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Abstract

Triangular and quadrilateral meshes are commonly used
in computer graphics applications. In this paper, we ana-
lyze the topological existence of meshes that consist ofn-
sided faces wheren is greater than4 such as pentagonal
and hexagonal meshes. We show that it is possible to rep-
resent any 2-manifold with a mesh that is made up of only
pentagons. We also show that the meshes that consist of
only polygons with more than five sides cannot represent all
2-manifolds.

We present a pentagonalization (or pentagonal conver-
sion) scheme that can create a pentagonal mesh from any
arbitrary mesh structure. We also introduce a pentago-
nal preservation scheme that can create a pentagonal mesh
from any pentagonal mesh.

1. Introduction

Topologically regular meshes,(3, 6) and(4, 4), are ex-
tremely useful and popular in computer graphics applica-
tions. ((n,m) is called the Schlafli symbol and(3, 6) means
meshes that consist of triangles with 6-valent vertices and
(4, 4) represent meshes that consist of quadrilaterals with4-
valent vertices). Regular meshes are generally sufficient for
engineering applications, but in sculptural and architectural
shapes, we often need semi-regular meshes that correspond
to interesting tilings.

In this paper, we present two new schemes that can cre-
ate smooth semi-regular meshes. One of this subidvision
schemes, which we callpentagonalization or pentagonal
conversion scheme, converts any arbitrary mesh structure to
a pentagonal mesh. Figure 1 shows an example that can
be hard problem for such schemes: if a non-quadrilateral
or non-triangular subdivision is applied to such a cube, it
is hard to represent boundary edges. Although, the edge
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is straight, the first iteration can create a wave pattern that
does not exist in the original data and the final smooth sur-
face include a smooth wave pattern (see [15, 5]). As shown
in Figure 1.C, the new subdivision does not create any lat-
eral artifact.

(A) (B)

(C) (D)

Figure 1. Pentagonal subdivision examples.
(A) is the initial mesh, (B) is one application
of pentagonalization scheme, (C) is two it-
erations of pentagonalization scheme, (D) is
obtained by applying pentagonal preserving
scheme to the pentagonal mesh in (B).

The second scheme, which we callpentagonal preser-
vation scheme, creates only pentagons and the number of
non-pentagonal faces remains constant after the first refine-
ment. This scheme creates a pentagonal mesh when applied
to a pentagonal mesh as shown in Figure 1.D.
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2. Motivation

In computer graphics applications meshes that consist
of only triangles or only quadrilaterals, i.e. triangular and
quadrilateral meshes, are extremely popular. Although, we
can give very strong geometric arguments for using only
triangular and quadrilateral meshes, we do not see obvious
topological reason to avoid pentagonal, hexagonal or octag-
onal meshes. There also exist a large variety of remeshing
schemes of existing subdivision algorithms that can create
triangular or quadrilateral meshes. However, we do not see
schemes that can create similar types of regular meshes such
as pentagonal, hexagonal or octagonal meshes. Although,
there exist some schemes that can create partially hexagonal
meshes [18, 5, 8, 6, 19, 12], they cannot make all polygons
hexagonal. In terms of pentagons and polygons with more
than six sides, no scheme exists that converts a majority of
polygons to the same type of polygons.

An interesting question is whether there exist any
schemes that can convert any polygonal meshes to meshes
that consist of only one polygonal types that are not trian-
gles or quadrilaterals. In this paper, we show that it is possi-
ble represent any manifold shape with pentagonal meshes.
On the other hand, we show that only manifold meshes
with a genus higher than0 can be represented by hexag-
onal meshes. We develop schemes that can create meshes
that are made up of only pentagons.

Without loss of generality, we ignore the dual schemes,
i.e. schemes that create onlyn-valent vertices. However,
our results are also applicable to dual schemes, i.e. it is pos-
sible to represent manifold shapes using5-valent meshes,
i.e. meshes with only5-valent vertices. Moreover, the du-
als of our remeshing algorithms create5-valent meshes.

