
Constant Time Updateable Operations
for Implicit Shape Modeling

ERGUN AKLEMAN
�

VisualizationLaboratory
Collegeof Architecture

JIANER CHEN
�

Departmentof ComputerScience
Collegeof Engineering

TexasA&M University

Abstract

In thispaper, weintroducetheconceptof constanttimeupdateabil-
ity for the functionaloperationsthat canbe usedfor constructing
functions. We believe thatconstanttime updateabilitywill be im-
portantin the future for guaranteeinginteractive modelingof im-
plicit surfacesthat aredefinedby functionalconstructionof func-
tions. We have developedseveral teststo determineif a functional
operatoris constanttime updateable.In addition,we have intro-
ducedconstanttime updateableexact andapproximatefunctional
setoperators.

1 Introduction

One of the time consumingprocessduring modelingof implicit
surfacesis polygonizationof surfaces. Most straightforward ap-
proachfor polygonizationis thesamplingof theimplicit functions
at thecornersof discretegrids [14, 8]. We call thecornersof dis-
cretegridssampling points. Regardlessof thestructureof discrete
grid, an importantportion of the computationcostof polygoniza-
tion comesfrom computationof function valueson thesesample
points. This cost is simply multiplication of the numberof sam-
pling points,� , with thecostof computingfunctionvalueatagiven
samplepoint.

In this paper, we assumethat a discretegrid is usedfor poly-
gonization,the numberandthe positionsof the samplepointsdo
not changeduring constructionandthe computationof ������� can
be donein interactive speed.Underthis assumption,the question
we addressin this paperis whetherinteractivity canbeguaranteed
duringimplicit shapeconstruction.

Weobservethatin orderto guaranteeinteractivity, functioneval-
uationin any givensamplepointmusttakeconstanttimeregardless
of shapecomplexity. If thefunctionevaluationtimeis notconstant,
it is notpossibleto guaranteeinteractivity. In otherwords,evenif a
shapemodelingsystemcanprovide interactivity for simpleshapes,
whenshapesbecomecomplicated,achieving interactivity canbe-
comeimpossible.

We view the complexity of a shapeas the numberof building
block functionsthat are usedto describethe shape. Sinceeach
building blockfunctionwill beevaluatedat leastonce,computation
timefor functionevaluationin agivensamplepointisatleast���
	��
where	 is thenumberof building blockfunctions.Then,theover-
all computationtime for functionevaluationis at least ���
	��� and
thereforeeven if ������� canbe computedin interactive speedfor a
givenvalueof � , ���
	���� maynotbecomputedin interactivespeed.�
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Fortunately, mostshapeconstructionshave the following prop-
erties:� typicallyonlyconstantnumberof thebuildingblockfunctions

is eitherchangedor addedor deletedin agiventime,and� thevalueof thefunctionprior to changingis known.

Imagesin Figure1 show a simpleshapeconstructionexample.
An implicit representationof thepolygonin theexampleis givenby
a setof operationsover half-spaces.Eachhalf spaceis described
by a building block function that representsa boundaryedge. In
this example,the building blocksareaffine functions. As shown
in the example,the usercaneitherchangeor addor deletea ver-
tex. As it caneasilybe seenfrom the Figure,changinga vertex
requireschangingtwobuildingblockfunctions.Addingavertex re-
quiresaddinganew building block functionandchanginganother.
Finally, deletinga vertex requiresdeletingone building function
andchanginganother. In otherwords,regardlessof thenumberof
theedges,eachvertex operationeffectsonly a constantnumberof
building blocks. The restof the building block functionsremains
unchangedand,therefore,theirpreviousvaluescanbeusedfor the
computationof theoverall function.

Position of a vertex is changed  

A vertex is added 
A vertex is deleted 

Figure1: Constructingapolygon.

Sinceit ispossibletousethepreviousvaluesof unchangedbuild-
ing block functions,for somefunctionsthatareconstructedby cer-
tain typesof functionaloperations,it is possibleto computenew
function valuesin constanttime. We call this propertyof func-
tional operationsconstant time updateability. Thereexist various
functionaloperationsusedin implicit modelingtoday. Not all of
thesefunctionaloperationsareconstanttime updateable.It is an
importantquestionto introduceways to identify thosefunctional
operationsthatconstructfunctionsthatcanbeupdatedin constant
timeduringmodelingprocess.

In the rest of this paper, we introducesimple teststo identify
whethera functional operationis constanttime updateable.Our



testscomefrom our theoremsthatanoperationis constanttimeup-
dateable� if thefunctionaloperationis associative andcommutative
over the function spaceand inversefunction canbe computedin
constanttime.

Basedon thesetestswe develop constanttime updateableap-
proximateandexactsetoperations.

2 Notations

Throughoutthis paper, we let � be the setof functionsmapping
vectorsin the � -dimensionalEuclideanspace��� to real numbers
in � . Following the commonconvention, we denoteby ��� the
Cartesianproduct������������� ��� of ! copiesof � , andby "$#
thecollectionof all subsetsof � .

