Math. 311 (Fulling) 23 April 1999

Test C — Solutions

(You may want to do the last problem first. I had to put it at the end to get good page breaks.)

1. (25 pts.) The formula (p,q) = fooo p(t)q(t) e tdt defines an inner product on the vector
space of polynomials. Find the first three of the orthonormal polynomials associated with
this inner product. (Apply the Gram—Schmidt algorithm to the power functions.) FREE
INFORMATION: [ t" et dt =n!.

Let vo = t° , etc., and let g , etc., be the resulting orthogonal polynomials.
Step 1: We have ||vo||> = [Ce tdt =0'=1. Thus

0 €
g =vg = 1
(that is, the function whose value is 1 at every value of t ).

Step 2: We find (ug,v1) = fooote_t dt = 1! =1, s0 vy = (Go,v1)tip0 = 1. Therefore,
v1p =v1—vy=t—1. Then we calculate

oo
o1 | =/ (2 —2t+1) e tdt=21-2+1=1,
0
and conclude
u; =t—1.

Step 3:

o0 (@)
(i, va) = / e tdt=20=2, (i, v0) = / (t—1)t%e tdt =31 — 21 =4,
0 0

SO
v = (fio, va)ilp + (i1, va)ily = 2+ 4(t — 1) = 4t — 2,

and hence vy = t2 — 4t +2 . Then

(@)
vt |I? :/ (t? — 4t 4+ 2)%e " dt
0

(@)
= / (t* — 8% + 16t% + 4t* — 16t + 4)e " dt
0

=4 -8-31+20-2! -16+4=24—-48+40 - 12 = 4.

Therefore,

1
Gy = 2L — 242 _op 4.

Cloan]l 2
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2. (35 pts.) Let 13(:1?) =xi+y j+(a:2+y2) k . Let (r,0,z) bestandard cylindrical coordinates
(r2 =22 + 42 etc.).

(a) Calculate V- F (the divergence).

) ) o, 2 2 _
8x(x)+8y(y)+8z(x +y)=14+140=2.

(b) Calculate V x F (the curl).

) 7 k
Or Oy 0z =12y —0)+ 730 —2z) + k(0 —0) =2yi—2x).
T Y :c2 +y2

(c) Calculate [[ IS F-dS , where the surface S is the “soup can” consisting of the cylinder
C: r=1 0<60<27r, 0<2z<3
and the top and bottom disks
0<r<1, 0<6<2m, z=0or3.

(The normal vector points outward.)

Since V-F =2 , by Gauss’s theorem this integral is 2 times the volume of the can:

2.7’ h=2-7-3=6m.

(d) Calculate [f- F -dS , where C is the open cylinder described in the previous part
(without the top and bottom pieces).

Method 1: Since F, doesn’t depend on z , the fluxes through the top and the bottom of the
can exactly cancel, so the integral is the same as in (c): 67 .

Method 2: The element of surface area on the cylinder is dS = rdfdz , and the normal vector
to the cylinder is 7 =cosfi+sinf) (or £i+ £7). Therefore,

F-f=uxcosf+ysinf = r(cos® 0 + sin” 0) =r,

27 3
//(f?-ﬁ)dsz/ d9/ dz{r’} =2r-3-1=6m.
C 0 0

so the integral is
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3. (23 pts.) The formulas
x = coshucosv,
y = sinhusinwv
define elliptic coordinates (u,v) inthe xz—y plane. The natural ranges of the coordinates
are u >0, 0 <v <27 . (Thecurve v =0 is aline segment joining the points at (—1,0)
and (1,0), which are the foci of the ellipses that give this coordinate system its name.

The curves v = 0, % , m, and 377r are parts of the x and y axes. All the other
coordinate curves are “generic” and are genuinely curved.)

(a) Find the tangent vectors to the coordinate curves w = constant and v = constant
(at each point (u,v) ).

