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Introduction 

 

Uniform polyhedra have identical vertices (more formally the set of vertices is transitive under the 

symmetry transformations of the polyhedron), and faces that are regular polygons. The convex uniform 

polyhedra are the Platonic and Archimedean solids, but they do not have to be convex, and nine of them 

have faces that lie in diametral planes (planes through the centre of the polyhedron). Since the standard 

way to construct the dual of a polyhedron is by polar reciprocation in a sphere through its centre [1, 2] the 

duals of these polyhedra have vertices at infinity. Wenninger resolves the difficulty of modelling such 

objects by using a method that he calls “stellation to infinity” [1 p.107], which has the advantage of being 

easy to visualise and it produces models with planar faces. Careful consideration of the simplest example, 

the tetrahemihexahedron, reveals a difficulty with this approach that can be summarised as a doubling of 

the vertices at infinity. A closer adherence to polar reciprocation avoids this difficulty and is more consistent 

with the standard method but produces polyhedra that are more difficult to visualise and model. Another 

approach, to be described, produces finite models, but they have different problems. They are not 

manifolds, their faces are non-planar, and all of the vertices at infinity become coincident. Nevertheless 

they are interesting objects, and, taken with the other models, they can develop further intuition about 

infinite duals. 

 

The Tetrahemihexahedron 

 

The tetrahemihexahedron (Figure 1) is the first of the non-convex uniform polyhedra to be considered by 

Wenninger [3], where he comments that it is a faceted form of the octahedron. Its name indicates that it has 

four triangular faces in the face-planes of a regular tetrahedron, and the six faces of a regular hexahedron 

(cube) are rotated by 45° and combined in pairs to form three square diametral faces that intersect each 

other. 

 

   

Figure 1: The tetrahemihexahedron (stereo pair). 



 

It might be better known as the heptahedron, a polyhedral model of the projective plane [4, 5]. 

Wenninger argues that the convex hull of the tetrahemihexahedron is an octahedron so its dual should be a 

stellation of the cube, which leads him to the tetrahemihexacron (Figure 2). 

 

 

Figure 2: Wenninger’s tetrahemihexacron. 

 

The problem with this is that it has full cubic symmetry but it is meant to be dual to a polyhedron with 

tetrahedral symmetry. A rather more technical difficulty is that its edges are complete lines but the edges 

of a polyhedron should be line segments. The problem is that each of the square faces of the 

tetrahemihexahedron is dual to a single vertex at infinity, so an edge of the dual polyhedron should go from 

a finite vertex to an infinite vertex in one direction, not both. Figure 3 provides a better representation of 

the dual tetrahemihexahedron. Three mutually perpendicular edges meet at each finite vertex, located at a 

vertex of a tetrahedron. Every edge goes from a finite vertex in a single direction to a vertex at infinity. 

Starting a circuit of one of the faces, say the yellow one in Figure 3, at the upper right finite vertex, go to a 

vertex at infinity on the right to meet the next edge which is parallel and comes back from infinity in the 

same direction, from the left. Arriving at the next vertex, which is finite, turn by 90° clockwise towards the 

vertex at infinity in the downwards direction. The next edge comes from that vertex in the same direction 

(downwards) back to the starting point. There are six such faces. 

 

Figure 3: A piece of a dual tetrahemihexahedron. 



Inversion in a sphere is a well-known transformation that will generate a finite representation of such 

infinite polyhedra. The most important properties of inversion are: 

 circles are transformed to circles; spheres are transformed to spheres 

 the centre of the sphere of inversion goes to infinity, so 

 straight lines (circles with infinite radius) are transformed to circles through the centre; planes are 

transformed to spheres through the centre 

 points at infinity are all transformed to points at the centre. 

 

The result of inverting the dual tetrahemihexahedron in a sphere constructed through its finite vertices keeps 

those vertices at the same place. The face-planes become spherical surfaces through the centre of inversion, 

so the faces, which are parts of the complete planes, become parts of the spherical surfaces. For each face 

both of its infinite vertices go to the centre. Figure 4 shows an image of the dual inverted in a sphere. One 

of the faces is coloured red. 

 

Figure 4: A dual tetrahemihexahedron inverted in a sphere through its finite vertices. 

 

 

Cubic/Octahedral Infinite Duals 

 

There are eight more uniform polyhedra with infinite duals, two with cubic/octahedral symmetry, and six 

with dodecahedral/icosahedral symmetry. The two with cubic symmetry are related to the cuboctahedron. 

They both have four diametral hexagons, one has six square faces in addition, and the other has eight 

triangular faces. 

 

The way to construct the inverted duals is generally the same for all of these models. Consider the 

octahemioctahedron, Figure 5, which consists of the triangular faces of the cuboctahedron along with the 

four hexagons that go through its centre.. The finite vertices of the dual are dual to the triangles in the 

octahedral face-planes, so they are positioned at the vertices of a cube. A sphere that contains one face must 

include two finite vertices and the centre of the sphere of inversion, which is the same as the centre of the 



octahemioctahedron and the centre of the cube, and the centre of this sphere lies in the plane defined by 

these points. The image in Figure 5 was generated using Rhino, by defining one such sphere, specifying its 

centre and requiring it to pass through the centre of inversion, conveniently taken as the origin. Two more 

copies were produced by rotating the sphere around a line from the centre to one of the vertices by 120° 

and 240°, then taking the common volume of the three spheres. Seven more copies of this were produced 

by further rotations about symmetry axes. It is not possible to see both parts of a face from any fixed 

direction. It is an interesting exercise to imagine where it is. 