In implicit representations,the functions,in general,are from��� to � and implicitly representedshapesare given eitheras a
surface % �'&(�*),+$-�./&0�
-1�*)3254
or asasolid 6 �'&(�7),+$-�.8&0�
-1�:9;254/<
One of the most useful property of implicit representationsfor
shapemodelingis thatcertainbinaryfunctionaloperationsonfunc-
tions provide shapeoperationson solid shapes. Let

6 �'&/=>� and6 �'&@?$� be two implicitly representedsolid shapes.Let A be a bi-
nary operatoron � , that is, given two functions &5= and & ? in � ,
the operatorA uniquelydeterminesa new function ACB &5=>DE& ?GF in� . Certainbinary operationsA suchas minimum or maximum
provide nice operationsH suchasunion or intersectionon solid
shapesas HC� 6 �'&5=E�ED 6 �'& ? �I�*J 6 ��AC�'&/=�DE& ? �I�

Notethatsincethenumberof building functionsis two for thebi-
naryoperatorA , theresultingfunction ACB &5=KDL& ?GF canbecomputed
in constanttime, in thesensethatfor any vector - in ��� , if theval-
ues&/=$�
-1� and & ? �
-1� aregiven,thenthefunctionvalue ACB &5=�DL& ?GF �
-1�
canbecomputedin time ���NM$� .

Theusercancreateanhierarchyof theseA operationsby defin-
ing an orderedbinary treefor thedescriptionof a complex shape.
We saythata binarytree O is ordered if every non-leafnodein O
hasexactly two children,which arelabeledas left child andright
child, respectively. In particular, the leavesof an orderedbinary
treecanbeuniquelyorderedfrom left to right into asequence.

Givenanorderedbinarytree O of 	 leavesandabinaryoperatorA on � , wecandefineinductively afunctional OQP from ��R to � ,
asfollows.

If 	S)�M , then O P B &/= F )T&/= . Suppose	VUTM . Let OXW be the
subtreein O rootedat the left child of theroot of O andlet O W W be
thesubtreein O rootedattheright child of therootof O . Moreover,
assumethat thesubtreeO W has Y leavesand O W W has 	�Z[Y leaves.
Thenthefunction O P B &/=$DE& ? D�<�<�<�DL& R F is definedasO P B &/=$DE& ? D><�<�<�DE& R F )\ACB O WP B &5=KDK<�<><�DE&$] F DNO W WP B &^]E_`=�D�<�<K<>DE& R FaF
Intuitively, the function OQPbB & = DG&@?^DK<><�<�DE& R F canbe obtainedfrom
thetree O andtheoperatorA asfollows: label the 	 leavesof O
by the 	 functions &/= , & ? , <�<�< , & R from left to right in this strict
order, andlabeleachnon-leafnodeof O by theoperatorA . Now
eachleaf labeledby &^c representsthe function &$c while eachnon-
leafnoded with a left children e anda right child - representsthe
function ACB &^fDE&$g F , where &^f and &$g arethefunctionsrepresented
by the left child e andright child - of the node d . The functionOQPhB & = DE&^?@D�<�<�<�DL& R F is theonethatis representedby theroot of the
orderedbinarytree O . Thefunctional O P will becalleda tree func-
tional (basedon thebinaryoperatorA ).

In implicit modelingsuchtreefunctionalsarewidely used.The
examplesof operation A are Rvachev [16] and Ricci operations

[19], wheretheformerprovidesexactsetoperationswith i = con-
tinuity andlatterprovidesapproximatesetoperationswith i = con-
tinuity.

Wewill consideravarietyof binaryoperatorsA on thefunction
space� , anddiscusswhatkind of binaryoperatorsA inducetree
functionalsthatsupportconstanttimeupdateability.

3 Constant Time Updateability

As we have discussedin introduction,therearethreemainopera-
tionsduringconstructionprocess:change,addanddeletea build-
ing block. If anoperationis constanttimeupdateableregardlessof
thenumberof building block functionsandthetreestructure,then
change,add and deleteoperationscan be donein constanttime.
We startby the following definitionsof constanttime updateable
operations.

Definition Let A bea binaryoperationfrom � ? to � . Thefunc-
tional A is constant time updateable if thefollowing two conditions
hold.

1. The functional A is constant time extendable: i.e., for any
vector -,jk��� , any 	mlkM functions & = , <�<�< , & R , &$n , any
index o , Mp9;o79;	kl;M , andany 	 -leaf tree O and �
	ql;M^� -
leaf tree O W , thevalueO WP B &5=$D�<><�<�DE&$c�rs=KDE& n DE&^cID�<�<><KDE& R F �
-1�
can be computed in constant time from the valuesOQPbB & = D�<K<�<�DL& R F �
-1� and &$n/�
-1� .

2. The functional A is constant time reducible: i.e., for any
vector -\jk� � , any 	 functions &5= , <�<�< , & R , any index o ,Mb9tou9v	 , andany 	 -leaf tree O and �
	TZ;M$� -leaf tree O W ,
thevalue O WP B & = D><�<K<�DE& c�rs= DE& cw_`= D�<�<�<>DE& R F �
-1�
can be computedfrom the values OQx�B & = DK<�<�<�DL& R F �
-1� and&^cI�
-1� in constanttime.

Note that the definition only requiresaddingor deletingfunc-
tions in constanttime anddoesnot includechanginga function in
constanttime. The following lemmashows thatchanginga func-
tion in constanttime canbe easilyderived from the definition of
constanttimeupdateability.

Lemma 3.1 Let A be constant time updateable. Then for any vec-
tor -yj���� , and for any functions & = , <�<�< , & R , & Wc , Mp9tou9t	 , and
any 	 -leaf tree O , the valueOQPbB & = D�<><K<�DE& c�rs= DE& Wc DE& cz_*= D�<><�<�DE& R F �
-1�
can be computed from the values & c �
-1� , & Wc �
-1� , andOQx�B &5=KD><�<�<�DG&$c�rs=KDE&$cIDL&^cz_*=KD><�<K<�DE& R F �
-1� in constant time.

