
647: Gravitational Physics

Problem Sheet 9

(1a) There exists a generalisation of Maxwell theory, known as Proca theory, in which the

electromagnetic field is massive rather than massless. We still have Fµν = ∂µAν−∂νAµ
but now the Maxwell action in a curved spacetime is replaced by the Proca action

IProca = − 1

16π

∫ √
−gd4x (Fµν Fµν + 2m2AµAµ) ,

where m, a constant, is the mass of the Proca field. Calculate the energy-momentum

tensor for the Proca field. (The energy-momentum tensor Tµν for a field with action

I is defined to be given by δ I = −1
2

∫ √
−g d4xTµν δgµν , where the action is varied

with respect to the inverse metric gµν .)

(1b) Derive the equation of motion for the Proca field in a curved spacetime background.

(1c) Show explicitly that the energy-momentum tensor you have derived in part (1a) is

conserved, provided that Aµ satisfies the equation of motion you derived in part (1b).

(2) Consider a theory comprising gravity coupled to a scalar field φ and an antisymmetric

2-index potential Bµν , described by the action

I =

∫ √
−g d4x e−2φ

[
R+ 4gµν (∂µφ) (∂νφ)− 1

12
HµνρHµνρ

]
, (1)

where Hµνρ = 3∂[µBνρ]. Derive the three equations of motion that follow from varying

(1) The metric; (2) The scalar field; (3) The potential Bµν .

[Note: Because the Einstein-Hilbert
√
−g R term is multiplied by e−2φ, you will need

to pay attention to the contributions to the Einstein equation that come from the

derivative terms in the expression for δ(
√
−g R) in eqn (7.9) of the lecture notes.]

(3a) The Lie derivative of a vector V µ with respect to a vector ξµ is defined by Lξ V µ ≡
ξν ∂ν V

µ − V ν ∂ν ξ
µ. Show by explicitly transforming the right-hand side under a

general coordinate transformation xµ → x′µ = x′µ(xν) that Lξ V µ is a vector.

(3b) The Lie derivative of a co-vector Uµ, is defined by Lξ Uµ ≡ ξν ∂ν Uµ +Uν ∂µ ξ
ν . Show

that Lξ Uµ transforms as a co-vector under general coordinate transformations.

(3c) Another way to show the results in (3a) and (3b) is to show that if one replaces

the partial derivatives in the definitions by covariant derivatives, then the Christoffel

connection terms cancel out. Demonstrate this explicitly.

[The Lie derivative will be discussed soon in the lectures. For this problem, just take

the given expressions for Lξ V µ and Lξ Uµ as definitions.]

Turn over for question 4...



(4a) Let Xi with i = 1, 2, 3 be Cartesian coordinates on Euclidean 3-space. Show that

the Euclidean metric ds2 = dXi dXi is invariant under the infinitesimal coordinate

transformations δXi = ωij Xj , where ωij = −ωji are infinitesimal constants. (The

three independent cases ω23, ω31 and ω12 describe rotations around the X1 axis, the

X2 axis, and the X3 axis, respectively.) [Note that we can choose to put the indices

on the Euclidean coordinates downstairs, for convenience.]

(4b) Show that the quadratic constraint XiXi = 1 (defining the surface of the unit 2-

sphere) is also invariant under the transformations in part (4a). By writing the Xi in

terms of spherical polar coordinates,

X1 = sin θ cosϕ , X2 = sin θ sinϕ , X3 = cos θ , (2)

derive the infinitesimal transformations of θ and ϕ corresponding to each of the three

rotations. That is, first work out δθ and δϕ for the rotation corresponding to ω23,

then instead work out δθ and δϕ for the rotation corresponding to ω31, and finally

instead work out δθ and δϕ for the rotation corresponding to ω12.

(4c) The transformations in each case can be written in the form δxµ = −ω ξµ, where

xµ = (θ, ϕ). That is, one can find the corresponding vectors ξµ(1), ξ
µ
(2), ξ

µ
(3), such that

δxµ = −ω23 ξ
µ
(1) , for the rotation ω23 , etc. (3)

(4d) Show by calculating the commutators of the three vector fields ξ(1) = ξµ(1) ∂µ, ξ(2) =

ξµ(2) ∂µ and ξ(3) = ξµ(3) ∂µ that they form a closed algebra. That is, show that [ξ(1), ξ(2)],

etc., can each be written in terms of certain of the three vector fields. You should

be able to recognise the algebra as that of SO(3) or SU(2). (Like the algebra of the

Pauli spin matrices in quantum mechanics.)

Due in class on Wednesday 3rd November


