Math. 412 (Fulling, 2007), Homework 8

1. Haberman 9.3.5(b). (“Variation of parameters” is defined on p. 75 of the notes and
discussed in detail in most textbooks on ordinary differential equations. The key trick:
Impose the condition

Y () = wr(2)y(2) + ua(2)ys ().

This completes the definition of u; and uy (up to constants of integration) and guar-
antees that they satisfy a system of first-order equations that you can solve.)

2. Solve the wave equation in R? (one space variable —co < x < oo, one time variable
—00 < t < 00, ¢ = 1) by Fourier transforms. Rearrange the result into the form

ety = [ Ty W — 9,0 f) + Ve -y g,

— o0

where f and g are the initial data and W and V are certain integral expressions.
What identities for the Fourier transforms of delta functions and step functions do
you need to assume in order to get your answer to agree with the one on p. 80 of the
notes? Try to boil it down to simple formulas for functions (or distributions) of one
variable, not three.

3. Consider the Green function for the Laplace problem in the upper half plane,

1 y
B TEE

(a) Verify that G satisfies Laplace’s equation as a function of = and y.
o

(b) Show that / G(z — z,y) dz = 1 for each fixed = and y.
(c) Let z =1 and sketch G(x — 1, y) as a function of x for three representative values
of y.

(d) Justify the claim that

lim G(z —z,y) = d(x — 2).
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This means that for any well-behaved function f (say f continuous and bounded),

o

lim G(x — z,y) f(2)dz = f(x).
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Hints: Write the integral as ff;f + [ m+56 + f;i 5» Where ¢ is an arbitrarily small

o
positive number. Show that the two outside integrals approach zero in the limit,

using the assumption that f is bounded. In the middle integral, write f(z) =



f(z)+[f(2) — f(z)] and show that the integral involving the bracketed term can
be assumed arbitrarily small, using the assumption that f is continuous.

(e) Argue (a bit loosely, perhaps) from (a) and (d) that G is the correct Green
function for the problem — without appeal to Fourier transforms or any other
external information. (That is, show that

u(z,y) = /00 G(x — z,y) f(2)dz

— o0

is the bounded solution of Laplace’s equation in the upper half plane with the
boundary data u(z,0) = f(x).)

4. Do the exercise on p. 59 of the notes (“check that (x) is correct”).

5. Do the exercise on p. 65 of the notes:

(a) Solve the heat equation by separation of variables (or, equivalently, by Fourier-
transforming the equation and initial condition).

(b) Express the solution in terms of the Green function H(x — z).



