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In this paper we consider Bayesian implementation of rational-expectations Lindahl
allocations for economic environments with public goods when agents are incompletely
informed about environments. We construct a continuous and feasible mechanism whose
Bayesian equilibrium allocations coincide with rational-expectations Lindahl allocations.
We not only allow the types of individuals to be unknown but also allow both the preferences
and the initial endowments to be unknown to the designer. In addition, we allow some types
of boundary equilibrium allocations and a continuous information structure.Journal of
Economic LiteratureClassification Number: C72, D71, D82, H41.© 1996 Academic Press,

Inc.

1. INTRODUCTION

The incentives problem is a basic problem that a social organization, and
particularly an economic organization, must consider. Since agents have pri-
vate information, they may find it advantageous to distort the information they
reveal, and thus they may use such information strategically to advance their
own interests. Therefore, in many contexts, direct-control (centralized) decision
making in such an incomplete information situation is impossible or at least in-
appropriate and thus indirect control (decentralized) decision making is highly
preferable. This implies that mechanism design under incomplete information
must provide individuals with appropriate incentives so that individuals’ inter-
ests are consistent with the goals of the organization. The mechanism design
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(implementation) theory, which regards mechanisms as unknown, deals with
precisely this problem by designing a game form such that a prespecified wel-
fare criterion is guaranteed to be achieved by the game across a large domain
of possible environments. An organization or social choice rule which has this
consistency property is called incentive compatibility. This abstract formulation
embraces a variety of specific applications. As such, the implementation problem
is fundamental to economics and its related social science disciplines. It enables
us to compare and study incentive and information aspects of various economic
organizations and institutions, including private ownership, state ownership and
mixed ownership.

The implementation literature has taken two primary directions since Hurwicz
(1972) formalized a general model to deal with the incentives problems. One
direction is to characterize what various institutions can be achieved by using
incentive compatible mechanisms with various solution concepts of individual
behavior. Such solution concepts as dominant strategy equilibrium, Nash equi-
librium, Bayesian equilibrium, and maximin equilibrium have been used in the
literature. The goal is to design an incentive compatible mechanism such that the
set of equilibrium outcomes of the mechanism coincides with the set of socially
desirable alternatives for all environments under consideration. A pioneering
work in this direction was Maskin (1977) for Nash implementation. The com-
plete proof and further generalizations on full or virtual Nash implementation
were provided by Dasgupta, Hammond, and Maskin (1979), Repullo (1987),
Saijo (1988), Moore and Repullo (1988, 1990), Matsushima (1988), Abreu and
Sen (1990, 1991), and others. Characterization results for full or virtual Bayesian
implementation were given by Postlewaite and Schmeidler (1986), Palfrey and
Srivastava (1989a,b, 1991), Abreu and Matsushima (1990), Mookherjee and
Reichelstein (1990), Jackson (1991), Duggan (1993), Matsushima (1993), and
Tian (1994b), among many others. However, due to the general nature of the
social choice rules under consideration in this body of work, the implementing
mechanisms turn out to be quite complex. Characterization results show what is
possible for the implementation of a social choice rule (correspondence), but not
what is realistic. Usually, the designer is not required to know individual prefer-
ences, and the knowledge of initial endowments, as is well known by now, can
be relaxed. Furthermore, these mechanisms are (i) highly discontinuous (so they
are not robust with respect to some misspecifications); (ii) have large message
spaces; and (iii) they assume the information structure is discrete.

The second direction is toward “better” mechanism design, i.e., designing
mechanisms which implement some specific social choice rules such as efficient
allocations, individually rational allocations, (rational-expectations) Walrasian
allocations, Lindahl allocations, etc., and which have desirable properties such
as continuity, feasibility, and lower dimensionality. A seminal work on “better”
mechanism design for Nash implementation was given by Groves and Led-
yard (1977). This was followed by Hurwicz (1979), Schmeidler (1980), Walker
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(1981), Hurwicz, Maskin, and Postlewaite (1984), Postlewaite and Wettstein
(1989), Tian (1989, 1990, 1991, 1993) and many others. While the literature
is rich in characterization results for Bayesian implementation in the case of
incomplete information environments, until recently the only results obtained
on designing better mechanisms in the case of incomplete information were
given by Wettstein (1990, 1992) for exchange economies with private goods.
Wettstein (1990) gave an almost continuous mechanism which Bayesian imple-
ments rational-expectations constrained Walrasian allocations, and in Wettstein
(1992) he extended his result to a general social choice rule.

