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Abstract

In this paper, we presenta techniquefor effective texturing of im-
plicit surfaces.Ourtechniqueis basedonusageof similarfunctions
for thedescriptionof bothimplicit surfacesandsolid textures.

Modeling solid texturesrequiresuseof functionswith almost
unit gradient length. In order to constructsuch functions, we
have discoveredtwo operationswhich preserve almostunit gradi-
entlengthproperty. Basedontheseoperations,wehavedevelopeda
techniquesimilar to ConstructiveSoftGeometryfor modelingboth
implicit surfacesandsolid textures.

1 Introduction

Oneof theimportantproblemsin implicit modelingis effectivetex-
turing the implicit surfaces.Our goal in this paperis to developa
texturing schemethatcaneffectively provide uniform texturesthat
canconformany orientable2-manifoldshapes.

Figure1 shows an exampleof suchan irregular topologytex-
turedby our method.Notethatalthoughtheshapeis complex, the
texturesconformwell to thevariedterrainandmaintainaveryuni-
form thicknesswith no obviousstretchof thetextures.

Creatinguniform solid texturesrequiresa setof conditionsthat
thefunctionsmustsatisfy. Theseconditionsrequirethat thegradi-
ent lengthof the functionsbe lessthanbut almostequalto 1, and
wecall functionsmeetingthisconditionalmost unit gradient length
functions.

A significantcontribution of this work is the introductionof a
setof binary operationsthat areclosedover almostunit gradient
length functions. Sincetheseoperationsprovide approximateset
operations,desiredfunctionscanbe constructedintuitively by the
new binaryoperations.Weobserve thatthenew operationsarealso
usefulsothatshapemodelingandthesameoperationscanbeused
for bothshapeandtexturemodelingby constructingthesametype
of functions.

2 Motivation for Almost Unit Gradient
Length

Throughoutthe paper, we let � be the set of functionsmapping
vectorsin the � -dimensionalEuclideanspace��� to realnumbers.

Let � bea positive realnumberand � beany functionin � , we
call 	�

������� �������
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Figure1: Texturesover anirregularshapewith severalhandles.

a texture function with texturefrequency � anddefinesolidtextures
in termsof texture functions. Sincethe texture functionsalways
give a real numberbetween� and

	
, by usinga simplemapping

we can describeshadingparameterssuchas diffuse color, opac-
ity or specularcolor. The following simple mappingfrom � to
monochromecolorshelpsto visualizethebehavior of agivenfunc-
tion � in ��� asshown in Figure2:� � �����  !" !# black, if �%$&� and

�'	�
(�)���*� �����+�', � $&�.- /10
light gray, if �%$&� and

�'	�
(�)���*� �����+�', �32 �.- /10
darkgray, if � 2 � and

�'	�
(�)���*� �����+�', � $&�.- /10
white, if � 2 � and

�'	�
(�)���*� �����+�', �32 �.- /10

Figure2: Exampleof thefunction � �54 �6� 487�4:9<; � .
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Basedon this mapping,eachcolor is assignedto a ”ring” (or a
”layer”)= boundedby two implicit curves � �5> 0'?@�6� �5A�BC9&	 �EDF, � �
and � �5> 0+?@��� �5A�BG
H	 �EDI, � � for

B �J�.0LK 	 0MK � 0�-)-�- . Sincethegra-
dientlengthrepresentstherateatwhich theimplicit curvesvary, in
orderto make the thicknessof rings (or layers)of the textureuni-
form, regardlessof the valueof � , we would prefer that gradient
length N OH��N of thefunction � is approximatelyequalto

	
. If this is

thecase,theparameter� directly controlstexture frequency. The
following exampleswell illustratethisobservation. In Figure2 the
function � �54 �P� 437Q4R9(; � , whosegradientlength N OC��NF� � N 4 N
is unboundedandincreaseswith N 4 N , doesnotprovideuniformtex-
ture. On the otherhand,the function � �54 �P�SN 4 N 9T; , which de-
scribesthesameimplicit curve with N OH��NU� 	 , providesa uniform
textureasshown in Figure3 sinceits gradientlengthis equalto 1.