Main results of the paper can be summarized as follows:

• All 2-manifold meshes (tesselated, closed two-surface)
admit a pentagonalization, while not all admit a hexag-
onalization resulting from the Eurler-Poincare identity.

• The average valence of vertices (vertex degree) in a
pentagonal meshes is necessarily rational, while trian-
gular and quadrilateral meshes can have integer vertex
degree.

• Pentagonalization can always be peformed by a simple
algorithm starting from any 2-manifold mesh.

• Any mesh cand be refined in the spirit of subdivision
schemes so that only pentagons are created while pre-
serving existing non-pentagons.

Although, our practical results obtained by using dual as
a smoothing operation strongly suggest that topological re-
finement together with appropriate smoothing rules yields a
subdivision scheme based on pentagons, we have not theo-
retically validated this observation.

3. Classification of Existing Subdivision
Remeshing Algorithms

In this paper, we only consider remeshing algorithms
that can change the mesh in every iteration, when it is it-
eratively applied to a mesh. In particular, we consider
remeshing algorithms that increase the number of vertices,
i.e. we do not consider the null algorithm or decimation al-
gorithms such as progressive meshes. The remeshing algo-
rithm shown in Figure 2 is also not considered, since after
the first iteration it does not change the mesh (i.e., it be-
comes null algorithm).

(A) (B)
Figure 2. An example of simplest trianguliza-
tion that cannot be used iteratively. (A) is the
initial mesh and (B) is obtained by subdivid-
ing each non-triangular face into triangles.

We categorize existing subdivision remeshing algo-
rithms that are used in subdivision into two main classes.

• Conversion algorithms: These remeshing algorithms,
which we will call triangulization and quadrilateraliza-
tion algorithms, convert any given mesh to a triangular
or a quadrilateral mesh respectively. The remeshing
scheme of

√
3 subdivision [10] is a triangulization al-

gorithm. On the other hand, the remeshing scheme of
Catmull-Clark subdivision [7], which is also called the
vertex insertion, is a quadrilateralization scheme. The
dual of the remeshing algorithm of Simplest subdivi-
sion is also a quadrilateralization scheme [17] .

• Preservation algorithms: These remeshing algorithms
preserve triangular and quadrilateral property of the
given mesh, e.g., if a mesh is already triangulated,
a triangle preserving remeshing creates a triangular
mesh. However, if the original mesh has some non-
triangles, the resulting mesh does not become a trian-
gular mesh. The remeshing algorithm of Loop subdivi-
sion is a good example of a preserving algorithm. Al-
though, Loop subdivision is only applied to triangular
meshes, its remeshing scheme can be applied to any
mesh as shown in Figure 3. We do not know of any
quadrilateral preserving remeshing approach among
published subdivision schemes, but, we know that sev-
eral such remeshings exist. An hexagonal preservation



scheme, which is the dual of Loop subdivision has re-
cently been discovered by two groups [12, 18, 19].

(A) (B)

Figure 3. A triangle preserving remeshing:
The remeshing scheme of Loop subdivision.
Here, we first subdivide every edge at its mid-
point and connect these midpoints to create
a central face in the middle of each original
face and triangles in each corner. (A) is the
initial mesh and (B) the resulting mesh.

The duals of these remeshing algorithms give3-valent
and 4-valent conversion and preservation algorithms. For
instance, the dual of vertex insertion, corner cutting [9, 3],
is a 4-valent conversion scheme. After one application of
corner cutting the valence of all the vertices become4. Sim-
ilarly, the dual of

√
3, which has been discovered by three

groups simultaneously [5, 8, 19, 6], is a3-valent conver-
sion scheme that converts any manifold mesh to a mesh with
only 3-valent vertices.