PROOF. Let O W beany treeof 	TZtM leaves.SincetheoperationA is constanttimeupdateable,wehaveO P B &5=KD><�<K<�DE&$c�rs=KDE&$cLDE&$cz_*=�D><K<�<�DE& R F �
-1�)s{ OXWx B &5=KD><K<�<�DE&$c�rs=KDE&$cw_`=KD�<�<�<>DE& R F �
-1�)s{ O x B & = D�<K<�<�DE& c
r0= DE& Wc DE& cz_`= D�<�<�<�DL& R F �
-1�
Thefirst )s{ is constanttimecomputablesinceby ourassumption,
the operatorA is constanttime reducibleand the value &$cI�
-1� is
given, and the second)s{ is constanttime computablesinceby



our assumptiontheoperatorA is constanttimeextendableandthe
value|}&�Wc �
-1� is given.ThisprovesthatthevalueO P B &5=$D�<�<><�DE&$c�rs=KDE& Wc DE&$cz_*=KD�<><�<�DG& R F �
-1�
canbecomputedfrom thevalueOQx�B &5=KD><�<�<�DG&$c�rs=KDE&$cIDL&^cz_*=KD><�<K<�DE& R F �
-1�
andvalues&$cE�
-1� , and &�Wc �
-1� in constanttime.

We saythattheoperatorA is associative if it satisfiestheasso-
ciativity law: ACB ACB & = DE&^? F DG& � F )3ACB & = DLACB &^?@DE& � FaF
for all functions&/= , & ? , and & � in � . Wesay A is commutative if it
satisfiesthecommutativity law:ACB & = DE&@? F )3ACB &@?@DE& = F
for all &/= and & ? in � .

If A is bothcommutative andassociative, thenfor any two or-
deredbinarytreesO and O W of thesamenumberof leaves,thefunc-
tional O P is equalto thefunctional OXWP . In otherwords,if theoper-
ator A is bothassociative andcommutative, thenthetreestructure
for atreefunctionalis irrelevant.Therefore,atreefunctionalO P on
a tree O of 	 leavesandanassociative andcommutative operatorA canbesimplywrittenas A~R .

Theorem3.2 Let A be an associative and commutative operator.
Then A is constant time extendable.

PROOF. Let OQP be a treefunctionalbasedon the operatorA
and an orderedbinary tree O of 	 leaves and and OXWP be a tree
functionalbasedon theoperatorA andan orderedbinary tree O W
of 	tl�M leaves.Sincetheoperatoris associativeandcommutative,
thetreefunctional O P canbewrittenas A R andthetreefunctionalO WP canbewrittenas A~R _`= .

Considerany 	vl�M functions&/= , <><�< , & R , and & n , andany indexo , My9qo�9q	�l�M . Let - beany fixedvectorin � � , andsuppose
thatthevaluesA R B &5=$D�<�<><�DE& R F �
-1� and & n �
-1� areknown. WehaveA R _`= B &/=KD�<�<K<�DE&$c
r0=KDE& n DE&$cLD�<><�<�DE& R F �
-1�) ACB A~R�B & = DK<><�<�DE& c�rs= DE& c D�<><�<�DG& R F DG&^n F �
-1�) ACB A R B &5=$D�<><�<�DE&$c�rs=KDE&$cLD�<><�<KDE& R F �
-1�EDE& n �
-1� F
The last formula canbe computedin constanttime. This proves
that the associative andcommutative operatorA is constanttime
extendable.

This theoremgivesapracticalindicatorfor testingif anoperatorA is constanttimeextendablesincebothassociativity andcommu-
tativity of anoperationA caneasilybechecked.

Corollary 3.3 Suppose that an associative and commutative oper-
ator A is constant time reducible. Then the operator A is constant
time updateable.

Theconstanttime reducibility of anoperatorcanbeverifiedus-
ing a varietyof methods.For example,the following theoremis a
convenientmethodfor checkingconstanttime reducibilityof oper-
ators.

Theorem3.4 Let the associative and commutative operator A
have an identity element & f over � and for any given function &
in � there exists an inverse function & r0= (i.e. ����DIA�� forms an
Abelian group), such that for any vector - in � � , the value & rs= �
-1�

can be computable from &0�
-1� in constant time. Then A is constant
time reducible.

PROOF. Let &5= , <�<>< , & R be 	 functionsin � andsupposethatthe
valuesA R B &5=KD�<><K<�DE& R F �
-1� and &$cL�
-1� aregiven,where Mb9;o�9;	
and - is avectorin � � . Wefirst computethevalue & rs=c �
-1� . By the
assumption,thiscanbedonein constanttime. Now wehaveA R rs= B & = DK<><�<�DE& c�rs= DE& cw_`= D�<�<�<>DE& R F �
-1�) ACB A R rs= B & = D�<><K<�DE& c�rs= DE& cz_`= D�<�<�<�DL& R F DG& f F �
-1�) A R B &/=KD�<�<><�DG&^c
r0=KDL&^fDE&$cw_`=KD�<�<><�DE& R F �
-1�) A R B &/=KD�<�<><�DG&^c
r0=KDIACB &$cNDE& r0=c F DG&$cw_`=�DK<�<><�DE& R F �
-1�) A R _`= B &/=KD�<�<�<KDE&$c
r0=KDE&$cNDG& r0=c DE&$cw_`=�D�<K<><�DE& R F �
-1�) ACB A R B &/=KD�<�<�<>DE&^c
r0=KDG&$cNDE&$cw_`=KD�<�<�<KDL& R F �
-1�EDE& rs=c �
-1� F
SincethevaluesA R B &5=KD�<K<><�DE& R F �
-1� and & r0=c �
-1� arebothknown,
andsincethebinaryoperatorA is computablein constanttime,we
concludethatthevalueA R r0= B &/=KD�<�<K<�DE&$c
r0=KDE&$cw_`=KD�<�<><�DE& R F �
-1�
canbecomputedfrom thevaluesA R B & = D�<�<K<�DE& R F �
-1� and & c �
-1� in
constanttime. That is, the operatorA is constanttime reducible.

