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In this paper, I outline a method for constructing aesthetically pleasing sculptures containing spiral shapes. Since every face of an
orientable manifold mesh can be given a consistent edge rotation ordering, if one applies an extrusion operator to each face of an
orientable manifold mesh using the same rotation and scaling factors, each edge in the original mesh will be converted to an S-shaped
region that consists of two spiral arms. The twirling nature of my sculptures results from these S-shaped regions. The final sculptures are
obtained by smoothing the resulting shapes with a subdivision scheme. I discuss several methods for visually emphasizing the twirling
nature of S-shaped regions. All the models and virtual sculptures in this paper are created using the Topological Mesh Modeling system
TopMod .
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1. Introduction and Motivation

I believe the development of new methods to create new aesthetic forms is essential in any artistic applica-
tion. With the help of computer graphics, many artists and scientists are now able to develop computational
methods that use mathematics as a tool to create new aesthetic forms. And nowadays scientists/artists
not only discover new methods, they also disseminate their findings.

Sculpting is one of the art forms that has been greatly influenced by these developments. One of the
most exciting aspects of sculpting is the development of new methods to design and construct unusual,
interesting, and aesthetically pleasing shapes. Contemporary sculptors such as Charles Perry [25], George
Hart [20], Helaman Ferguson [14,15], Bathsheba Grossman [17], Rinus Roelofs [27] and Carlo Séquin [29]
have all contributed to this endeavor by combining art and mathematics to create unusual sculptures.

In this paper, I present a new approach to creating aesthetically pleasing sculptural forms. Using my
approach it is possible to create a wide variety of virtual shapes. Some of these shapes do not resemble
any existing sculptural or architectural forms. The resulting shapes can be physically realized with layered
manufacturing techniques as shown in Figure 1. Some of the intermediate forms used to create twirling
sculptures resemble Charles Perry’s sculptures [25]. I also feel that many of my final twirling sculptures
are conceptually related to the sculptures of Bathsheba Grossman [17] due to their high genus.

All the schematic diagrams, models and virtual sculptures shown in this paper were made
using the Topological Mesh Modeling system TopMod [34]. Two versions of the system
are freely available at http://www-viz.tamu.edu/faculty/ergun/research/topology/download.html and
http://www.topmod3d.org. The publications related to TopMod are all freely available from my website
at http://www-viz.tamu.edu/faculty/ergun/research/topology/.
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Figure 1. Two photographs of the first twirling sculpture I designed. This physical realization of the virtual twirling sculpture was
made from ABS plastic and printed using a Fused Deposition Modeling (FDM) Machine. It was subsequently painted using acrylic

paint. The circumradius of this sculpture is 5.5cm.

2. Spirals and S-shaped Double Spirals

Twirling sculptures are the result of applying an operation that transforms an existing shape into a new
shape consisting of 3D spiral forms. I feel that the aesthetic beauty of twirling sculptures comes from these
3D spiral forms.

Spirals are one of the most common shapes found in nature, mathematics, and art [8, 11, 21, 37]. Spiral
shapes lie behind the beauty of many natural objects including snails shells, seashells and rams’ horns [32].
We even have a spiral in our body; the cochlea in our inner ear is spiral shaped. Many galaxies (including
our own Milky Way) are spiral shaped. Some people say that the galaxies are beautiful because of their
spiral shapes [16]. Some galaxies consist of two spirals arranged in an S-shape [35]. S-shaped spirals can
also be observed when mixing two fluids.

Spiral forms exist in almost all cultures as artistic and mystical symbols. We see S-shaped double spirals
in Stone Age art. Celtic crosses have whorls. Spirals can be found in Greek votive art and Tribal tattoos [21].
This widespread usage of the spiral form may imply that humans innately find them aesthetically pleasing
and interesting.