On the other hand, Palfrey and Srivastava (1987) introduced the notion of a
rational-expectations Lindahl equilibrium which is a close counterpart of the Lin-
dahl equilibrium in economies with complete information. The existence proof
of rational-expectations Lindahl equilibria under certain conditions was given
by Diamantaras (1992). Palfrey and Srivastava (1987) have shown that rational-
expectations Lindahl allocations are implementable in Bayesian equilibrium
when restricted to a subset of economies where all equilibrium allocations are
interior and the information structure is discrete. Since their results characterize
Bayesian implementability for a general correspondence, their approach shares
the same drawbacks mentioned in regard to the general mechanism, namely, the
designer is required to know individual preferences and endowments and the
mechanism is discontinuous. This leaves the question of whether this particular
correspondence can be Bayesian implemented by a mechanism with desirable
properties.

In this paper we consider Bayesian implementation of rational-expectations
Lindahl allocations for economies with public goods in incomplete information
environments by giving a mechanism with some nice properties. We construct a
continuous and feasible mechanism1 whose Bayesian equilibrium allocations co-
incide with rational-expectations Lindahl allocations. In contrast to the existing
results on characterizing Bayesian implementation of a social choice correspon-
dence, we not only allow the types of individuals to be unknown to the designer
but also allow both the preferences and initial endowments to be unknown to
the designer and incorporate unreported endowments which are withheld but not
destroyed. In addition, we allow boundary equilibrium allocations and a contin-
uous information structure. The results are shown to be true if (i) there are at
least three agents; (ii) utility functions are risk-averse (strictly concave), strictly
monotone increasing in the private good, and satisfy the condition of indispens-
ability of the private good; (iii) information is nonexclusive (NEI); (iv) individual
endowments are state independent; and (v) other technical conditions.

This paper is organized as follows. Section 2 states some notation and defi-
nitions about the framework of analysis. Section 3 presents a mechanism with

1 That is, the resulting allocations are in the consumption space, (weakly) balanced, and continuous
for all messages and types.
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the desirable properties. The main results and their proofs are given in Section
4. Finally, the concluding remarks are offered in Section 5.

2. THE MODEL AND DEFINITIONS

2.1. Model

In this paper we consider economies in which there aren ≥ 3 agents (groups,
players, or voters) who consume one private good andK public goods,x being
private (as a numeraire) andy public. The single private goodx can be thought
of as a Hicksian composite commodity or money, and public goodsy can be
thought of asK public projects. Denote byN = {1, 2, . . . ,n} the set of agents.

LetTi be the set of possible types of agenti , which summarizes the preferences
and information of the agent. Assume thatTi is a set inRl .2 A type profile is
denoted byt = (t1, . . . , tn), andT =∏i∈N Ti denotes the set of all type profiles.
Let G be a probability distribution (probability measure) defined onT . Denote
by J the support ofG, i.e., J is the smallest closed set inT with probability
measure 1. We assume thatJ is compact and convex whenT has a continuous
information structure (i.e.,T is a set with an infinite number of types).3 Let
πi1,...,im(J) be the projection ofJ onto the(i1, . . . , im) hyperplane. SinceJ is
compact and convex, the projectionπi1,...,im(J) is also compact and convex.

For eachi , denote byT−i =
∏

j 6=i Tj the set of possible profiles of the types
of all agents other thani . We summarizei ’s beliefs about the other agents by
means of a collection of conditional distribution functions onT−i which can be
derived from the common joint distributionG. For eachi , let Gi (t−i | ti ) denote
agenti ’s conditional probability measure that other agents receive the profile of
typest−i when agenti receives the typeti .

Given a profile of typest and a consumption bundle(xi , y), the (ex-post)
utility function of agenti is given byui (xi , y, t) which is assumed to be strictly
increasing inxi , risk averse (strictly concave) in(xi , y), and measurable int .

Each individuali in the economy is endowed with
◦
wi > 0 units of the private

good in each state, which is assumed to be independent of the types of agent.
We assume there are no initial endowments of public goods, but the public
goods can be produced from the private good under constant returns to scale.
That is, the production functionfk is given byyk = f k(x) = (1/βk)x for each

2 Ti can be a set in a Banach space.
3 This assumption ensures that all projections are carried out continuously. (WhenT is finite, it

trivially renders continuity with regard to the information structureT .) This assumption can be dropped
if continuity of the outcome function is not required. In this case, the projection operation turns out to be
a correspondence, but by Lemma 1 in Hildenbrand (1974, p. 55), the correspondence has a measurable
selection.
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k = 1, . . . , K . Thus each unit of public goodyk requiresβk units of private
good. Hence the feasibility constraint becomes

n∑
i=1

xi + β · y ≤
n∑

i=1

◦
wi , (1)

whereβ = (β1, . . . , βK ) ∈ RK
++.