Figure3: Exampleof � �54 �V�WN 4 N 9<; .
We can identify anothercondition for texture modelingfunc-

tionsby viewing any volumerenderingalgorithms(suchasmarch-
ing cubes[11, 3] or ray marching[13]) assamplingof thevolume
which is requiredto beaccurate.If N OH��NYX 	 , theNyquistrate[6],
which is the requiredsamplingratefor accuratesampling,canbe
determineddirectly from the layeringfrequency � . On the other
hand,if thereis no upperlimit over thegradientlength,theremay
bealiasingregardlessof thechoiceof samplingfrequencies.

Sincethetwo conditionsabove requirethefunctionswhosegra-
dient lengthis boundedby andapproximatelyequalto

	
, themost

desirablefunctionsfor modelingsolid texturesare the oneswith
gradientlength exactly equalto 1. Let Z denotethe set of unit
gradientlengthfunctionsZ[�]\^�%_`�`NHN OH� �54 �)Na� 	 0cb 4 _d� �fe -
It is known that thereis a largevarietyof functionsin thefunction
set Z . Examplesof functionsin Z arethesphere function � �54 ���N 4g9h4^i N 9%; , whichdefinesaspherein 3D with radius

;
andcenter4 i

, andthe plane function � �54 �3�kjVl 7C�54�9T4 i � , which defines
a planein 3D passingthrough

4�i
andwith unit normal j l . The

following sectionpresentsa methodto createnew functionswith
unit gradientlength.

3 Unit Gradient Length Preserving Oper-
ations

For effective modelingof solid textures,thereis a needfor a large
varietyof functionswhosegradientlengthis exactlyequalto 1. We
have discovereda setof operationsthat preserve the unit gradient
lengthproperty. By usingtheseoperationsa setof essentialunit
gradientlengthfunctionscanbeobtained.Considerthe following
functionaloperation:mFn �1l*0o� �Lp �rq s � �l 
 � �� 0 if � l 2 � and � � 2 �.0� l 0 if � l 2 � � and � � $&�U0� � 0 if � � 2 �1l and �alQ$&�U0

with gradient

O mIn � l 0M� � p �  !" !# �alLOH�1l 
 � � OC� �s � �l 
 � �� 0 if � l 2 � and � � 2 �U0OH� l 0 if � l 2 � � and � � $&�.0OH� � 0 if � � 2 �1l and �1lt$&�.-
Themodelingpropertiesof operation

m
canbesummarizedasfol-

lows:7
ClosureProperty:

–
mIn �al�0M� �Lp is a unit gradientlengthfunctionif �1l and � �
areunit gradientlengthfunctionsand OH� l 7 OH� � �[� .
We will later illustratethe visual meaningof the con-
dition OH�al 7 OH� � �u� . This is straightforwardfor the
casewhereeither � l or � � or both � l and � � arenega-
tive. Weneedto show it only for thecasewhere�1l and� � arebothpositive:O mFn � l 0o� � p 7 O mFn � l 0M� � p� �1lMOC�1l 
 � � OH� �s � �l 
 � �� 7 �alLOH�al 
 � � OH� �s � �l 
 � ��� �G�l � OH� l 7 OH� l �� �l 
 � �� 
 �G�� � OH� � 7 OC� � �� �l 
 � ��
 � �alL� � � OH�al 7 OH� � �� �l 
 � ��� �G�l �'	 � 
 �G�� �'	 � 
 � � l � � � �a�� �l 
 � ��� � �l 
 � ��� �l 
 � ��� 	 -

–
mIn �@0 9 � p is a unit gradientlengthfunctionif � is a unit
gradientlengthfunction. This propertyis easyto show
since

mFn �@0 9 � p �vN ��N . Wewill laterillustratethevisual
meaningof theoperation

mFn �@0 9 � p .7
Commutativity andAssociativity:

– Commutativity: The operationis commutative, i.e.,mIn �al�0M� �Lp � mFn � � 0o�1l p .
– Associativity: The operation is associative, i.e.,mIn mIn �al�0M� �Lp 0L� �)p � mIn �al�0 mFn � � 0L� �Lpwp .

