtained by this means is indeed consistent with the

assumption that the logarithm term is very small.

Due in class on Wednesday 27th October