Existing subdivision remeshing schemes can also be
classified based on what kind of regularity emerges with
the application of the scheme [15, 23]. In other words,
the pattern of regular regions can be used to characterize
the scheme. Based on regular regions, existing subdivision
schemes can be classified into three major categories:

• (4, 4) Corner cutting schemes such as Doo-Sabin [9],
Vertex insertion schemes such as Catmull-Clark [7],
Simplest [17] and its dual create regular regions that
consist of 4-valent vertices and 4-sided faces. Depend-
ing on the scheme either the number of non-4-valent
vertices or the number non-4-sided faces remains con-
stant.

• (3, 6) Triangular schemes such as Loop and
√

3-
subdivision [10, 11] create regular regions that consist
of 6-valent vertices and 3-sided faces. In this case, the
number of non-6-valent vertices remains constant after
the first refinement.

• (6, 3) The schemes that are the dual of
√

3 [5, 8, 19, 6]
and dual of Loop subdivision [12] create regular re-
gions that consist 3-valent vertices and 6-sided faces.

In this case, the number of non-6-sided faces remains
constant after the first refinement.

Regular regions(4, 4) and(3, 6) are particularly useful
for the development of subdivision schemes.

• The development remeshing rules. For regular regions,
it is easy to develop remeshing rules to create denser
regular regions. For instance, both corner cutting and
vertex insertion create denser(4, 4) regions from(4, 4)
regions.

• The development subdivision rules. Identification of
the weights for a subdivision scheme that corresponds
to a specific parametric representation in a regular re-
gion is analytically straightforward. For(4, 4) type,
the rules that are obtained for 1D case can be general-
ized to 2D. For(3, 6) type, the rules for regular regions
can be derived from Box-splines.

• Constructing the surface. Having a corresponding an-
alytical representation is also useful for the creation
of the subdivision surface since regular regions can
simply be constructed using the corresponding repre-
sentation. For instance, since the regular regions of
Catmull-Clark corresponds to cubic B-splines and the
regular regions of Doo-Sabin corresponds to quadric
B-splines, we do not have to create these regions with
successive iterations of subdivision rules; they can be
constructed simply by using the corresponding analyt-
ical equations.

These advantages are only available for subdivision
schemes that create regular regions(4, 4) and (3, 6). The
derivation of rules for the schemes that create regular region
(6, 3) is not that straightforward. This problem is harder for
schemes that create semi-regular meshes. Since any semi-
regular tesselation of an infinite plane does not correspond
to any analytical representation, it is hard to develop subdi-
vision schemes that create semi-regular regions.

Fortunately, a classical remeshing scheme, dual opera-
tion [22], provides an effective solution to this problem.
Zorin and Schr̈oder recently showed that dual operation al-
lows creation of higher-order quadrilateral subdivision sur-
faces that provide higher-degree continuity [24]. The same
idea is also used to derive the rules for the schemes that
create regular(6, 3) regions [8, 19]. In this paper, dual op-
eration plays an important role. We do not directly compute
the weights for semi-regular subdivisions. Our remeshing
operations do not change positions of existing vertices and
newly created vertices do not change the shape of the initial
mesh. We then apply dual operation even number of times
to create a smooth mesh.

The next section discusses the topological existance of
semi-regular subdivision remeshings.



4 Topological Constraints

The mesh structures ofn-gonal meshes can easily be
identified from Euler’s equation by assuming every face has
n sides and every vertex has an average valencem. Since
we enforce use of the same type of polygon everywhere,n
should be integer. However,m can be a rational number
since it is the average valence of vertices. To be able to tes-
selate any genusg manifold shape withn-gonal meshes for
the givenn regardless of the value ofg, there exists a min-
imum value ofv such thatm is larger than or equal to3.
If not, it means that (while the number of vertices increases
in each iteration with remeshing algorithm) more and more
vertices with less than valence3 will be created. We do not
want to create such valent-2 or valent-1 vertices since they
corresponds to trivial cases.