Becauseof thesetwo properties,althoughthe operationis a
binaryoperation,insteadof nestedoperationsthesimpleformmFn � l 0)-�-*-�0M��x p canbeused,withoutspecifyingtheorderof the
functions.7
Functionaloperation

mFn �1l*0o� �Lp is relatedto intersectionoper-
ationas: y � �alL��z y � � � �V� y � mIn �al*0L� �Mp �M-
where

y � ��� denotesanimplicit solid
y � ���V�]\ 4 N � �54 ��X{� e .7J| l continuity:mFn � l 0o� � p is | l continuouseverywhereexceptin

y � mFn � l 0o� � p �(insideand boundaryof implicit surface } � mFn �al�0M� �Lp � ). In
otherwords, } � mFn � l 0M� � p 9
~ � will not includesharpcorners
if
~�� � where } � ��� denotesan implicit surfaceas } � ���Q�\ 4 N � �54 �6��� e .
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The last two propertiesof the operation
m

areparticularlyuse-
ful for� intuitive creationof building block functions. Because
of the shapepropertyof

m
, the implicit surface } � mFn � l 0�-)-�-�0M��x p �

can be constructedby using intersectionoperation. Although} � mFn �1l*0*-)-�-�0M� x p � canhavesharpcorners} � mFn �al*0�-�-�-*0o� x p 9�~ � will
not. In otherwords,

y � mFn � l 0�-*-�-�0o�fx p � canbe usedasa skeleton
and } � mFn �al*0�-�-*-�0M� x p 9{~ � will be the shapewhich hasminimum
distanceto theskeleton

y � mFn � l 0*-�-�-�0o�fx p � .
Let j l 0+j � be two orthonormalvectorsin ��� andlet � l �54 �C�jVl 7��54%9�4 i � , � � �54 �%��j � 7��54%9�4 i � . By using operation

m
over thesetwo functions,it is possibleto createsimpleshapes.Let� � � mFn �al 9:~ l�0 9 �al 93~ l�0o� � 9:~ � 0 9 � � 9:~ �Mp then

y � � � � is simply
arectangularshapewith corners

4 i 
g~ l 4 l 
g~ � 4 � , 4 i 
g~ l 4 l 9�~ � 4 � ,4^i.9g~ l 4 l 98~ � 4 � , and
4�iU9g~ l 4 l 
P~ � 4 � . } � � � 9g~ � � is theloci of the

pointswhich areexactly minimum
~ � distancefrom the rectangley � � � � . Note that this approachis similar to Bloomenthal’s mini-

mumdistancefunctionsfrom agivenskeletonshape[4]. If
~ � �J�

therectanglebecomesa line segmentand } � � � 9<~ � � becomesthe
loci of thepointswhich areexactly

~ � distancefrom the line seg-
ment. If both

~ lc� ~ � ��� , then
y � � � � becomesa point and} � � � 9d~ � � becomesacircle. Moreover,
y � m � � � 9d~ � 0 9 � � 
h~ � �+�

is a skeletonin theshapeof } � � � 9�~ � � which canbeusedto de-
scribea toroid in 3D. Theseexamplesareshown in Figure4.

By usingthe functionsin � � it is easyto go to � � . Let j � �jVl��3j � , ���Q�Jj � 7��54Q9d4 i � , �^�t� mFn � � 9%~ � 0o�f� 9%~ �^0 9 ��� 
h~ � p .
Then } � � � � is simply a rectangularprism, } � � � 9{~ � � definesa
varietyof ellipsoidallook-a-likeshapesasaloci of thepointswhich
are equaldistanceto the prism. By using

m
functionsit is also

possibleto definetoroidal shapes.Let ����� mFn � � 9J~ � 0 9 � � 
~ � 0M����0 9 ��� p , then } � � � 98~ � � is atoroidalshape.If both
~ l�� ~ � �� thentheshapeis regulartoroid. Severalexamplesof 3D building

blockshapesareshown in Figure5. Thefigureincludesoneregular
sphere,oneregular toroid, a variety of ellipsoidalshapesandtwo
non-regulartoroidalshapes.

Rectangular Skeleto n
f 3 with 

a1>0 and a 2=a1/2

Thin Rectangle Skele ton
f 3 with 

a1>0 and a 2 small

Circle Skeleton
h(f 3−a3,−f 3+a3) with 

a1=0, a 2=0 and a3 small

Figure4: Examplesof 2D building block functions.