Spirals are popular in mathematics. They are among the most studied curves since ancient Greek times.
Although spirals are usually represented by parametric equations, there are a wide variety of methods that
can be used to construct and represent spirals. There are also many named spirals such as the Archimedean
spiral, the Fermat spiral, the Logarithmic spiral, Fibonacci spiral, Euler and Cornu spirals [11, 21, 37].
Spirals even appear when we zoom in on the Mandelbrot and Julia sets [23]. Spiral forms are used by
Charles Perry [25] in his mathematically inspired sculptures. Daniel Erdely’s Spidrons also exhibit spiral
structures in 3D [12,13].

My spiral construction arises from successive rotation and scaling of regular polygons in such a way
that it resembles the construction of pursuit curves [26, 30]. For pursuit curves, consider the operation of
scaling and rotating a square by a fixed angle around its center such that its corners touch the sides of
the original square. Successive application of this operation creates a set of nested squares. The corners of
successively created nested squares form four spiral arms. As the rotation angle gets smaller and smaller,
the spiral arms converge to a logarithmic spiral. The procedure scaling and rotating can be applied to
any polygon. Even though for most non-regular polygons the resulting shapes may not be perfect spirals,
we can still visually obtain a spiral look. Therefore, by rotating and scaling the faces of a polyhedron,
it is straightforward to create spirals in 3D. The next section shows that it is easy to make these spirals
S-shaped using the manifold property of polyhedral meshes.
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3. Manifold Meshes and S-shaped Double Spirals on Manifold Meshes

A 2-dimensional manifold, or simply 2-manifold, is a topological space that is locally Euclidean (i.e., around
every point, there is a neighborhood that is topologically the same as the open unit ball in R2) [33].
A 2-manifold mesh can be non-orientable and orientable 2-manifold meshes can have self-intersections.
Therefore, 2-manifolds may not always be physically realizable. Since, my goal is to create S-shaped double
spirals as physically realizable shapes, I consider only orientable 2-manifolds in R3 without self-intersection,
which are usually called surfaces [38] that can represent a physical body of arbitrary genus.

In our software, 2-manifold surfaces can be represented with the combinatorial structure of a graph and
an associated ”rotation system” [2, 4, 10, 24]. However, that is not necessary to understand the following,
because the geometry of our starting polyhedra can be represented with a standard ”half-edge” data
structure [24]. In half-edge data structure, every edge will be represented by two half-edges pointing in
opposite directions (See Figure 2). More importantly for this paper, the boundary of every face is described
with a cyclically ordered sequence of half-edges, which can be considered as n vectors going around the
face in consistent order (all clockwise or all counter-clockwise) as seen from the outside of the solid. This
consistent order is the key to creating S-shaped spirals.

(A) (B)

Figure 2. (A) shows two faces of a manifold mesh that share an edge. In the 2-manifold mesh, these faces are represented as two
cyclically ordered sets f1 = {a, b, e, f} and f2 = {b, c, d, e}. Here, the cyclic ordering corresponds to clockwise rotation. Note how the
cyclic orders are consistent. The same shared edge appears appears as {b, e} in f1 and {e, b} in f2. This is to be expected if one is to
have a consistent rotation order in each face [2]. The two instances of the same edge are called half-edges. (B) shows the half-edges of

these two faces.

As we noted in previous section, if we rotate and scale faces that are formed by straight line segments in
3D space around the center of each polygonal face of a 2-manifold mesh, we obtain k spiral arms for each
k-sided face. If this operation is applied to every face of a 2-manifold mesh consistent with its rotation
system, these spiral arms form S-shaped double spirals. Figure 3 shows that if we rotate and scale two faces
that share an edge in a 2-manifold mesh, the rotated and scaled version of the shared edge creates S-shaped
regions that consist of two spiral arms. Figure 5 shows S-shaped spiral regions on regular polyhedra.

Our problem is that we cannot simply rotate and scale the faces of an orientable 2-manifold mesh as this
will create a large number of disconnected faces that will not represent any physically realizable shape.
The simple solution is to use extrusion while performing successive rotations and scalings of the faces.