Let A denote the set of all such feasible allocations,

A =
{
(x, y) ∈ RK+n

+ :
n∑

i=1

xi + β · y ≤
n∑

i=1

◦
wi

}
.

An allocation rule is a measurable functionf : T → A. Let

X = { f : T → A}
be the set of feasible environment-contingent allocation rules. A social choice
set is a subsetF ⊂ X.4

Given an allocation rule,f : T → A, the interim (conditional expected) utility
of f to agenti ’s typeti is

Vi ( fi , ti ) =
∫

T−i

ui ( fi (t), t)dGi (t−i | ti ).

Here fi = (xi , y): T → R1+K is agenti ’s consumption bundle for the private
good and the public goods determined by the allocation rulef .

The tuplee = 〈N, A, T,G, {ui }〉 is called an economic environment. We
assume, as is standard, that the structure ofe is common knowledge to all agents
and that each agenti knows his own type. Denote byE all such environments.

The designer is assumed to knowT andG, but does not know the true types
of agents, the true utility functions, or the true initial endowments. To achieve
a social goal, the designer needs to construct an informationally decentralized
mechanism〈M, g〉, whereM = ∏i∈N Mi with an elementm = (m1, . . . ,mn).
The setMi is the set of possible messages agenti can use andM is the mes-
sage space.g: M → A is an outcome function or, more explicitly,g(m) =

4 A social choice set is sometimes called a social choice correspondence in the literature. However,
this may cause confusion between a social choice correspondence setup for complete information and
a social choice correspondence setup for incomplete information. A social choice correspondence in
the complete information setup is usually defined as a mapping which assigns to each environment a
set of desirable allocations. In contrast, a social choice set in incomplete information environments is
defined as a set of social choice rules, each of which is a mapping that assigns to each type (“state”)
in the class of environments a desirable allocation. Therefore, to avoid confusion, the incomplete
information correspondence is called a social choice set. We will define a social choice correspondence
for incomplete information below.
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(g1(m), . . . , gn(m)). Heregi ≡ (xi , y) is agenti ’s consumption bundle for the
private good and the public goods determined by the outcome functiongi . For
eachm ∈ M , g(m) yields an allocation inA. Given a mechanism〈M, g〉, each
agenti chooses messagesmi as a function of his types. We call a mapping
mi : Ti → Mi a strategy for agenti . The notationsm−i andM−i are similarly de-
fined. Given a strategy (message) profilem = (m1, . . . ,mn), the interim utility
to i when of typeti is given by

Wi (m; ti ) =
∫

T−i

ui (gi (m(t)), t)dGi (t−i | ti ).

A mechanism〈M, g〉 defined on the domainE is feasibleif gi (m) ∈ R1+K
+ and

the resulting allocations satisfy the global material constraint (1) for alli ∈ N
and allm ∈ M .

DEFINITION 1. For an economic environmente, the messagem∗ is aBayesian
equilibriumof a mechanism〈M, g〉 defined onE if

Wi (m
∗; ti ) ≥ Wi (mi ,m

∗
−i ; ti ).

for all i ∈ N and allmi ∈ Mi . Whenm∗ is a Bayesian equilibrium,g(m∗) is
called a Bayesian equilibrium allocation. Denote byB〈M,g〉(e) the set of all such
allocations for environmente.

DEFINITION 2. For an economic environmente, a mechanism〈M, g〉 is said
to Bayesian-implementa social choice setF if

(i) For any f ∈ F , there is a Bayesian equilibriumm∗ to 〈M, g〉 such that
g(m∗(t)) = f (t) for all t ∈ T .

(ii) If m∗ is a Bayesian equilibrium of the mechanism〈M, g〉, theng(m∗) ∈
F .

If there is a mechanism〈M, g〉 which Bayesian-implementsF , thenF is said to
beBayesian-implementable.

One can also consider global Bayesian-implementation. Define a social choice
correspondenceF : E → 2X on the domainE as a set-valued function which
assigns to every economye∈ E a social choice setF(e) ⊂ X.

DEFINITION 3. A social choice correspondenceF : E → 2X is said to be
globally Bayesian-implementablerelative toE if, for all e∈ E,F(e) is Bayesian-
implementable.