Figure5: Examplesof 3D building block shapesdefinedby the
m

operations.

4 Approximate Set Operations

It is importantto notethatexactunionandintersectionoperations�`� j and � ~U> arealsoclosedover Z , However, theresultingfunc-
tionsaftertheapplicationof � ~U> and �d� j operationsarenot

| l .
In order to get

| l continuousfunctions,we needto relax exact
unit gradientlengthconditionandallow functionswhosegradient
lengthis boundedby andcloseto

	
.

In our work with unit gradientlengthfunctionsandoperations
over them,wehave discoveredthattheoperation��� � �al�0M� � ��� 	��� ���H��� ���o� 
T� �*�'�^�
is especiallyuseful,where� is a positive number. This operation
providestheapproximatesetoperationsy � � � � � l 0o� � �+��� y � � l ��z y � � � �M0y �'9 ��� �'9 �1l�0 9 � � �+��� y � �1l)��� y � � � �M0y � � � � � l 0 9 � � �+��� y � � l � 9 y � � � �M-
Moreover, as � becomeslarge, the operation� � approachesthe�`� j and � ~U> operationswhicharecommonlyusedin shapemod-
eling���w� �* P¡ y � ��� � �1l*0M� � �+� 9£¢ y � � ~U>�� �al�0M� � �+�� y � � l �Gz y � � � �M0���w� �* P¡ y �'9 � � �'9 � l 0 9 � � �+� 9£¢ y � �`� j � � l 0M� � �+�� y � �al)�G� y � � � �M0���w� �* P¡ y � � � � � l 0 9 � � �+� 9£¢ y � � ~U>�� � l 0 9 � � �+�� y � �al)� 9 y � � � �M-
In addition, the operation� � satisfiesall of the following condi-
tions:

1. Let ¤ denotethe setof functionswhosegradientlength is
boundedby

	
: ¤¥�¦\f�{_&�`N§N OH� �54 �)NVX 	 b 4 _{��� e .

Then ¤ is closedunder ��� . In otherwords,if �al and � � are
in ¤ , thefunction � � � � l 0L� � � will alsobein ¤ .

2. For high valuesof � , operation� � over functionswhosegra-
dient lengthalmostequalto 1 createsnew functionswith al-
mostunit lengthgradientfunctions.

3. Operation��� canconstruct
| l functionsfrom

| l functions.

Thesepropertiesstatethat by using � � anda setof functions
whosegradientlength is almost1 or exactly 1 as initial building
blockfunctionswecanintuitively constructfunctionswhosegradi-
entlengthis boundedby andcloseto

	
.

Imagesin Figure6 show variouspropertiesof the � � operation.
Thesettheoreticrepresentationof thepolygonat thetop is usedto
describethefunctionsby replacingeachsetoperationwith related
approximate��� operation.Herebuilding blockfunctionsarecircle
functionsthat describethe boundariesof the shapeat the top. As
seenin thefigure,thehigher� valuesprovide almostunit gradient
length.On theotherhand,lower � valuesgive smoothershape.In
therestof thissection,weshow that � � satisfiesProperties1,2,and
3.

4.1 Closure Property of ¨Q©
Property1 claims that ¤ is closedunder � � . It meansthat the
operation��� over two functionswhosegradientlengthis bounded
by 1 alwaysgivesa functionwith a gradientlengthboundedby 1.
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Set Theoretic Repre sentation of a 2D s hape

Functions obtained by replacing the ex act set operations
 with our approxima te operations 

p=2p=4p=8

p=16p=32p=oo

1

2 3

4

1 2 3 4

U

−

Figure6: Constructingfunctionsfrom circle functionsandtheop-
eration��� with various� values.