Figure2 shows therelationshipbetweenthetheorems.As it can
easilybe seenfrom Figure2, if ����DLA�� is an Abelian groupthenA is constanttime updateable.For example,the additionopera-
tion which is usedfor combiningBlobby shapes[21, 22] creates
an Abelian groupover function space,so it is constanttime up-
dateable. However, Abelian condition is too restrictive to check
theconstanttimeupdateabilityof morecomplicatedoperations.In-
steadwe may useCorollary 3.3 andcheckdirectly constanttime
reducibility propertyalong with associativity and commutativity.
An exampleof complicatedconstanttime updateableoperationsis
theMinkowski operations.

Abelian
Group

Constant Time 
Reducible

Associative and 
Commutative 

Constant Time 
Extendable

 Constant Time 
Updateable

Figure2: Therelationshipbetweentheorems.

3.1 Minkowski Operations

WedefineMinkowski operations as Ah�1B & = DE&^? F )q�L. & = . � l�. &@?/. � � =�� �
[15]. This operationis particularly interestingfor shapemodel-
ing sinceit providesapproximateunionandintersectionof shapes
(positive � are for intersection,negative � are for union [1, 4]).
Positiveray-linearfunctionsareclosedunderMinkowski operation
[1]. Ray-linearfunctionsare a specialcasethat requiresa lim-
ited numberof samplesfor polygonization(namely, in the range
of MK282�DE282@2 ). Thereforeinteractive polygonizationis possiblefor



the implicit surfacesdefinedby thesefunctions. The first author
of this� paperusedthe constanttime updateabilitypropertyof the
Minkowski operationto develop a software for guaranteedinter-
active constructionof ray-linearfunctions(ray-linearfunctions &
describestarshapesin theimplicit form

% �'&�Z�M$� ) [1, 3].
It is easyto seethat the Minkowski operatorAh� is associative

andcommutative. In orderto show thattheoperatorA � is constant
time reducible,wehave�I��A R� B & = D�<><�<�DG& R F �
-1�I� � Z;. & c �
-1�>. � � =�� �) �I�L. &/=$�
-1�>. � lv�����$l\. & R �
-1�>. � � =�� � � � Zv. &$cE�
-1�>. � � =�� �) �L. &/=$�
-1�>. � lv�����^l3. & R �
-1�>. � Zv. &$cE�
-1�>. � � =�� �) �L. &/=$�
-1�>. � lv�����^l3. &^c
r0=^�
-1�>. � l\. &^cz_`=$�
-1�>. �lC���K�Kl,. & R �
-1�>. � � =�� �) A R r0=� B &/=^D><�<�<�DE&$c
r0=KDE&$cw_`=KD�<�<><KDE& R F �
-1�
Therefore,given the values A R� B & = D�<K<�<�DE& R F �
-1� and & c �
-1� , the
value A R r0=� B &/=^D><�<�<�DE&$c
r0=KDE&$cw_`=KD�<�<><�DG& R F �
-1�
canbecomputedin constanttime. ThatmeanstheoperatorA � is
constanttimereducible.By Corollary3.3,any treefunctionalbased
on Minkowski operatorAh� andan orderedbinary treeis constant
timeupdateable.

4 Approximate Set Operations

An importantoperationwhich is widely usedin implicit surface
modelingis Ricci’s approximatesetoperations[19]. Theseoper-
ationssmoothout thesharpcornersresultedfrom exactsetopera-
tionsandprovidesmoothlyblendedversionsof shapesconstructed
by exact set operations.The binary versionsof Ricci operations
aregiven as ACB & = DE&^? F )���� �$�L� l,� �$�N� � =�� � . As it caneasilybe
checked that this operationis commutative but, unfortunately, not
associative. Therefore,neitherCorollary 3.3 nor Theorem3.4 is
applicable. We have currentlydiscovereda new approximateset
operationthatsatisfiesCorollary3.3. This binaryoperationwhich
wecall d:� is givenbyd:�B & = DE&@? F ) M� ���@��� � �K�L� l�� �$�N�^�
where � is a positive number. This operationd:� , plus a simple
variation d W� of d � , providestheapproximatesetoperationssimilar
to Ricci operations 6 �
d:��B & = DE&^? F ��J 6 �'& = � � 6 �'&^?K�ED6 �
d W� B &/=KDE& ?GF �7) 6 �NZXd � B�Z�&/=KD�Z�& ?GF ��J 6 �'&5=>� � 6 �'& ? �ED6 �
d � B &/=KD�Z�& ?GF ��J 6 �'&5=>�sZ 6 �'& ? �E<
As � becomeslarge,theoperationd:� approachesthe 	���� opera-
tion which is commonlyusedin shapemodeling�� �¡ �K¢h£ 6 �
d � B &/=KDE& ?GF � Z ¤ 6 �
	����`�'&/=>DE& ? �I�) 6 �'& = �(� 6 �'&@?$�ED�� �¡ �K¢h£ 6 �
d W� B &/=KDE& ?GF � Z ¤ 6 �
	�o�!7�'&5=KDL& ? �I�) 6 �'& = �(� 6 �'&@?$�ED�� �¡ �K¢h£ 6 �
d � B &/=KD�Z�& ?GF �¥Z ¤ 6 �
	����`�'&/=>D�Z�& ? �I�) 6 �'& = �0Z 6 �'&@?��E<

It is easyto seethat the operationd:� is constanttime update-
ableby checkingits associativity, commutativity andconstanttime
reducibility.