2.2. Rational-Expectations Lindahl Allocations

In this paper we will use the rational-expectations Lindahl correspondence as
a social choice correspondence and will present a continuous and feasible mech-
anism which globally implements rational-expectations Lindahl allocations in
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Bayesian equilibrium. The concept of rational-expectations Lindahl equilibrium
allows the possibility that prices, as public information, partially reveal the state
of the world. We now define the notion of a rational-expectations Lindahl equi-
librium.

We normalize the price of the private good equal to one and denote byPi (t)
the personalized price function of agenti when the vector of types ist . Given a
price functionPi : T → RK

+ , let

Ei (ti , pi ; Pi ) = {(ti , t ′−i ) ∈ T : Pi (ti , t
′
−i ) = pi }

be the set of types profiles whichi cannot distinguish based either on his own type
ti or on the personalized price vectorpi . LetGi (i−i | ti , pi , Pi )be the distribution
function of agenti , conditional ont ∈ Ei (ti , pi ; Pi ). This distribution function
incorporates both the private information of agenti and the public information
contained in the personalized price vectors. For instance, ifPi is fully revealing,
Pi (t) 6= Pi (t ′) if t 6= t ′, then Ei (ti , pi ; Pi ) is either a singleton or empty for
each(ti , pi ) pair, andGi (t−i | ti , Pi (t), Pi ) = 1 whent is the true type and 0
otherwise.

An allocation(x∗, y∗): T → Rn+K
+ is a rational-expectations Lindahl equi-

librium allocation for an economye if there are measurable personalized price
functionsP∗i : T → RK

+ , one for eachi , such that

(1) For alli ∈ N and almost everyt ∈ T , (x∗i , y∗)maximizes the expected
utility ∫

Ei (ti ,P∗i (t);P∗i )
ui (xi , y, t)dGi (t−i | ti , P∗i (t), P∗i )

subject toxi + P∗i (t) · y ≤
◦
wi ;

(2)
∑n

i=1 x∗i (t)+ β · y∗(t) =
∑n

i=1

◦
wi for all t ∈ T ;

(3)
∑n

i=1 P∗i (t) = β for all t ∈ T .

Denote by REL(e) the set of all such allocations and thusREL: E → 2X is a
correspondence fromE to X.

To achieve global implementability of rational-expectations Lindahl alloca-
tions, we assume that the supportJ of G satisfies the so-called nonexclusive
information (NEI) condition.

ASSUMPTION1. (NEI). For all i ∈ N, there exists a functionsi : T−i → Ti

such that for eacht ∈ J, ti = si (t−i ).

To ensure the continuity of the outcome function defined below, we must re-
quire thatsi be continuous onT−i for all i ∈ N. The NEI condition implies that
each agent’s private information can be precisely inferred from the joint observa-
tions of all the remaining agents. In other words, if the information observed by
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all other agents is perfectly transmitted, the contribution to social knowledge of
any one agent’s private information is redundant. The NEI condition guarantees
that the incentive compatibility condition holds for all social choice sets in an
economy.5 Postlewaite and Schmeidler (1986) showed that the NEI condition,
together with the Bayesian monotonicity condition, is a sufficient condition for
the implementability of a social choice rule under incomplete information. Fur-
ther, Blume and Easley (1983, 1990) have shown that the NEI condition is in fact
a necessary condition for implementability of rational-expectations Walrasian
allocations in exchange economies. Intuitively, when NEI does not hold, some
agent has truly private information which he may choose to exploit. His ability
to exploit this information may destroy the incentive compatibility of a social
choice rule. For detailed discussions about this condition, see Blume and Easley
(1990). Since a rational-expectations Walrasian equilibrium is a special case of a
rational-expectations Lindahl equilibrium, the NEI condition is also a necessary
condition for implementability of rational-expectations Lindahl allocations.6

The following condition is also necessary for implementability of REL allo-
cations.

ASSUMPTION2. (Indispensability of Private Good) For alli ∈ N,ui (xi , y, t) >
ui (x′i , y′, t) for all t ∈ T , xi ∈ R++, x′i ∈ ∂R+, andy, y′ ∈ RK

+ , where∂Rm
+ is

the boundary ofRm
+.