A single manifold mesh satisfies the following Euler for-
mula

v − e + f = 2− 2g

wherev is the number of vertices,e is the number of edges
andf is the number of faces. Since the mesh represents a
manifold, then2e = nf and2e = mv. If we plug in these
relationships between edges, vertices and faces, we obtain
the following relationship betweenm andn.

m =
2n

n− 2

(
1 +

2g − 2
v

)
(1)

For allg there must exist a minimum value ofv such that
n, m must be larger than3. Fortunately, we do not have
to check all possibleg andv’s. All we need to show that
min(m) is larger than3 for large values ofv. It is clear
from the equation 1 that regardless of the values ofg and
large values ofv for g > 0

min(m) ≤ 2n

n− 2

In other words, 2n
n−2 should be larger than3 to be able to

avoid less-than-3-valent vertices. Note that2n
n−2 is a mono-

tone decreasing function that becomes smaller than3 for
values ofn larger than6. This also shows that forg > 0, it
is always possible to create hexagonal meshes; two exam-
ples are shown in Figure 4.

Although, there can be some specialn-gonal meshes for
a small values ofv and large values ofg, this result clearly
states that a given mesh cannot be converted to ann-gonal
mesh wheren > 6, i.e. non-gonalization scheme exists
for n > 6. The result also states that non-gon preservation
scheme exists forn > 6 since a preservation scheme that
can be used in subdivision must increasev.

Above analysis does not includeg = 0 case, sinceg = 0
is a special case for hexagonal meshes. Forg = 0 andn = 6
the equation 1 becomes

(A) (B)

Figure 4. Examples of hexagonal meshes for
g>0.

m = 3
(

1− 2
v

)

In this equationm is always smaller than3 regardless of
the value ofv. This shows that it is not possible to create a
hexagonal mesh forg = 0. In other words, it is not possible
to develop an hexagonalization scheme since such a scheme
must also work forg = 0 case. On the other hand, it is
possible to develop an hexagonal preservation scheme since
hexagonal meshes exist forg > 0 [12]. Figure 5 shows
two examples of an hexagon preserving scheme applied to
g > 0 hexagonal meshes.

(A) (B)

Figure 5. Two iterations of an hexagon pre-
serving scheme applied to the hexagonal
meshes shown in Figure 4.

Forg = 0 andn = 5 the equation 1 becomes

m =
10
3

(
1− 2

v

)

Here, for values ofv larger than20, we can create pen-
tagonal mesh. Note thatv = 20 corresponds to a dodeca-
hedron (simplest pentagonal mesh with12 pentagons). We



will later show how to convert a tetrahedron to a dodecahe-
dron.

The other inseresting cases aren = 4 andn = 3 for
g = 0. In the case ofn = 4, we find thatv must be larger
than8 and the simplest casev = 8 corresponds to an hexa-
hedron (generalized cube; simplest quadrilateral mesh with
6 quadrilaterals). In the case ofn = 3, v must be larger than
4 and the simplest casev = 4 corresponds to a tetrahedron
(simplest triangular mesh with4 triangles).

Another insteresting case occurs whenv goes to infinity.

mv→∞ −→ 2n

n− 2
.

This is the same as the value of them for g = 1, which
corresponds to planar tesselations. In other words, for larger
values ofv, the value ofm approaches a value that is com-
ing from tesselations of an infinite plane that can be repre-
sented as a mapping to a toroid. Possible cases are illus-
trated by the following chart.

(n, m ) type
(6.00, 3.00 ) Average 6-sided faces with average 3-valent vertices
(5.00, 3.33 ) Average 5-sided faces with average 3.3-valent vertices
(4.00, 4.00 ) Average 4-sided faces with average 4-valent vertices
(3.33, 5.00 ) Average 3.3-sided faces with average 5-valent vertices
(3.00, 6.00 ) Average 3-sided faces with average 6-valent vertices

Since the same analysis can be repeated just by replac-
ingv with f , we included(10/3, 5), the dual of(5, 10/3). If
bothn andm are integers and every face has exactlyn sides
and every vertex has valencem, we call it a regular tesse-
lation. If only faces or vertices have exactly same number
of sides or valences, we call the corresponding tesselation
semi-regular. Note that(4, 4), (6, 3) and (3, 6) can have
both regular and semi-regular tesselations1, but, (5, 10/3)
can only have semi-regular tesselations. In fact, 4-8 subdi-
vision scheme introduced by Velho and Zorin creates (4.8.8)
Laves tilings which are semiregular(3, 6) regions [21, 20].
However, these semiregular regions does not have to be
classical semiregular regions such as Laves tilings and their
duals (Archimedean tilings) [23, 22].