1. Theoperationd:� is associative:d � B d � B &/=$DE& ?GF DE& � F) M� ���8��¦ � � �§�¨ ©Iª ��« §�¬ � _ « §K¬ � � l�� �$�N$®) M� ���8� � � �$�L� l¯� �K�N� l�� �K�N �) M� ���8��¦ � �K�L� l�� � �§ ¨ ©Iª � « §�¬ � _ « §�¬  � ®) d:�1B & = DId:�1B &^?/DL& � F�F <
2. Theoperationd � is commutative:

d � B &/=KDE& ?GF ) M� ���8� � � �$�L� l¯� �K�N� �) M� ���8� � � �$�N� l¯� �K�L� �) d:��B &@?@DE& = F <
3. Theoperationd � is constanttimereducible:M� ���@� ��� �@°�± ²§b³ �L��´ µ µ µ ´ � ²·¶ ° g�¸�¸ ZC� �K�N¹I° g�¸ �) M� ���@� ��� �@° �§ ¨ ©Iª ° « §K¬ �>º�»E¼ _`½ ½ ½ _ « §�¬ ² º�»E¼ �`Z�� �$�N¹N° g>¸ �) M� ���@� ��� �K�L�>° g�¸ lv�����Kl¯� �K� ² ° g�¸ Z�� �$�N¹N° g>¸ �) M� ���@� ��� �K�L�>° g�¸ lv�����Kl¯� �K�N¹�¾ � ° g�¸ l�� �$�N¹z¿ � ° g>¸lC�����^l�� �$� ² ° g�¸ �) d R r0=� B &5=$D�<><�<�DE&$c�rs=KDE&$cw_`=KD�<�<K<�DL& R F �
-1�
Wealsowould like to point out thattheshapesdescribedby the

Ricci implicit formulation[19]� � �K�L� l�� �$�N� l3���>�$l�� �K� ² � =�� � Z[M�)\2 andtheshapesdescribed
by our d:� operationd:���'& = DE&^?7<�<><�DE& R �*)\2 areexactly thesame� � �K�L� l[� �$�N� lv�����Kl¯� �K� ² � =�� � Z¯MÀ) 2 ÁÂ¤� � �$�L� l¯� �K�N� lv�����$l�� �$� ² � =�� � ) M ÁÂ¤���8� � � �$�L� l¯� �K�N� lv�����$l�� �$� ² � =�� � ) 2 ÁÂ¤M� ���8�Â� � �K�L� l�� �K�N� lv�����$l¯� �K� ² � ) 2 ÁÂ¤d � �'&/=KDE& ? D�<�<K<�DE& R ��) 2�<
In other words, the operationd � doesnot only provide constant
time updateabilitypropertybut also describesthe sameclassof
shapesthattheRicci operation[19] describes.It canalsobeproven
that the shapesdescribedby our d � operationincludesall the
shapesthatcanbecreatedby Blinn’sexponentials[7].

Imagesin Figure3 show variouspropertiesof the d:� operation.
Thesettheoreticrepresentationof theconvex polygonat thetop is
usedto describethe functionsby replacingintersectionoperation
with relatedapproximated:� operation.Herebuilding block func-
tionsareaffinefunctionswhicharein theform of &$c`)v!Qc � �
-*Z�-8cÃ�
where ! c is unit normalto the line and - c is any point on the line.
Theseline functionsdescribethe boundariesof the convex poly-
gonat the top. In orderto show thebehavior of the functions,we



A convex 
polygon 

described by 
intersection
operations

p=4Ä
p=1p=2

p=8p=16p=oo

Figure3: Pseudocoloringthefunctionsthatareobtainedby replac-
ing the intersectionoperationswith functionalapproximateinter-
sectionoperationsd:� with various� valuesandby replacinghalf
spaceswith affinebuilding block functions.

convert thefunctionvaluesto monochromecolorsby usingthefol-
lowing pseudocoloringoperation:Å �'&(�7) ÆÇÈ ÇÉ black, if &~Ê;2 and Ë �8Ì �wÍ·&(��Ê;2ÎD

light gray, if &~Ê;2 and Ë �8Ì �wÍ·&(��Ï;2ÎD
darkgray, if &~Ï;2 and Ë �8Ì �wÍ·&(��Ê;2ÎD
white, if &~Ï;2 and Ë �8Ì �wÍ·&(��Ï;2

As seenin the figure, the higher � values provide more pre-
ciseapproximationfor the intersection,while lower � valuesgive
smoothershape.

Similarly, it can be shown that approximateunion operationd W� B & = DG&^? F )ÐZXd:�ÎB�Z�& = DKZ�&^? F is also constanttime updateable.
However, theapproximatesetdifferenceoperationd � B &/=KD�Z�& ?GF is
neithercommutative nor associative. Therefore,its constanttime
updateabilitycannotbederiveddirectly from Corollary3.3or The-
orem3.4.