It is easyto show this property. Let N OH�alfN�X 	 and N OH� � N£X 	 forb 4 _`� � , thenN O ��� n �al�0M� �Lp Nª� N Ok« 	� � �^�C�E� �*�o� 
(� ���'�f�f¬ N� N � ���o�� �*�o� 

� ���'� OH� l 
 � �*�'�� �*�o� 
(� �*�'� OH� � N� N � ���o�� �*�o� 

� ���'� OH� l
 « 	�9 � �*�o�� ���o� 
T� �*�'� ¬ OH� � N� N ~ OC� l 
��'	­9<~ �'OH� � N 0
where �3X ~ � � �*�o�� ���o� 
(� �*�'� X 	X ~ N OC�1lfN 
��'	­9<~ �)N OC� � NX 	�®

for b 4 _d� � -
4.2 Preservation of Almost Unit Gradient Length

Property2 claimsthat for high valuesof � , theoperation� � over
almostunit lengthgradientfunctionsresultsin functionswith al-
mostunit lengthgradient.Notethatasshown in subsection4.1,the
new gradientvectoris theinterpolationof thegradientvectorsOH� l
and OH� � with theinterpolationterms ¯�°�± �¯ °*± �f² ¯ °�± � and ¯�°�± �¯ °*± �f² ¯ °�± � re-
spectively. For high valuesof � , evenif � l and � � areonly slightly
differentfrom eachother, oneof the interpolationtermsbecomes
almost0, while theotherbecomesalmost1 asshown in Figure7.
Thus, if the lengthsof OH�al and OH� � arealmost1, the lengthof
the new gradientvectorwill alsobe almost1. This effect is also

obviousin theimagesin Figure6. Theseimagesshow thatwhen�
becomessmaller, gradientlengthtendsto beshorter. On theother
hand,higher� valuescreatealmostunit gradientlength.

f 2−f 1

p=oo 16  8    4          2

exp(pf 1)

exp(pf 1)+exp(pf 2)

Figure7: Behavior of GradientInterpolationFunction.

4.3 Continuity Control

Property3 claims that the operation��� constructs
| l functions

from
| l functions.ThisclaimcaneasilybeseensinceO � � n � l 0M� � p � � �*�o�� �*�o� 
(� ���'� OH� l 
 � �*�'�� ���o� 
T� �*�'� OH� � 0

sothat O ��� is continuouseverywherewhen �al , � � , OH�al and OH� �
arecontinuous.| i

functionscanalsobe obtainedfrom
| l functionsby using

the operation��� . In fact, if � goesto ³ , the gradientfunction
becomesdiscontinuousat � l ��� � :O � ~U> n �1l)0M� �Lp �µ´ OH�al if �al � � � 0OH� � otherwise.

Note that � valuescontrol smoothness. The imagesin Fig-
ure6 show this control. When � becomessmaller, shapesbecome
smoother. On the otherhand,for higher � values,shapesbecome
lesssmooth.

Entirely similar to above discussion,we candefineanotherop-
erationfor approximateunion�­� � �1l*0M� � �V� 9 ��� �'9 �al*0 9 � � �
andshow thattheoperation� � alsosatisfiesall propertiesof � � .
5 Function Construction

To illustrateour modelingof theshapemodelingfunctionsandthe
texturefunctions,we first introducea setof definitions.Let ��� be
thebinaryoperatoron thefunctionspace� definedin Section4.

We saythata binarytree ¶ is ordered if every non-leafnodein¶ hasexactly two children,whicharelabeledasleft child andright
child, respectively. In particular, the leaves of an orderedbinary
treecanbeuniquelyorderedfrom left to right into asequence.

Givenanorderedbinarytree¶ of � leavesandabinaryoperator� , we candefineinductively a functional ¶�· from �H¸ to � , as
follows.

If � � 	
, then ¶ · n � l p �r� l . Suppose� �r	

. Let ¶t¹ be the
subtreein ¶ rootedat the left child of theroot of ¶ andlet ¶ ¹ ¹ be
thesubtreein ¶ rootedattheright child of therootof ¶ . Moreover,
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assumethatthesubtree¶�¹ has
;

leavesandthesubtree¶t¹ ¹ has� 9�;
leaves.= Thenthefunction ¶�· n �1l*0M� � 0�-�-)-�0L� ¸ p is definedas¶�· n �al*0M� � 0�-�-�-*0M� ¸ p � � n ¶ ¹· n �1l*0�-)-�-�0M��º p 0o¶ ¹ ¹· n ��º ² l�0)-�-�-*0M� ¸ pwp
Intuitively, the function ¶�· n �1l*0o� � 0�-*-)-�0M� ¸ p canbe obtainedfrom
the tree ¶ andtheoperator� asfollows: label the � leavesof ¶
by the � functions � l , � � , -�-�- , � ¸ from left to right in this strict
order, andlabel eachnon-leafnodeof ¶ by theoperator� . Now
eachleaf labeledby �f» representsthe function ��» while eachnon-
leaf node ? with a left children ¼ anda right child