REMARK 1. Assumption 2 has been called the “indispensability of money”
by Mas-Colell (1980). This assumption cannot be dispensed with. Tian (1988)
showed that the (constrained) Lindahl allocations violate Maskin’s (1977) mono-
tonicity condition even under the strict monotonicity and convexity of utility
functions, and thus cannot be Nash implemented by a feasible mechanism. Since
Nash implementation is a special case of Bayesian implementation when all in-
dividuals in the economy have complete information, it is also necessary to have
Bayesian implementability of REL allocations. Note that, under this condition,
the consumption of public goods can be zero although the consumption of the
private good must be positive at an equilibrium. Therefore, boundary points are
possible.

3. MECHANISM

In this section we present a continuous and feasible mechanism which glob-
ally Bayesian implements the rational-expectations Lindahl allocations. Before

5 In fact, with NEI, incentive constraints are never binding in pure exchange private economies and
public goods economies with constant returns to scale.

6 By constructing a similar economy as in Blume and Easley (1990), one can directly show that
violation of NEI leads to nonimplementability of rational-expectations Lindahl allocations.
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giving the specific mechanism, we will briefly describe the mechanism. The
mechanism proceeds as follows: First, construct the personalized price function
of each individual using the pricing functions proposed by others. Next, use the
projection mappingsπ−i to form n–profiles inJ for each reported typêt , and
then value the personalized price functions of individuals at thesen–profiles in
J. Then, define a feasible choice correspondenceB: M → RK for public goods
that can be produced with total endowments and can be purchased by all agents.
The outcomeY(m) for public goods will be chosen fromB(m) so that it is the
closest to the sum of the contributions that each agent is willing to pay (i.e., it
is the projection of the sum of the contributions ontoB(m)). The outcome for
the private good is then determined so that the budget constraint of each agent is
satisfied. This mechanism will be continuous and feasible. Further, under condi-
tions imposed in the paper, we show that the set of Bayesian allocations coincides
with the set of rational-expectations Lindahl allocations overE.

We now begin the formal construction of the mechanism. For each agent
i ∈ N, his message domain is of the form

Mi = Qi × Ti × (0, 1]× (0, ◦wi ] × RK × (0, 1]. (2)

Here Qi is a set of all measurable functions. A generic element ofMi is
mi = (qi , t̂i , δi , wi , yi , ηi ). We require thatqi be chosen before any private in-
formation is observed,̂ti be picked after the observation ofti , and(δi , wi , yi , ηi )

be decided upon after observingqi (t̂i ). This requirement on the timing of mes-
sages captures the idea of prices revealing information to the individuals and
market behavior under incomplete information. The components ofmi have the
following interpretations. The componentqi : Ti → RK denotes the price func-
tion proposed by agenti for use in constructing other agents’ personalized price
functions. The componentt̂i : Ti → Ti is a reported, possibly false, type of agent
i . The componentδi denotes the degree of desirability for the private good. When
δi = 1, agenti wishes that public goods would not be produced. The designer
will use the smallestδi of all agents to determine the level of public goods (see
Eq. (5) below). The componentwi denotes a profession of agenti ’s endowment.

The inequality 0< wi ≤ ◦
wi means that the agent cannot overstate his own en-

dowment; on the other hand, the endowment can be understated, but the claimed
endowmentwi must be positive. Note that, although the true endowment is the
upper bound of the reported endowment, the designer does not need to know
this upper bound. This is because whenever an agent claims an endowment of
a certain amount, the designer can ask him toexhibit it (one may, for instance,
imagine that the rules of the game require that the agent “put on the table” the

reported amountwi ). Sincewi 5
◦
wi is permitted, the agent is able to withhold

a part of the true endowment. The componentyi denotes the proposed level of
public goods that agenti is willing to contribute (a negativeyi means the agent
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wants to receive a subsidy from the society). The componentηi is the penalty
index of agenti when the reported typêt is not in J.

We now turn to the construction of the outcome functions of the mechanism in
the following steps. First, for each agenti , define the personalized price function
P̄i : T → RK ,

P̄i (·) = 1

n
β + qi+1(·)− qi+2(·), (3)

wheren+ 1 andn+ 2 are to be read as 1 and 2, respectively. Observe that, by
construction,

∑n
i=1 P̄i (t) = β for all t ∈ T , and each agent’s personalized price

function is independent of his own reported pricing function message.
Next, constructn-profiles inJ as follows. For each reported typet̂ , define the

i th agent’s profile,(t̃ i
1, . . . , t̃

i
n), by

t̃ i
−i = {t−i ∈ π−i (J): min

∥∥t−i − t̂−i

∥∥} (4)

which is the closest point tôt−i . Note thatt̃ i
−i is a single-valued and continuous

function of t̂−i .7 Then definẽt i
i = si (t̃ i

−i ). Thus the profilẽt i = (t̃ i
1, . . . , t̃

i
n) is in

J for all i ∈ N. Note that all then-profiles are identical and equal tot̂ if t̂ is in
J, and further, a change in the strategy of agenti will not change thei th profile
t̃ i .