5 Exact Set Operations

An importantexactsetoperationis Rvachev operationsthatarein-
troducedin SolidModelingby Shapiro,Pasko, Adziev, Sourinand
Savchenko [18, 16]. Rvachev [16] useddhB &5=KDL& ?GF ) MM�l[Ñ �'&/=*l¯& ? l\Ò & ?= l�& ?? ZC"^Ñ7&/=>& ? �
whereÑ�)3Ñ·�'&/=KDE& ? � is anarbitrarycontinuousfunctionthatsatis-
fiesthefollowing conditionsZpMÓÊ;Ñ:�'& = DE&^?$��Ê\M and Ñ·�'& = DG&^?K�7)Ñ·�'& ? DE&/=>��)ÔÑ·�NZ�&/=KDE& ? ��)ÔÑ·�'&/=KD�Z�& ? � . If we chooseÑÕ)ÖM ,dhB &/=KDE& ?GF becomesmaximum operator. This function operation
providesexactsetoperationas6 �
d�B & = DE&^? F ��) 6 �'& = �(� 6 �'&^?K�ED6 �NZXd�B�Z�&/=�DKZ�& ?LF ��) 6 �'&5=>�(� 6 �'& ? �ED6 �
d�B &/=KDKZ�& ?LF ��) 6 �'&5=>�0Z 6 �'& ? �E<

Theseequalitiesarenot exactly correctbut they arevery closeap-
proximations.Mostdesiredpropertyof Rvachev operationis thatit
gives i = continuousfunctionseverywhereexceptat +K-�.8& = �
-1�×)& ? �
-1��)Ø2/4 [16]. Unfortunately, Rvachev operationis not asso-
ciative. Thus,it is unclearwhetherRvachev operationis constant
time updateable.We have discovereda new piecewise i = exact
setoperationÙ � thatis commutative,associative andconstanttime
updateable.

Ù � B &5=KDL& ?GF ) ÆÇÈ ÇÉ �'& �= l;& �? � =�� � if &/=XÏ;2 and & ? Ï;2& = if & = Ï;2 and &@?ÓÊ;2& ? if &/=XÊ;2 and & ? Ï;2Zb�L. &/=^. r � l3. & ? . r � � rs=�� � if &/=XÊ;2 and & ? Ê;2
Thefunction Z � . &/=^. r � l\. & ? . r � � rs=�� � , at thefirst look, seemsto
go to Ú wheneither & = or &^? or both goesto 0. However, this
first impressionis not correctsincethe function is in factequaltoZ�&/=E& ?�I. &/=8. � l,. & ? . � � =�� � and insteadof going to Ú it approachesto 0

wheneither &/= or & ? or bothgoesto 0. Similar to Rvachev opera-
tion , theoperationÙÎ� almostsatisfiesthefollowing equalitiesand
providesexactsetoperations::6 ��Ù � B &/=KDE& ?GF �Û) 6 �'&/=G�Q� 6 �'& ? �ED6 ��Ù W� B &/=KDE& ?GF �*) 6 �NZ}Ù � B�Z�&/=KD�Z�& ?GF �Û) 6 �'&/=G�Q� 6 �'& ? �ED6 ��ÙÎ�1B & = D�Z�&^? F �Û) 6 �'& = �`Z 6 �'&@?$�E<
Moreover, similar to Rvachev operation,the operation ÙÎ� is i =
continuouseverywhereexceptat +$-~.�&/=$�
-1�p)�& ? �
-1�p)Õ254 for �
valueslargerthan2.

Our goal is to show ÙÎ� is constanttime updateable.It is easyto
seethat Ù � is commutative. For associativity, wehave

ÙÎ�1B ÙÎ��B & = DE&^? F DE& � F )

ÆÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÈ ÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÉ

�'& �= l;& �? l;& �� � =�� �if & = Ï;2 and &^?ÓÏ;2 and & � Ï;2�'& �= l;& �? � =�� �
if &/=}Ï;2 and & ? Ï;2 and & � Ê;2�'& �= l;& �� � =�� �if &/=}Ï;2 and & ? Ê;2 and & � Ï;2�'& �? l;& �� � =�� �if & = Ê;2 and &^?ÓÏ;2 and & � Ï;2&5=
if &/=}Ï;2 and & ? Ê;2 and & � Ê;2&@?
if &/=}Ê;2 and & ? Ï;2 and & � Ê;2& �
if &/=}Ê;2 and & ? Ê;2 and & � Ï;2ZÝÜ �Þ cwß`= �NZ�&$cN� r �8à rs=�� �
if &/=}Ê;2 and & ? Ê;2 and & � Ê;2

It is easyto verify that ÙÎ��B & = DLÙ���B &^?@DG& � FaF )TÙÎ��B Ù���B & = DE&@? F DE& � F .
Therefore,theoperationÙ�� is associative. Thus ÙÎ� is constanttime
extendable.

Basedontheassociativity property, it is notverydifficult to ver-



ify thattheoperationÙ�� over 	 functionscanbeformulatedas

Ù R� B & = D�<�<K<>DE& R F �
-1�*)
ÆÇÇÇÇÇÇÇÇÇÇÇÈ ÇÇÇÇÇÇÇÇÇÇÇÉ

áâ Þ�ÃãK° g>¸'ä n & �å �
-1��æç =�� �
if è8é with & å �
-1��Ï;2ZÝÜ RÞå ß`= . & å �
-1�>. r �8à rs=�� �

if êÎé , & å �
-1��Êt2
In order to show the constanttime reducibility of the functionÙR� B & = D�<�<�<KDL& R F , for eachvector - , wekeepa triple��Ù _� B &5=KD�<><�<�DE& R F �
-1�EDEÙ r� B &/=KD�<�<K<>DE& R F �
-1�EDN! _ B &/=KD�<�<K<�DE& R F �
-1�I�

(1)
where Ù _� B & = D><�<�<�DE& R F �
-1�*) áâ Þ� ã ° g�¸�ä n �'& å �
-1�I� � æç =�� � D

Ù r� B & = D�<K<�<>DE& R F �
-1�*) áâ Þ�ÃãK° g>¸'ë n �'& å �
-1�I� r � æç rs=�� � D
and ! _ B & = D><�<�<�DG& R F �
-1� is the number of functions & å such
that & å �
-1��Ïì2 . Note that all functions Ù _� B &5=KD�<><�<KDE& R F �
-1� ,Ù r� B &5=$D�<�<><�DE& R F �
-1� , and ! _ B &5=KD><�<�<KDE& R F �
-1� arecommutative and
associative. Moreover, thefunction Ù R� canberewrittenas