5. New Remeshing Schemes

Our analysis shows that pentagon conversion and pen-
tagon preservation schemes can exist. We have developed
one scheme for each case. The following sections present
the remeshing algorithms for the new schemes. Note that

1For instance, since we are considering only the average valences or
number of sides, a(4, 4) mesh can include pentagons and triangles while
having only4-valent vertices.

we do not compute weights. Our remeshing operations pro-
vide a simple (affine) subdivision. We then use dual op-
eration to create smoother (higher-order) meshes. As evi-
denced by the examples, the dual turns out to be one of the
most powerful tools for development of subdivision deriva-
tion rules.

5.1 Pentagonalization Algorithm

Let V be the list of vertices,E the list of edges andF
the list of faces in the original mesh.

1. Subdivide all edges in the mesh into 3 equal parts. Let
the set of newly created points beVs.

(A) (B)

Figure 6. Pentagonalization scheme. (A) is
the initial mesh and (B) the resulting mesh.

2. For every facefi in F

(a) Create a point sphere [4, 14] at the centroid of the
face. A point sphere is a manifold mesh with one
vertex and one face without an edge [4, 14].

(b) Insert an edge between the point sphere and ev-
ery other newly created point in that face (from
the previous step). That is, starting from a corner
cj = {vj , fi}, wherevj belongs toVs, insert an
edge between the point sphere andcj ; then insert
an edge between the point sphere and every third
corner fromcj in the direction of traversal of the
face.

3. Apply dual operation an even number of times.

Each face in the original mesh would now have been
split into as many pentagons as the number of edges
(or vertices) in the original face. So we will have only
pentagons in the new mesh.

This scheme can convert the simplest triangular mesh
(tetrahedron) to the simplest pentagonal mesh (dodecahe-
dron) as shown in Figure 7. This set of images also show
the role of dual operation; the resulting shape becomes more
and more uniform with each application of dual operation.

If this subdivision is applied to a mesh that includes
either (4, 4) or (6, 3) regular regions, the resulting mesh



(A) (B) (C)

(D) (E) (F)

Figure 7. Conversion of a tetrahedron to
a dodecahedron by the pentagonalization
scheme. (A) is the original tetrahedron. (B)
is the dodecahedral shape after the applica-
tion of pentagonalization scheme. (C) is the
icosahedral dual of (B). (D) is the dodecahe-
dral shape that is the dual of (C). (E) is the 5th
ieration of the dual and (F) is 6th iteration of
the dual. The images have been scaled differ-
ently to provide a better view for comparison.

will have classical (or geometrical) semi-regular regions
4.3.3.4.3 (see Figure 8.A) or6.3.3.3.3 (see Figures 9.A)
(for this notation see [22]). The dual of these meshes will
also include semiregular regions (see Figure 8.B and Fig-
ure 9.B).

5.2 Pentagon preserving algorithm

Let V be the list of vertices,E the list of edges andF
the list of faces in the original mesh.

1. Subdivide all edges in the mesh into 2 equal parts. Let
the set of newly created points beVs.

2. For every facefi in F

(a) Collect the coordinates of the midpoint of every
original edge infi. These will be the coordinates
of the newly created midpoints from the previous
step. Let the list of these midpoints bePi. Note
that Pi contains only the geometric coordinates
of the midpoints and no new entity (vertex, edge
or face) has been created yet.

(b) Scale the points inPi around their centroid by a
specified amount. The scale factor should be less
than 1.