Now we haven personalized price functions̄Pi andn profilest̃i . At this point,
each individuali is informed that his personalized price vector is given byP̄i (t̃ i ).

Define a correspondenceB: M → 2R
K
+ by

B(m) = {y ∈ RK
+ : (1−δ)wi − P̄i (t̃

i ) · y ≥ 0∀i ∈ N and
n∑

i=1

P̄i (t̃
i ) · y ≥ β · y},

(5)
which is clearly a continuous correspondence with nonempty compact convex
values.8 Hereδ = min{δi , . . . , δn}.

Next, define the outcome function for public goodsY: M → B by

Y(m) = {y: min
y∈B(m)

‖y− ỹ‖}, (6)

which is the closest point tõy. Hereỹ =∑n
i=1 yi . ThenY(m) is single-valued and

continuous onM . For each individuali , define the taxing functionHi : M → R
by

Hi (m) = P̄i (t̃
i ) · Y(m). (7)

7 This is becausẽt i
−i : T−i → π−i ( j ) is an upper semicontinuous correspondence by Berge’s maxi-

mum theorem (see Debreu, 1959, p. 19) and single-valued (see Mas-Colell, 1985, p. 28).
8 B(m) is shown to be compact by noting thatβ > 0 andβ · y ≤

∑n
i=1

P̄i (t̃ i ) · y ≤
∑n

i=1
wi for

all y ∈ B(m). Note that, in general,
∑n

i=1
P̄i (t̃ i ) 6= β. However, whent ∈ J, t̃ i = t for all i ∈ N and

thus
∑n

i=1
P̄i (t̃ i ) =

∑n
i=1

P̄i (t̂) = β.
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Then, by (5),

n∑
i=1

Hi (m) ≥ β · Y(m). (8)

The outcome functionX(m): M → R+ is given by

Xi (m) = 1

1+ ηi

∥∥t̂ − πJ(t̂)
∥∥ [wi − P̄i (t̃

i ) · Y(m)]. (9)

whereπJ(t̂) is the projection of̂t onto J. Note thatXi (m) > 0 by the definition
of the constrained setB(m) and the total (final) consumption of agenti for the

private good is the sum ofXi (m) and(
◦
wi − wi ). That is, it is the sum of the

amount of private good allocated by the mechanism and the unreported amount
of his own endowment. Thus the outcome function of agenti , which is given by

gi (m) = (Xi (m)+ ◦
wi − wi ,Y(m)),

is continuous onM . Also, gi (m) ∈ R1+K
+ , and from Eqs. (8) and (9), we have

n∑
i=1

[Xi (m)+ ◦
wi − wi ] + β · Y(m) ≤

n∑
i=1

◦
wi (10)

for all m ∈ M . Therefore, the mechanism is feasible.
From (10), we have

n∑
i=1

Xi (m)+ β · Y(m) ≤
n∑

i=1

wi , (11)

which means the sum of the aggregate consumption of the private good and
consumption of public goods allocated by the mechanism are not greater than
the aggregate of endowments reported by agents for allm ∈ M .

4. MAIN RESULTS

In the remainder of this paper we prove the global Bayesian implementability
of the rational-expectations Lindahl correspondence, which is stated in Theorem
1. The proof consists of two propositions on equivalence between Bayesian equi-
librium allocations and rational-expectations Lindahl allocations. Proposition 1
proves that every Bayesian equilibrium allocation is a rational-expectations Lin-
dahl allocation. Proposition 2 proves that every rational-expectations Lindahl
allocation is a Bayesian allocation.
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THEOREM1. For the class of economic environments E with one private and
K public goods, if the following assumptions are satisfied:

(1) n ≥ 3;
(2) ui is strictly increasing in xi , strictly concave in(xi , y), measurable in

t , and satisfies indispensability of private good;
(3) J is compact and convex, and satisfies NEI,

then there exists a continuous and feasible mechanism which globally Bayesian
implements the rational-expectations Lindahl correspondence on E.

The proof of Theorem 1 consists of the following propositions. All we need to
show is that the set of Bayesian equilibrium allocations coincides precisely with
the set of rational-expectations Lindahl allocations. That is,B〈M,g〉(e) = REL(e)
for all e∈ E, satisfying Conditions 1–3 in Theorem 1.