4
representsthe

function � n ��½�0o�f¾ p , where ��½ and ��¾ arethefunctionsrepresented
by the left child ¼ andright child

4
of thenode ? . Now the func-

tion ¶�· n �al*0M� � 0)-*-�-�0M� ¸ p is theonethatis representedby therootof
theorderedbinary tree ¶ . The functional ¶ · will becalleda tree
functional (basedon theorderedtree ¶ andthebinaryoperator� ).

In ourmodeling,bothshapemodelingandtexturefunctionswill
be modeledwith two typesof trees ¶À¿ and ¶ÂÁ�Ã�Ä , where ¶À¿ trees
arebasedon theorderedbinary treesandtheoperation

m
given in

Section3, and ¶ÂÁ�Ã�Ä treesare compositionof the orderedbinary
treesbasedon thebinaryoperations� � and � � givenin Section4.
The ¶ÂÁ�Ã�Ä treesareinductively definedasfollows. The ¶PÁ i Ä trees
arethe ¶ ¿ trees.Each¶ÂÁ�Ã)Ä treeis associatedwith apositivenumber� andis givenby oneof thefollowing threestructures:7

A ¶ Á�Ã�Ä tree is a ¶ · ° treewhoseleavesare labeledby ¶ Á » Ä
trees,where � $ B (this correspondsto the approximateset
intersection);7
A ¶ÂÁ�Ã�Ä tree is a ¶ · ° treewhoseleavesare labeledby ¶ÂÁ » Ä
trees,where � $ B (this correspondsto the approximateset
union);and7
A ¶ÂÁ�Ã�Ä treehasits root labeledby

�'9 0 � � with two children
labeledby two ¶ÂÁ » Ä trees,where � $ B (this correspondsto
theapproximatesetdifferenceoperation��� � �al*0 9 � � � , where�1l and � � arefunctionsrepresentedby ¶ Á » Ä treeswith � $ B ).

Basedon the resultswe proved in Section4, simple induction
shows that thefunctionalbasedon each¶ÂÁ�Ã�Ä treeis closedon the
functionspace¤ , preservingalmostunit gradientlength,andhav-
ing goodcontroloncontinuity.¶ÂÁ�Ã)Ä will beusednotonly to computethevalueof thefunctions,
but alsotheir gradients.For thecomputationof gradientthenode
operations� � , � � and

m
will bereplacedby relatedoperationson

thegradientswhicharegivenin sections3and4 respectively. In the
computationof thegradient,inputsof ¶ ¿ will bethe jÀ» unit vectors
which areusedto describethe initial planefunctions. The value
of the vector functional that describesthe gradientwill similarly
computedby thegradientoperationsgivenin sections3 and4. Note
that sincethe function valuesobtainedby the trees ¶ ¿ and ¶ÂÁ�Ã�Ä
needto be usedin computingthe gradient,the operationsusedin
computationof the gradientsare dependenton the positionof

4
.

Therefore,althoughthe input vectorsareconstant,the computed
gradientis dependenton theposition

4
.

We usethe gradienttree to computealso the diffuse color of
any given point. We assigna diffuse color to eachinitial plane
functionandthesediffusecolorsarechosento betheinputsof ¶ ¿ .
Then,thediffusecolor of any givenpoint

4
is similarly computed

asexplainedin thepreviousparagraph.

6 Coupled Modeling of Shape and Tex-
ture

For the descriptionof shapesand textures,one can usedifferent
functionsbyusingcompletelydifferenttreefunctionals¶ÂÁ�Ã�Ä . How-

a

ω

Figure 8: Exampleof effects obtainedby the function given in
Equation(1).

ever, thisapproachdoesnotprovidemuchcontrolovertexturefunc-
tions. In orderto effectively modeltexturefunctions,the local ef-
fectsneedto becontrolled.