Ù R� B &5=KD�<><�<KDE& R F �
-1�7) ÆÇÇÈ ÇÇÉ Ù _� B &5=KD�<><�<�DE& R F �
-1�
if ! _ B &/=^D><�<�<�DE& R F �
-1�:Ut2Ù r� B &/=KD�<�<K<>DE& R F �
-1�
if ! _ B &/=^D><�<�<�DE& R F �
-1�7)\2

Wenow show how to computein constanttime thetriple��Ù _� B & = D�<�<�<KDL& c
r0= DE& cz_*= DK<><�<�DE& R F �
-1�EDÙ r� B &/=^D><�<�<�DE&$c
r0=KDE&$cw_`=KD�<�<><KDE& R F �
-1�ED! _ B &5=KD><�<K<�DE&$c�rs=KDE&$cw_`=KD�<�<�<>DE& R F �
-1�I� (2)

from thetriple in (1) andthevalue &$cL�
-1� .
If &^cL�
-1��Ï;2 , thenÙ _� B &/=KD�<�<><�DE&$c�rs=KDG&^cz_*=>D�<K<�<�DE& R F �
-1�) �I��Ù _� B &5=$D�<�<><�DE& R F �
-1�I� � Z;�'&^cL�
-1�I� � � =�� �Ù r� B &/=KD�<�<K<�DL&^c
r0=KDE&$cz_*=KD�<><�<�DE& R F �
-1�) Ù r� B & = D�<�<K<�DL& R F �
-1�! _ B &/=KD�<�<�<�DG&$c
r0=KDE&$cw_`=�D�<K<><�DE& R F �
-1�) ! _ B &/=KD�<�<�<�DG& R F �
-1�`Z¯M

Ontheotherhand,if & c �
-1��Ê;2 , thenÙ _� B &/=KDK<�<�<�DE&$c
r0=KDE&$cw_`=KD�<�<><�DG& R F �
-1�) Ù _� B & = DK<�<�<�DE& R F �
-1�Ù r� B &5=KD�<><�<�DE&$c�rs=$DE&^cz_`=�D�<K<�<�DL& R F �
-1�) Zb�I�NZ}Ù r� B &5=KD><�<�<KDE& R F �
-1�I� r � Z;�'&$cL�
-1�I� r � � r0=�� �! _ B &5=$D�<�<><�DE&$c�rs=KDE&^cz_`=KD�<�<�<�DG& R F �
-1�) ! _ B &5=$D�<�<><�DE& R F �
-1�

As aresult,thetriple in (2) canalwaysbecomputedfrom thetriple
in (1) in constanttime. ThisgivestheillustrationthattheoperationÙÎ� is constanttime reducible(in a moregeneralsense).According
to Corollary3.3,theoperationÙ � is constanttimeupdateable.
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Figure4: Pseudocoloringthefunctionsthatareobtainedby replac-
ing the intersectionoperationswith functional exact intersection
operation ÙÎ� with various � valuesand by replacinghalf spaces
with affinebuilding block functions.

Figure4 shows functionsdescribedby the Ù � operation. The
imagesin Figure 4 were createdin a similar way as we usedto
createtheimagesin Figure3. TheoperationÙ � candefinedistance
functions[9, 10] undersomerestrictions[5]

In a similar way, we can show that exact union operationÙ W� B &5=KDL& ?GF )�Z}Ù � B�Z�&/=KD�Z�& ?GF is also constanttime updateable.
However, whethertheexactsetdifferenceoperationÙ � B &5=KD�Z�& ?GF is
constanttime updateableis not clearsincetheoperationis neither
commutativenor associative.

6 General Trees

Up to this point, we assumethatonly oneoperationis usedto de-
scribetheshapes.Earlierexamplesshow onlyapproximateorexact
functionalintersectionoperations.Intersectionoperationscanonly
createconvex shapesfrom convex building block shapes.In order
to createmorecomplicatedshapes,we needto usevariousopera-
tionsin thesametree.Theexamplein Figure5 showsasimplenon-
convex polygondescribedby two typesof setoperations.ThePe-
tersonstyleformula[17] (a monotoneformulawith no half-spaces
appearingmorethanonce)of CSGrepresentationof the polygon
is constructedby usingthealgorithmproposedby Dobkin,Guibas,
HersbergerandSnoeyink [11].

Figure6 shows the functionsdescribedby replacingsetopera-
tionswith relatedconstanttimeupdateableoperations.In general,a
tree O of 	 leavesin whicheachnon-leafnodeis associatedwith a
functionoperationcannaturallydefinea functionaloperationfrom� R to � whenweassociateeachleafof O with abasicblockfunc-
tion in � . Sucha functionis calleda tree function.



Figures7 and8 give somecolored3D shapesdescribedby gen-
eral tree

î
functionsbasedon union anddifferenceby the exact set

operationÙÎ� .
Assumethat all operationsassociatedwith a tree function are

constanttime updateable.Thenit is easyto seethat the updating
time for the tree function is dependentonly on the depthof the
treewhile independentof thenumberof basicblock functions.Of
coursein theworstcasethedepthof thetreecanbeaslargeasthe
numberof basicblock functions.However, in mostcasesthedepth
of thetreesis muchsmaller.