4. Extrusion Operations

An extrusion is a local operation that can be applied to one face of a mesh without affecting the others.
Classical extrusion, which pastes a prism to a face, is an under-rated yet commonly-used operator in
3D modeling. This operation is called ’cubical extrusion’ in TopMod [22, 34], since it can create a cube-
shaped extrusion when applied to a square face. Assume that a polygon lies in the xy-plane. With cubical
extrusion, a positive z-component is added to all vertices, so that the original polygon gets lifted up to
the corresponding z-height. For each of the edges of the polygon a rectangle is added which connects the
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(A) (B)

Figure 3. In a 2-manifold mesh, if we rotate and scale two faces that share an edge, the rotated and scaled version of the shared edge
creates S-shaped regions that consist of two spiral arms. (A) shows the spirals that are created by rotating and scaling f1 and f2 shown

in Figure 2 according to the rotation direction of each face. (C) shows that rotation and scaling of half edges {b, e} and {e, b} create
two spirals that form an S-shape.

old and the new positions of these polygon edges. To generalize this operation we may uniformly scale
the lifted polygon and possibly even rotate it around a vertical axis through its centroid. With the advent
of the Catmull-Clark [7] and Doo-Sabin [9, 28] subdivision schemes, which work best with quadrilateral
control meshes, cubical extrusion became more important, since it produces quadrilaterals when applied
to quadrilateral meshes. I now formally introduce cubical extrusion.

Let f be an N -sided face given as an ordered set of vertex positions in 3D, f = {v0, . . . ,vi, . . . ,vN−1}
where vi = (xi, yi, zi). An extrusion operation applied to f creates a new n-sided face f ′ with vertex
positions, f ′ = {v′0, . . . ,v′i, . . . ,v′N−1}. The difference between extrusion operations is in how the faces f
and f ′ are connected. For cubical extrusion, we insert edges between pairs of vertices {vi,v′i} by creating
N quadrilateral faces qi = {vi,vi+1,v′i+1,v

′
i} where + is the modulo N addition operator. Note that

the faces f and f ′ and the qi’s are not required to be planar or convex. Our equations used to compute
{v′0, . . . ,v′i, . . . ,v′N−1} must be general enough to provide an acceptable result for all possible cases. To
derive such equations, we assume that for each f = {v0, . . . ,vi, . . . ,vN−1} there is an approximating plane
with normal vector n originating from a center position vc. The normal vector n is used as the direction of
extrusion. If a face is planar, the estimation of n must coincide with the normal to the plane of the face.
Similarly, for rotation and scaling we have to estimate a center/pivot point vc. For a regular polygon, our
computation must guarantee that vc is the center of the face. For a general face, vc must lie inside the
convex hull defined {v0, . . . ,vi, . . . ,vN−1}. We use the following equations to estimate the vectors n and
vc. Let

vc =
N−1∑
i=0

vi
N
,

n =
N−1∑
i=0

(vi − vc)× (vi+1 − vc)
|(vi − vc)× (vi+1 − vc)|

,

where × is vector cross product. Vectors n and vc will be used to compute the v′i positions. In practice,
our v′i positions are controlled with a set of real-valued control parameters. In this paper, we focus on only
three of these control parameters: the scaling factor s, the rotation angel θ and the displacement distance
h. Using these three control parameters the v′i positions are computed by first scaling and rotating the
face f around the vector n and center point vc using s and θ and then translating the rotated and scaled
face in the direction of the vector n by a distance of h.

We now can analyze the situation where we apply a sequence of elementary cubical extrusions as de-
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scribed above to each face. Let hn, sn, θn be the values of h, s and θ applied to each face during the nth

step of the sequence.

4.1. Non-Planar Extruded Spirals

Here, I analyze two cases that create non-planar extruded spirals for meshes with planar faces. For the
sake of simplicity, assume 0 ≤ sn ≤ 1, all the sn are equal, and all the θn are equal.