PROPOSITION1. Under Conditions1–3of Theorem1, if (x∗, y∗) is a rational-
expectations Lindahl allocation with the Lindahl price vector function P∗ =
(P∗1 , . . . , P∗n ), there is a Bayesian equilibrium m∗ for the mechanism defined
above such that gi (m∗(t)) = (x∗i (t), y∗(t)) and P̄∗i (t) = P∗i (t) for all i ∈ N
and t ∈ T .

Proof. We first note thatx∗ ∈ Rn
++ by the assumption of indispensability

of private good. We need to show that there is a Bayesian equilibrium message
m∗ such that(x∗, y∗) is a Bayesian equilibrium allocation. Letq∗1 = 0, q∗2 =
(1/n)β − P∗n , q∗i = (1/n)β + q∗i−1 − P∗i−2 for i = 3, . . . ,n. Let t̂∗i = ti . Let

w∗i =
◦
wi . Let δ∗i be sufficiently small so that(1− δ(m∗)) ◦wi − P∗i · y∗ > 0.

Let y∗i = (1/n)y∗ and letη∗i = 1. Then it can be easily verified thatP̄∗i = P∗i ,
Y(m∗) = y∗, andXi (m∗) = x∗i , for all i ∈ N.

Now we must show that the strategy profilem∗ forms a Bayesian equilibrium.
Note that each agenti ’s personalized price function and profile(t̃ i

1, . . . , t̃
i
n) are

independent of his own messages. The person cannot change his personalized
prices by changing his messages. Sincet̂ = t ∈ J, we haveP̄∗i (t̃

i ) = P̄∗i (t) for
all i ∈ N. Thus, the personalized price vector of each individuali is the true

personalized price vector,P∗i (t). Thus,(Xi (mi ,m∗−i )+ ◦wi−wi , Y(mi ,m∗−i )) ∈
R1+K
+ and [Xi (mi (t),m∗−i (t))+

◦
wi −wi ]+P∗i (t) ·Y(mi (t),m∗−i (t)) ≤

◦
wi for all

i ∈ N, mi ∈ Mi , and for allt ∈ T . Note that, by the timing of mechanism,P∗i (t)
is revealed to individuali before choices of(δi , wi , yi , ηi ) are taken and thus
P∗i (t) is independent of the choice of these messages. Therefore, by the definition
of rational-expectations Lindahl allocation, we know that, whenti ∈ Ti and
price signalP∗i is observed,(Xi (m∗),Y(m∗)) = (x∗i , y∗) gives agenti the most
preferred point for all(δi , wi , yi , ηi ). Thus(Xi (m∗),Y(m∗)) forms a Bayesian
equilibrium allocation.
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PROPOSITION2. Under Conditions1–3 of Theorem1, if the mechanism de-
fined above has a Bayesian equilibrium m∗, the Bayesian equilibrium allocation

(X(m∗) + ◦
w − w∗,Y(m∗)) is a rational-expectations Lindahl allocation with

(P̄∗1 (t̂), . . . , P̄∗n (t̂)) as the Lindahl price vector function.

Proof. Letm∗ be a Bayesian equilibrium. We first note thatt̂∗ with t̂∗i : Ti →
Ti must be inJ so that(t̃∗i1 , . . . , t̃

i
∗n) = t̂∗ for all i ∈ N; otherwise, agenti

can choose a smallerηi < η∗i in (0, 1] so that his consumption of the private
good becomes larger. Hence, no choice ofηi could constitute part of a Bayesian
equilibrium strategy. LetP∗i (t) = P̄∗i (t̂

i (t)). Note that, by the imposed timing of
messages, these price vectors of functionsP∗(i t) are known by the individuals
before choices of(δi , wi , yi , ηi ) are taken and thusP∗i (t) are independent of the
choice of(δi , wi , yi , ηi ).

Now we prove that(X(m∗) + ◦
w − w∗,Y(m∗)) is a rational-expectations

Lindahl allocation with(P∗1 (t), . . . , P∗n (t)) as the Lindahl price function. Since

the mechanism is feasible,
∑n

i=1 P̄∗i = β, and [Xi (m∗(t))+ ◦wi −w∗i ] + P∗i (t) ·
Y(m∗(t)) = ◦

wi for all i ∈ N, we only need to show that each individual is
maximizing expected utility. Suppose, by way of contradiction, that there is
some(xi , y) ∈ R1+K

+ such that∫
Ei (ti ,P∗i (t);P∗i )

ui (xi , y, t)dGi (t−i | ti , P∗i (t), P∗i )

>

∫
Ei (ti ,P∗i (t);P∗i )

ui (gi (m
∗), t)dGi (t−i | ti , P∗i (t), P∗i )

andxi + P∗i (t) · y ≤
◦
wi for somet ∈ T . Because of monotonicity of the utility

function, it will be enough to confine ourselves to the case ofxi +q∗i (t) · y =
◦
wi .