These vectors are, in the order listed,
o0x —coshusinv 0% sinh u cos v
ov sinh u cos v ’ ou coshusinv |-

ote that at the next step we need to put them in the other order to get the correct Jacobian
Note that at th t step d to put them in the other order to get th t Jacobi
matrix.)

(b) Find the normal vectors to the coordinate curves. (Introduce appropriate intermediate
notation to save writing.)

Let J stand for the determinant of the Jacobian matrix:

sinhucosv — coshusinwv

O

coshusinv  sinhwucoswv

. 2 2 2 .2
= sinh” w cos” v + cosh” usin” v.

2 2

( J can be simplified to sinh? u+sin® v or to cosh? u—cos? v , but that’s not important.) Therefore,
the inverse of the Jacobian matrix, by the easy 2 x 2 Cramer rule, is

1 < sinhucosv  coshwusinv )

J \ —coshusinv sinhwucoswv

The normal vectors are the rows of this:

1
Vu = j(sinhucos v, coshusinv),

Vv = —(—coshusinwv, sinhucosv).

J
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(c¢) Find the area of the region bounded by the curves u =1 and u=4. (“Set up” the
integral; you don’t need to evaluate it.)

/027r dv /14 du {J(u,v)},

where J is asin (b). (The region is the ring between two ellipses — see part (d). I drew the ellipse
u =2 because the one with u =4 1is huge!)

5
N

(d) (15 points extra credit. Graphing calculators are not allowed.) Sketch one
generic coordinate curve of each type. At their intersection point, sketch the two
tangent vectors. Describe in words how a sketch of the two normal vectors would differ
from the one you drew. FREE INFORMATION: cosh? u — sinh?u = 1 ; coshu and
sinh u are positive whenever u > 0 .

Let’s start by finding Cartesian equations for the two kinds of curves. Note that

2 2 2 2 1.2 .2
x”° = cosh” u cos” v, y~ = sinh” usin” v.

Combine these equations in such a way as to eliminate v :

2 2
i vy__ 1.

cosh?u  sinh?u

For fixed u this is the equation of an ellipse (as expected); Since coshu > sinhw , the long axis of
the ellipse is horizontal. Since we agreed that v would vary over the whole interval of length 27 | the
ellipse goes all the way around. (To avoid double-labelling of points, wu is restricted to be positive,
and this means that each curve of constant v will be only a part of the locus of the related x—y
equation, as we’ll see next.)

Combine the equations so as to eliminate wu :

2 y2
5~ — —5_ =1L
COS= v sm- v

This is a hyperbola, cutting the horizontal axis at « = f+cosv . (Notice that this is always inside
the line segment joining the foci, no matter how big wu is!) Looking back at the original equation
for x , and knowing that coshwu > 0, we see that in fact = = +cosv (which can be positive or
negative, depending on the quadrant of v ). Furthermore, since y has the same sign as sinv , the
coordinate curve is only half of this branch of the hyperbola (again, either the top or the bottom,
depending on v ); that is, only a quarter of the complete hyperbolic locus.
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The normal vectors in this case are (see (b) and (a)) proportional to the respective tangent

vectors ( Vu parallel to g—i , etc.) but of different length. In fact, the lengths are reciprocal, so
that the inner product of a normal with its respective tangent is 1. This coordinate system also
has the special property that both tangent vectors at a given point have the same length (namely,

\/J(u,v) ), in addition to being orthogonal. Such a coordinate system is called conformal.

4. (17 pts.) Let w1 = (3,2,1), iy =(2,0,0), 43 =(5,2,3).
(a) Find the volume of the parallelepiped determined by these three vectors.

3 2
2 0
5 2

Therefore, the volume is 8 cubic units.

(b) If you set up a coordinate system in physical space with the =, y ,and z axes directed
along the vectors uj, to, w3 in that order, would that system be considered
“right-handed” or “left-handed”?

Left-handed, because the determinant is negative.