• All the hn’s are positive and equal:
If the polygonal mesh is a convex shape and all faces are planar, regardless of the values of hn, there

will be no self-intersection of faces. As shown in Figure 4, the successive application of extrusions with
hn, θ and sn constant will create structures that have an exponentially decreasing profile reminiscent of
the Eiffel tower.

Tetrahedron Octahedron Cube Dodecahedron Icosahedron

Figure 4. Platonic solids with 20 cubical extrusions. Here h and θ are small.

• The hn’s are positive, but are not equal:
If we want to have finer control of the resulting shape of successive extrusions, one possible option is

to change the value of h in each successive application of extrusion. For example, if hn = sanhn−1, then
the value of a becomes a parameter that allows users to control the shape of an idealized silhouette.
For a = 1 the silhouette of the extrusion becomes a triangle and other values give a concave or convex
silhouette.

4.2. Cubical Extrusions without Displacement

If we choose all hn = 0, rotation and scaling alone creates un-extruded (i.e. flat) spiral regions. The
characteristics of those spiral regions depend on the planarity and regularity of the face.

If all the faces are planar and regular, setting all hn = 0 corresponds to pursuit curves [26, 30]. Pursuit
curves require that the vertices of the rotated polygon touch the edges of the original polygon. Although
we do not need such a strong requirement for our applications, it is possible to compute the relationship
between s and θ needed to satisfy this condition for regular planar polygons. Using trigonometry it can
be shown that the relationship between s and θ that meets this criterion for regular n-sided polygons is

s =
1

cos θ + tan π
n sin θ

(1)

where θ must be smaller than π/n. If we use values of s larger than the one given by equation 1, the
polygons will intersect. Therefore, in practice it is better to use a value slightly smaller than the one in
equation 1 (see Figure 5 for examples).

For non-regular and/or non-planar faces, it is not straightforward to obtain a simple equation similar to
equation 1. For such cases, I find suitable values for s by trial and error. This can be done very quickly.
Some examples for non-regular and non-planar cases are shown in Figure 6.

If all faces are planar and the value of h used for each face is zero, then all the spirals will be drawn in
the same plane as the faces. If the faces are not all planar, or h 6= 0, the spirals will not be planar.
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Tetrahedron Octahedron Cube Dodecahedron Icosahedron

Figure 5. If we rotate and scale every regular polygonal face of a platonic solid, we can create S-shaped regions that consists of two
spiral arms. It is interesting to note that the icosahedral shape resembles Icosaspirale, a 7 foot Bronze sculpture completed in 1966 by

Charles Perry [25] that is located in front of the Alcoa Building in San Francisco.

(A) (B) (C) (D) (E)

Figure 6. (A): Spirals on non-regular meshes with regular planar faces. (B), (C) and (D): Spirals on a mesh with non-regular planar
faces. (E): Spirals on meshes with non-regular and non-planar faces.

4.3. Other Cases

I will not consider the cases where hn is negative or sn > 1 since it is possible to create self intersections
with successive extrusions in these cases even when applied to convex planar meshes.

I have discovered a particularly interesting case (see Figure 7) in which the shapes are obtained by moving
the vertices of extruded spiral shapes to a unit sphere. Note that this operation can only be applied to
convex shapes. In this case, although all the vertices are on the unit sphere, the surfaces themselves are not
on the sphere. Also note that even though the edges are straight, the final shape is twisty and non-convex
like a hyperboloid. However, the resulting shapes are not guaranteed to be ruled surfaces. These particular
structures visually remind me of Charles Perry’s Eclipse [25], a 35 foot aluminum sculpture inside the
atrium of the Hyatt Regency Hotel, Embarcadero Center, San Francisco.

Tetrahedron Octahedron Cube Dodecahedron Icosahedron

Figure 7. Interesting spirals obtained by moving vertices to a sphere.

5. Making S-shaped Regions More Visible

When we are dealing with the special case where all hn = 0 yielding examples such as the ones in the
Figures 5 and 6, S-shaped regions are visible only because we see the underlying mesh structure. If we
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print these shapes using a 3D printer, nothing will be visible. This is not limited to the hn = 0 case. For
many cases S-shaped regions will be invisible without showing underlying mesh structure. I have identified
one direct and two indirect approaches for making S-shaped regions visible in physical sculptures.