Wehave observedthatthebestlocal controlcanbeachievedby
usingsimilar functionsfor both shapesandtextures. Let a shape
be given by a ¶PÁwÃ�Ä tree,we obtaintexture functionsby changing
only the lowest level ¶ Á i Ä �Å¶ ¿ (which we call building block
functions) and keepingthe rest of ¶ Á�Ã)Ä . The visual effect to be
achievedby suchreplacementcaneasilybeunderstoodby viewing
eachbuilding block ¶ ¿ separately.

In orderto illustratetherelationshipbetweenshapeandtexture,
weusethefollowing functionto determineopacityvalues,����� i�

~��5Æ)Ç�È1� ��� l � 
J	 � (1)

wherecoefficient
~

is a positive realamplitude. We defineopacity
valuesby thesimpletransformationÇ � ~UÆ �ÊÉ ? n 4 p �Ë´ 	 0 if

4 _ y � ���M0�.0 otherwise0
Note that the resultof this operationis an implicit surfacecon-

sistingof a shapedescribedby � i anda displacementtexture de-
scribedby �al . This displacementtexturegivesa very goodunder-
standingof thebehavior of texturefunction � l . Figure8 showshow
texturescanbeillustratedby thisoperation,wherewe have chosen
the shapemodelingfunction � i to definethe loci of pointsin � �
with equaldistanceto aline segment,andthetexturefunction � l to
definea planeperpendicularto theline segment.In thetop figures
thelayeringfrequency � is heldfixedwhile theamplitude

~
is var-

ied, andin the bottomfigure, the layeringamplitudeis held fixed
while thefrequency � is varied.

Figure9: Exampleof usingrelatedbuilding blocksfor theshapes
andtextures.

Theexamplesin Figure9 show theeffectsof two differenttex-
ture functionsonto the sameshapebasicshape.As shown in the
figureby usingdifferentbuilding blockstexturescanbecontrolled.
Wehavealsoobservedthatit is evenpossibleto getadditionalcon-
trol by replacing¶ ¿ with ¶ÂÁ�Ã�Ä typeof functions.For instance,the

93



Proceedings of Implicit Surfaces’99, Bordeaux, France, 13-15 Sept. 1999, Editors: John Hughes and Christophe Schlick.

effectof usinganapproximateunionoperationovertwo ¶ ÁwÃ�Ä build-
ing block functionsastexturefunctionsis shown in Figure10. Ex-
amplesof morelocalcontrolof texturesareshown in Figure11.

Textures obtained b y approximate union  
operation over the two building blocks

p=8

Two  
building 

blocks

p=64

Figure10: Examplesof usingapproximateunion.

Textures obtained b y adding new
 building blocks

Initial Two  
building 

blocks

Figure11: Examplesof addingvariousbuilding blocks.

In order to demonstratethe power of our texture construction
method,wemodelashapewith severalholesby using ¶ÂÁ�Ã)Ä typeof
functions. Figures1, 12 and13 show texture functionswhich are
obtainedby replacingeach¶À¿ functionwith adifferent ¶À¿ function
(coloredversionsof Figures12 and 13 are also includedin this
proceedings).The shapein Figure12 usesa generalfunction in
orderto createanoil paintedlook���]� i�
 ¸Ì Í)Î l ~ Í �5Æ)Ç�Èa� � Í � l � 
Ï	 � (2)

wherecoefficients
~ Í

’sarepositiverealnumberschosento generate
fractalnoise.

7 Implementation and Generalization of
Our Method

Any function whosegradientlengthis boundedby
	

satisfiesthe
following Lipschitzcondition:N � �54 l*� 9 � �54 � �)N1X[N 4 l 9c4 � N�b 4 l*0 4 � _%� � -
Whenboth functions � i and � l in Equation(1) in section6 sat-
isfy theLipschitzcondition,thenthecorrespondingfunction � also
satisfiesthe Lipschitz condition [15]. Under this condition, the
speedof ray tracing and ray marchingcan be greatly improved
[10, 9, 15]. In this paper, we usethe spheretracingmethodde-
velopedby Hart[8,9].

In renderingtheseimages,for thecomputationof thepixel opac-
ity, we useover operation suggestedby Drebin et. al. [5]. For
the computationof the color values,we usea derivation of non-
photorealisticlighting modelsuggestedby Goochet. al. [7].