(A) (B)

Figure 8. 4.3.3.4.3 semi-regular tiling created
by pentagon conversion scheme that is ap-
plied to a cube. (A) is one iteration with two
dual, (B) is the dual of (A).

(A) (B)

Figure 9. 6.3.3.3.3 semi-regular tiling created
by pentagon conversion scheme that is ap-
plied to the toroidal shape shown in Fig-
ure 4.A. (A) is one iteration with two dual, (B)
is the dual of (A).

(A) (B)

Figure 10. Pentagon preserving scheme. (A)
is the initial mesh and (B) the resulting mesh.



(c) Create a new face using the scaled points inPi.

We will now have a scaled (smaller) face correspond-
ing to each face of the original mesh. The new faces
will have the same number of sides as the correspond-
ing original face and each vertex of the new face will
correspond to a point inVs. Let the list of the new
faces beFn.

3. For every facefi in Fn

(a) For each vertexvi,j in fi, insert an edge between
vi,j and the point inVs corresponding tovi,j .

4. Apply dual operation an even number of times.

Each face in the original mesh would now have been
split into as many pentagons as the number of edges
(or vertices) in the original face plus one central face
with the same number of sides as the original face. If
we start with a pentagonal mesh, the new mesh will
contain only pentagons, thus preserving the pentago-
nal nature of the original mesh. (see Figure 11 for an
example.)

(A) (B)

Figure 11. A semi-regular tiling created by
pentagon preserving scheme that is applied
to a cube. (A) is one iteration with two dual,
(B) is the dual of (A).

6 Implementation and Results

The two algorithms above are implemented and included
in our existing 2-manifold mesh modeling system [1, 4, 2]
as an option. Our system is implemented in C++ and
OpenGL, FLTK. All the examples in this paper were cre-
ated using this system.

Figure 12 shows an example of pentagonalization
scheme. As it can be seen in this example, such compli-
cated models can effectively be smoothed by our approach.
More importantly, even meshes having hard edges can be
effectively smoothed without creating any lateral artifacts

(wave patterns) [15, 5] as shown in earlier figures such as
Figures 1 and 8.

(A) (B)

(C)

Figure 12. (A) An initial mesh (B) pentago-
nalization scheme applied twice to the initial
mesh, (C) shaded model without wireframe.
The initial rabbit mesh in (A) is modeled by
Esan Mandal.

Although, there exist no hexagonal genus-0 meshes, If
one applies a honeycomb subdivision, dual of

√
3 [5, 8, 19,

6] or dual of Loop [18, 12] , to the pentagonal meshes, the
resulting meshes do not include any triangle or quadrilat-
eral. In the case of dual of

√
3 each vertex becomes valence

three and each face becomes rounder, similar to cells of liv-
ing organisms. In other words, the portions of the result-
ing mesh resemble geodesic domes [16] (also called buck-
yballs, fullerenes or soccerballs). As demonstrated by ar-
chitect Buckminster Fuller, such shapes can be particularly
useful in construction of large structures. Figure 13 shows
some examples.



(A) (B)

Figure 13. An example of soccerball subdivi-
sion.

7. Conclusion, Future Work and Acknowledg-
ments

In this paper, we have discussed the topological exis-
tence of meshes that consist of only one type of polygons
and shown that it is possible to represent any 2-manifold
with a mesh that is made up of only pentagons. We have
presented two pentagonal schemes. One of these schemes
can create a pentagonal mesh from any arbitrary mesh struc-
ture, and the other scheme can create a pentagonal mesh
from any pentagonal mesh.

We have shown that the dual operation is a very power-
ful tool for development of subdivision derivation rules not
only for triangular and quadrilateral schemes [24] but also
pentagonal schemes. We have applied pentagonal conver-
sion and preservation schemes with dual on wide variety of
meshes; and we have visually confirmed that the algorithms
converge withG1 continuity. However, there is still a need
for theoretical proofs for convergence.

We also want to thank all anonymous reviewers for their
helpful comments. The paper is visibly improved after in-
corporating their suggestions.
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