5.1. The Direct Approach

In the direct approach, S-shaped regions can be made visible in three different ways.

(i) One can color S-shaped regions as shown in Figure 8(A).
(ii) One can extrude groups of S-shaped regions as shown in Figure 8(B).
(iii) One can open S-shaped holes as shown in Figure 8(C).

(A) Coloring (B) Extrusion (C) Hole Opening

Figure 8. To make S-shaped regions visible we can either (A) color S-shaped regions, or (B) extrude S shaped regions as a group, or
(C) open S-shaped holes. These are virtual sculptures that are rendered using commercial 3D modeling and animation software.

Coloring is very useful and can provide good results. However, coloring can be considered a painting
solution not a modeling solution. For that, we need a shape based approach.

Both extrusion and hole opening are sculptural solutions for making S-shaped regions visible. Unfortu-
nately, we cannot always make S-shaped regions visible using extrusion or hole opening. The problem is
that both approaches are mathematically equivalent to the coloring of S-shaped regions using only two
colors, and not all meshes can be colored with two colors. Moreover, no genus-zero mesh with S-shaped re-
gions can be colored with two colors. Since S-shaped regions are derived from the edges of the initial mesh,
this problem is related to an edge coloring problem [36]. Coloring S-shaped regions with only two colors
requires that all valences and face orders of the initial mesh be divisible by 2. It is well known consequence
of Euler’s formula that for any genus-0 manifold mesh the number of 3-sided faces plus the number of
3-valence vertices is at least eight [18], so the valences and face orders can not all be even. In other words,
we cannot two-color S-shaped regions on genus-0 surfaces. Therefore, we cannot open S-shaped holes on
genus-0 surfaces.

Fortunately, for genera larger than zero, there exist manifold meshes in which all valences and face
orders are even numbers that are greater than or equal to 4. A simple example is the toroidal shape that
is shown in Figure 8. However, in general it is hard to find interesting meshes for which all valences and
face orders are even numbers. I also feel that even for the ones in which all these are even numbers, the
resulting sculptures may not look interesting. To understand where this feeling comes from, compare the
images in Figure 8. In my opinion, the simple coloring in (A) is more interesting than the sculpture in
(C). Fortunately, there are two “indirect” approaches for making spirals visible that do meet my criteria
for aesthetically pleasing sculptures.

5.2. The Indirect Approach using Remeshing

One indirect approach is to isolate S-shaped regions by separating them with buffer zones. In this way, all
S-shaped regions can have one color and all buffer zones can have another color. As a result, we can color
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the resulting mesh with two colors.
To implement this idea, we need an operation that can automatically create buffer zones and isolate

S-shaped regions. Fortunately, there exists a remeshing operation, called “Corner Cutting”, that auto-
matically creates buffer zones [5]. “Corner Cutting” is a generalization of the polyhedral operation called
“Mrs. Stott’s Expansion” (also called expanding in Conway notation) applied to manifold meshes [19]. A
corner cutting remeshing operation converts any existing edge to a quadrilateral, any valence m vertex to
an m-sided face, while original n-sided faces remain n-sided faces that are reduced to smaller versions of
themselves. In other words, if there exists a region that consists of a set of faces, the edges and vertices at
the boundary of that region are converted to a buffer zone.

There exists a variety of corner cutting schemes. Among them the Doo-Sabin subdivision is particularly
useful [9]. The Doo-Sabin subdivision scheme is a special type of corner cutting scheme that creates a nice
mesh structure after only a few applications [5]. Moreover, with successive applications of the Doo-Sabin
scheme, the surface approaches a piecewise quadratic B-spline surface [9]. In this paper, I am not interested
in the limit behavior of the Doo-Sabin scheme, but it is important to point out that just a few applications
of the Doo-Sabin subdivision scheme can transform even extremely non-planar and non-convex faces to
convex, almost planar faces [5]. In addition, only a few applications of the scheme are sufficient to achieve
a visually smooth looking surface [5]. As a result, Doo-Sabin subdivision can be used to smooth the mesh
while simultaneously isolating S-shaped regions and creating buffer zones (See Figures 9 and 10).