In order to illuminate the amount of speedup that can be
achieved by usingconstanttime updateableoperations,we usea
simpleexample.Considera treewhoseevery nodeis a functional
given by a treefunctional OQP . Let us assumethat the treeis bal-
ancedwith a height of ï and eachlevel is given by an index o
betweenM and ï . Let us alsoassumethat in level o eachnode
hasexactly 	 c children. For updatingsucha treethereexist three
strategies: recomputevalues,reuseold valuesfor updating,and
constanttimeupdateability. Recomputeis thecomputationof func-
tion withoutusingold values.Reuseis theupdatingof functionby
usingold values. ConstantTime Updateabilityis usingonly con-
stanttime updateableoperationsandcomputationof the function
by usingold values. The following tableshows a comparisonof
thesestrategiesfor computingthefunctionsdescribedby theexam-
ple treein any samplepoint regarlessof its position.For a general
grid with � numberof samplesthesenumbershaveto bemultiplied
by � .

Recompute Reuse ConstantTime
values old values Updateable

Time Space Time Space Time Spaceðñ czß`= 	�c 2 ðÞ czß`= 	�c ðñ cwß`= 	�c ï ðñ cwß ? 	�c
As it canbe seenfrom the table the recomputationof the val-

uesdoesnotuseany spacebut it canbeextremelytimeconsuming.
Therefore,it is not a properapproachfor interactive shapemodel-
ing.

Reusingthe old valuesmakesthe speedmuchfasterbut it still
dependson the complexity of the shape. Moreover, the memory
usedto storethevaluescanbesignificant.

Using constanttime updateableoperationsseemsto improve
both time and spacecomplexity significantly. Constanttime up-
dateableoperationsmake thecomputationindependentof thecom-
plexity of the shapeand the computationtime is ��ò ðczß*= 	�c��Nó�ï
timesfasterthanreusingtheold values.Moreover, whenusingcon-
stanttimeupdateableoperations,wedonotneedto storethevalues
of building block functions &$c ’s. Therefore,thespacerequirement
is ô ðczß ? 	 c . In otherwords,constanttimeupdateablecaseuses	 =
timeslessmemorythanreusingtheold values.

The speedupand memoryreductiondependon the valuesof	 c ’s. In 3D, if the constructionstartsfrom convex shapes,	 = ’s
cangenerallybe larger than õ . A hexhahedronrequiresö build-
ing blocks,an icosahedronis the intersectionof "@2 building block
functionsthat representfaces,anda soccerball requires32 build-
ing blocks. If the shapeis given by the union of convex shapes,	~? representsthenumberof convex shapesandit canbeextremely
large. Therefore,the valueof ò ðczß*= 	�c is in generalmuchlarger
than ï .

7 Final Remarks

As mentionedearlier, a systemfor guaranteedinteractive shape
constructionfor ray-linears[1] and ray-quadrics[3] hasalready
beendevelopedbasedon constanttime updateableMinkowski op-
erations. For ray-linearswe usedtreesof depth " (approximate
union of approximateintersections)andfor ray-quadricswe used
treesof depth� (approximatesetdifferenceof approximateunions
of approximateintersections),respectively. An importantprop-
erty of ray-linearsandray-quadricsis that for the polygonization
it is only necessaryto samplethe surfaceof a sphere.This prop-
erty limits thenumberof samplesto beusedfor effective polygo-
nization: for achieving an acceptablequality, the samplesin the
rangeof M�282�DE28282 areenough.For M�282�DE28282 samples,polygoniza-
tionpermitsinteractiveshapeconstructionregardlessof thenumber
of building blocksonanSGIO2.

For thepolygonizationof generalimplicit surfaces,thenumber
of samplesneedto be at leastoneorderof magnitudelarger thanMK2@2ÎDE2@282 somewherein the rangeof MK2�DE28282�DE282@2 . Although, we
cannotcurrentlyachieve interactivity for M�2ÎDE2@282ÎDG2@282 samples,we
expectthat in thenearfuture, interactivity will bepossible.Then,
reusingtheold valueswith constanttimeupdateableoperationswill
guaranteeinteractivity for complicatedshapesthataredescribedby
thetreeswith boundeddepth.

We have recentlyobserved that the computationtime can be
dractically reducedby updatingonly a subsetof samplepoints.
An interestingresearchdirectioncanbe the identificationof these
subsetsof samplepoints during shapeconstruction. In the cur-
rentframework,constanttimeupdateableoperationsareusefulonly
whenthepositionsof samplepointsdonotchangeduringconstruc-
tion. We alsoplanto investigatefunctionupdatingwhentheposi-
tionsof constantnumberof samplepointschange.

Beforewe closethis paper, we would like to alsopoint out that
theoperationsÙ � and d � haveanotherpropertywhich is important
for shapemodeling.Let gradientlengthsof &5= and & ? bebounded
by a constant,thenthe gradientsof ÙÎ�1B & = DE&^? F and d:��B & = DE&^? F are
alsoboundedby a constant[5]. In otherwords,thefunctionscon-
structedby ÙÎ� and d:� satisfyLipschitzcondition. Therefore,the
resultingshapesdescribedby suchfunctionscanbeefficiently ray
traced[6, 12, 13, 20]. The coloredFigures7 and 8 arerendered
usingspheretracing[12, 13, 20] which is basedon Lipschitzcon-
dition. The3D shapesdescribedby functionsthatareconstructed
by approximatesetoperationsareillustratedin [5].
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Figure5: A simplepolygondescribedby union and intersection
operations.
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Figure6: Pseudocoloringthefunctionsthatareobtainedby replac-
ing theunionandintersectionoperationswith functionaloperationsd:� and ÙÎ� with varying � valuesandby replacinghalf spaceswith
affinebuilding block functions.