      

Figure 5: The octahemioctahedron and a finite representation of its dual. 

 

A similar construction using the vertices of an octahedron (it is easier to think of the mid-points of the faces 

of a cube) will generate a representation of the dual cubohemioctahedron (Figure 6). In this case one face 

has been coloured red. 

 

Figure 6: A finite representation of the dual cubohemioctahedron. 

 

Dodecahedral/Icosahedral Infinite Duals 

 

The same technique can be used to produce finite representations of infinite duals with 

dodecahedral/icosahedral symmetry but there are many more of them than in the previous cubic/octahedral 

cases. There is only one type of vertex pair to use in an octahedron: nearest neighbours. Opposite vertices 



is obviously a degenerate case that does not work. There are two types in a cube: nearest neighbouring 

vertices generate Figure 5; vertices across a face diagonal correspond with Figure 4 in two ways, so a 

compound of two such objects is possible, just as two tetrahedra combine in the stella octangula. 

There are two usable types of vertex pair in an icosahedron: nearest and next but one neighbours. In this 

case the dual vertex can be either pentagonal or star-pentagonal, so there are four possibilities (Figures 7 

and 8). The models differ only in the radii of the spheres, and they look very similar. There is a small 

difference in the length of the visible edges, but it is barely perceptible. 

    

Figure 7: Representations of the dual small dodecahemidodecahedron and the dual great 

dodecahemicosahedron. 

 

    

Figure 8: Representations of the dual small dodecahemicosahedron and the dual great 

dodecahemidodecahedron. 

 

There are four types of vertex pair in a dodecahedron. Those between nearest neighbours and between a 

vertex and a neighbour nearest to its opposite vertex provide two possibilities illustrated in Figure 9. Again 



the only difference is in the radii of the spheres, but it is larger in this case, making a more obvious 

difference between the two models. 

    

Figure 9: Representations of the dual small icosihemidodecahedron and dual great 

icosihemidodecahedron. 

 

The other two types of vertex pair in a dodecahedron are rather different. A cube can be inscribed in a 

dodecahedron in five ways, so there are vertex pairs corresponding with edges and face diagonals of 

cubes. The models produced from these pairs (Figure 10) are compounds of those in Figures 4 and 5. 

    

Figure 10: Representations of compounds of five dual tetrahemihexahedra and five dual 

octahemioctahedra. 

 

The compound of five dual tetrahemihexahedra, like the compound of five tetrahedra, is different from its 

mirror image, and the two together can form a compound of ten dual tetrahemihexahedra. The vertices of 

the compound of five dual octahemioctahedra coincide in pairs, just like the faces of the compound of 

five octahedra.  

 

Although it does not have vertices in common with a dodecahedron the dual cubohemioctahedron can 

also form a regular compound with five members (Figure 11). 



 

Figure 11: A representation of a compound of five dual cubohemioctahedra. 

 

Commentary 

 

These representations of infinite polyhedra have many failings listed in the introduction, however they 

provide some insights into the infinite duals of uniform polyhedra. For example in Figure 4 the spheres 

touch but they do not intersect because the faces of the actual dual produced by reciprocation (Figure 3) 

do not intersect. In Figure 5 there are intersections, so we know that the faces of the actual dual intersect. 

Since the vertices of the octahemioctahedron are the same as those of the cuboctahedron the face-planes 

of its dual must be the same as those of the rhombic dodecahedron, the dual of the cuboctahedron. From 

this we can work out something about the dual octahemioctahedron: the finite vertices are inverted copies 

of the 3-valent vertices of the rhombic dodecahedron and the faces intersect, so there is a connected 

surface around its centre. The centre of the finite representation (Figure 5) is not hidden by other faces so 

the connected surface in the actual dual extends to infinity with no more intersections. In fact this surface 

can be visualised by imagining the V-shaped faces of the final stellation of the rhombic dodecahedron 

(Figure 12) extended to infinity, forming square tubes. 

 

The cubohemioctahedron also has the same vertices as the cuboctahedron, and so it also shares the face-

planes of the rhombic cuboctahedron, but the situation is rather different. It is clear from Figure 6 that the 

faces will not intersect. This follows from what we know about the way rhombic dodecahedron packs 

space: six of the 4-vertices meet, for example as defined by the space-diagonals of a cube. The six finite 

vertices of the dual cubohemioctahedron are arranged like the vertices of a regular octahedron and the 

faces are parallel in pairs (compare with Figure 3). Actually the dual cubohemioctahedron consists of the 

rhombi at 4-valent vertices of the final stellation of the rhombic dodecahedron (Figure 12) extended to 

infinity. Since this is the final stellation there are no more intersections. 

The dodecahedral/icosahedral examples can be analysed in the same way. The situation is more 

complicated, in particular often there are many intersections so the centres of the finite representations are 

not visible, but the same principles apply.  



 

Figure 12: The third (final) stellation of the rhombic dodecahedron. 
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