Figure12: Fractalnoiselike texturesover an irregularshapewith
severalhandles.

Figure13: Texturesoveranirregularshape.

Oneadvantageof thefunctionbasedapproachis thatthenormal
vectorsateverypointis definedby thegradientof thefunction.The
gradientof thefunctiongivenin Equation(2) in section6 is simplyOH����OH� it9 ¸Ì Í)Î l ~ Í � Í � �wÐ � � Í � l �'OH� l
whereOH�1l is computedby treefunctional¶ÂÁ�Ã�Ä asexplainedbefore.

In anotherpaper, we have introducedthe conceptof constant
timeupdateabilityof functionsconstructedby functionaloperations
[1]. Bothoperations��� and

m
createconstanttimeupdateablefunc-

tions. Theconstanttime updateabilitypropertysuggeststhat inter-
active modelingis possiblewhen specialhardware dedicatedfor
renderingvolumesis developed.

Wealsopointout thattheshapesdescribedby theRicci implicit

formulation[14]
� � �*�o� 
(� �*�'� 
 -�-�-)0 � ���'Ñ � l�Ò � 9�	 �k� andthe

shapesdescribedby our � ¸� operation��� � �al*0M� � -*-�-)0M� ¸ ����� are
exactly the same. It is easyto show that the shapesdescribedby
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Blinn’sexponentialfunctions[2] canalsobeexactlyrepresentedby
functionsÓ constructedby ��� . In otherwords,theoperation��� does
not only provide uniform texturesandconstanttime updateability
but alsodescribesthesameclassof shapesthattheRicci andBlinn
operationsdescribe.

Tree functional ¶ Á�Ã�Ä doesnot include any deformations,al-
thoughdeformationsareconsideredanimportantpartof Construc-
tive Soft Geometry[17]. We observe that it is possibleto develop
3D deformationsthat satisfyour conditions. Oneapproachmight
be extendingsomeof the modelsusedfor modelingcloth, where
surfacelengthmetricstendto remainnearlyconstantover defor-
mations.By includingsuchdeformations,treefunctional ¶ Á�Ã�Ä can
bemademorepowerful.

In thepaperwe useonly a singletexturefunctionthatonly pro-
videsdisplacementtexture. However, we shouldpoint out that it
is possibleto useseveraltexturefunctionsto obtainmorecomplex
effects. For instance,paint strokesor blobby particlescanbe ob-
tainedby our approximateintersectionoperation��� over two and
threetexturesrespectively. Thevolumetricwavescanbeobtained
simply by supplyinga phasevariable Ô in the texturedescription,
giving

Æ)Ç�Èa� ���1l 
 Ô£� . Othershaderparameterssuchasdiffusecolor
or surfaceaccessibility[12] canalsobedeterminedby texturefunc-
tions.

We also remark that closecoupling of texture functionswith
shapemodelingfunctionsis mainlyusefulfor makingthetexturing
processalmostautomaticfor implicit shapes.However, for user
controlledapplicationssuchcouplingis not really a necessity. In
fact, if we do not enforcethe coupling, the texture functionscan
evenbeusedoverparametricor polygonalsurfaces.Sincetheoper-
ationsthatcreatethetexturefunctionsareconstanttimeupdateable
[1] andbuilding block functionsareskeletonbased,weexpectthat
it is possibleto developuser-friendly systemsfor fastandintuitive
texturing parametricor polygonalsurfaces. Sucha 3D texturing
systemcanespeciallybeusefulfor animationandmovie industries
wheremostof computergraphicsobjectsarehandpaintedby using
3D paintingsystems.

8 Conclusion

In thepaper, wefocusedondemonstrationof thefeasibilityof cou-
pledmodelingof shapesandtexturesfor bettertexturedesign.We
have identifiedthatthegradientlengthof texturefunctionsmustbe
smallerandalmostequalto

	
. Wehavealsodevelopedamethodto

constructsuchtexturefunctions.Sincethesetexturefunctionscan
effectively be usedfor modelingimplicit surfaces,we have intro-
ducedtheconceptof coupledmodelingof bothshapesandtextures
for creatingtexturethatconformswell with theshapes.
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