Let

xλi = λxi + (1− λ)[Xi (m
∗)+ ◦

wi − w∗i ]

yλ = λy+ (1− λ)Y(m∗).
Then by strict concavity of the utility function we have∫

Ei (ti ,P∗i (t);P∗i )
ui (xλi , yλ, t)Gi (t−i | ti , P∗i (t), P∗I )

>

∫
Ei (ti ,P∗i (t);P∗i )

ui (gi (m
∗), t)Gi (t−i | ti , P∗i (t), P∗i )

for any 0< λ < 1. Also, (xλi , yλ) ∈ R1+K
+ andxλi + P∗i (t) · yλ =

◦
wi . Now

suppose that playeri choosesδi so thatδi < δ∗, yi = yλ−
∑n

j 6=i y∗j , and it keeps
t̂∗i , w∗i , η∗i , andq∗i unchanged. Thenδ = δi < δ∗ and thus(1− δ)w∗j − P∗j (t).
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Y(m∗)(t) > (1 − δ(m∗))w∗j − P∗j (t) · Y(m∗)(t) ≥ 0 for all j ∈ N by the
construction of the mechanism. Thus, we have(1− δ)w∗j − P∗j (t) · yλ > 0 for
all j ∈ N asλ is sufficiently small. Henceyλ ∈ B(mi ,m∗−i ), and therefore,
Y(mi ,m∗−i ) = yλ and Xi (mi (t),m∗−i (t)) = w∗i − P∗i (t) · Y(mi (t),m∗−i (t)) =
w∗i − P∗i (t) · yλ. Then,Xi (mi ,m∗−i )+

◦
wi − w∗i = xiλ. From∫

Ei (ti ,P∗i (t);P∗i )
ui (xλi , yλ, t)dGi (t−i | ti , P∗i (t), P∗I )

>

∫
Ei (ti ,P∗i (t);P∗i )

ui (gi (m
∗), t)dGi (t−i | ti , P∗i (t), P∗i ),

we have ∫
Ei (ti ,P∗i (t);P∗i )

ui (gi (m
∗
i ,m−i ), t)dGi (t−i | ti , P∗i (t), P∗i )

>

∫
Ei (ti ,P∗i (t);P∗i )

ui (gi (m
∗), t)dGi (t−i | ti , P∗i (t), P∗i ).

This contradicts the hypothesis that(X(m∗) + ◦
w − w∗,Y(m∗)) is a Bayesian

equilibrium allocation.

From Propositions 1 and 2, we know thatB〈M,g〉(e) = REL(e) and thus the
proof of Theorem 1 is completed.

In summary, we conclude that, for one private andK public goods economies
E satisfying assumptions imposed in the above theorem, there exists a feasible
and continuous mechanism which globally Bayesian implements the rational-
expectations Lindahl allocations.

5. CONCLUDING REMARKS

In this paper, we have presented an appealing mechanism which globally
Bayesian implements the rational-expectations Lindahl allocations for economic
environments with public goods when agents are incompletely informed about
environments. We not only allow the types of individuals to be unknown to the de-
signer, we also allow both the preferences and initial endowments to be unknown,
and have unreported endowments, which are withheld. The constructed mecha-
nism is well behaved in the sense that it is feasible and continuous. Though this
paper only considers Bayesian implementation of rational-expectations Lindahl
allocations for public economies with one private good, the mechanism presented
here can be modified to implement rational-expectations Lindahl allocations for
public goods economies with any number of goods. Such extensions are similar
to those given in Tian and Li (1995b) which Nash implement Lindahl allocations
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for economies with any number of public goods. Also, some of the techniques
developed in this paper can be used to generalized some other social choice
rules such as (generalized) ratio allocations, linear cost share, and Lindahl-ratio
allocations to rational expectations versions; and also to consider Bayesian im-
plementation of these rational-expectations social-choice correspondences by
modifying Nash implementation results of Tian (1994a) and Tian and Li (1994,
1995a).
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