Tetrahedron Octahedron Cube Dodecahedron Icosahedron

Figure 9. the Platonic solids from Figure 5 after one iteration of Doo-Sabin subdivision. S-shaped spiral regions become much more
visible and buffer zones that consist of m spiral shaped arms appear, where m is the valence of the vertices of the initial mesh.

Initial Shape Doo-Sabin Applied Once Doo-Sabin Applied Twice Doo-Sabin Applied Thrice

Figure 10. An extruded platonic solid after several applications of Doo-Sabin subdivision. Note that more S-shaped spiral regions
appear after each application of Doo-Sabin subdivision.

6. Rind Modeling: the Indirect Approach of Opening Holes to Make S-shaped Regions Visible

When creating physical sculptures, I prefer to use Doo-Sabin subdivision followed by “hole opening” using
Rind modeling [6]. I have already shown that one can always create S-shaped regions that can be colored
by two colors using Doo-Sabin subdivision. Therefore, it is always possible to create isolated S-shaped
regions. Once these regions are created, it is then easy to open holes using Rind modeling [6].
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Rind modeling consists of two steps: in the first (automated) step, for any given 2-manifold mesh surface
an offset surface is created based on a user defined thickness parameter. The second interactive step is
hole punching or hole opening. Holes are punched by single mouse clicks on faces. By punching holes in
each face of an S-shaped region, we can completely peel that region. I apply either the Doo-Sabin or the
Catmull-Clark subdivision to the final manifold mesh to obtain a smoother surface.

Figure 11 shows a set of twirling sculptures in which S-shaped regions are made visible by opening holes.
I have designed the initial 2-manifold meshes using a variety of mesh operations that are provided by
TopMod [34]. To create final twirling sculptures I followed the procedure outlined in this paper. I have
also tested this procedure in my computer aided sculpting course [1] and observed that, using extrusions,
students can can create a wide variety of interesting shapes. Despite their differences these sculptures have
similar conceptual forms that resemble the virtual sculptures shown in this paper.

Figure 11. More complicated Twirling sculptures, all created with the approach presented in this paper. The structure of the shapes is
visible even when we do not show the underlying mesh structure.

7. Conclusion and Future Work

In this paper, I have presented an approach for constructing aesthetically pleasing shapes. Because every
face of a manifold can be given a consistent rotation order, one can apply an extrusion to each face of an
associated manifold mesh using the same rotation and scaling factors in such a way that the edges of the
original mesh are converted to S-shaped regions that consist of spiral arms. I have shown that it is possible
to isolate these S-shaped regions using Doo-Sabin subdivision. Once the regions are isolated, it is possible
to emphasize the twirling nature of these sculptures by opening S-shaped holes using Rind modeling.

In this paper, I have experimented with only a few of the many possible sculptural forms. Using the
same approach a wider variety of sculptural forms can be created. For example, other extrusions such as
’Platonic extrusions’ [22] can be applied.

The methods described in this paper are not the only way to make S-shaped regions visible. For example,
instead of using just 2 colors to color the regions, we can use 3 or 4 colors. It is also possible to extrude to
3 or more different depths. We can even extrude some regions and poke holes in others. S-shaped regions
can also be made visible if the extruded polygons of the initial mesh are cross or star shaped non-convex
polygons. It is easy to create cross or star shapes inside of convex polygons (See the first row of Figure 12).
If these non-convex polygons are extruded, the S-shaped spiral regions will be clearly visible in the resulting
sculpture as shown in the second row of Figure 12.
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Figure 12. Creation and extrusion of non-convex polygons to make S-shaped regions sculpturally visible.
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