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The purpose of this note is to prove the existence of an equilibrium for abstract economies with a non-compact infinite-dimen- 
sional strategy space, a countably infinite number of agents and without ordered preferences. We do so by generalizing the 

result of Yarmelis and Prabhakar to a non-compact strategy space. 

1. Introduction 

The abstract economy defined by Debreu (1952) generalizes the Nash non-cooperative game in 
that a player’s strategy set depends on the strategy choices of all the other players. Debreu (1952) 
proved the existence of equilibrium in abstract economies with finitely many agents, finite dimen- 
sional strategy space, and quasi-concave utility functions. Since then, the Debreu’s result has been 
extended in several directions. For the finite number of agents and the finite dimensional strategy 
space case, Shafer and Sonnenschein (1975) and Borglin and Keiding (1976) extended the Debreu’s 
result to abstract economies without ordered preferences. For the infinite dimensional space and 
finite or infinitely many agents case, the existence results were given by Yannelis and Prabhakar 
(1983) Khan and Vohra (1984), Toussaint (1984) Kim, Prikry, and Yannelis (1985) Khan (1986) 
and Yannelis (1987) among others. 

However, all existence theorems mentioned above are proved upon the compactness of choice sets. 
In the finite-dimensional setting, the usual closed boundedness assumptions imply compactness of 
the feasible sets. However, in the infinite-dimensional setting, the usual closed boundedness assump- 
tions do not imply compactness of the feasible sets and thus the feasible sets will not generally be 
(weakly) compact, a typical situation in infinite dimensional linear space. ’ To avoid this difficulty in 
the literature, people explicitly assume that the feasible set is (weakly) compact in some topology and 
ignore the case of non-compact feasible sets. 

Recently, Tian (1988) considered the existence of equilibrium for abstract economies with a 
non-compact infinite dimensional choice space and a countably infinite number of agents by the 
quasi-variational inequality approach. However, the quasi-variational inequality approach requires 
that preferences be representable by a concave utility function. 

’ For some infinite-dimensional spaces such as L,, I,, L,, I,, L,, and I, spaces, the feasible sets with finite number of 
agents, however, may be (weakly) compact in some weak topologies if some additional conditions are imposed [cf. Zame 
(1987, pp. 1084-1085)]. 
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This note gives another existence theorem on an equilibrium for abstract economies with a 
non-compact infinite-dimensional strategy space, a countably infinite number of agents and without 
ordered preferences. Even though this theorem only considers generalization of the existence theorem 
of Yannelis and Prabhakar (1983) by relaxing the compactness of strategy space, we think the 
techniques developed in the note can be used to generalize the other existence theorems on abstract 
economies and/or competitive equilibrium in the existing literature by relaxing the compactness of 
choice sets. 

This paper is organized as follows. Notation and definitions are given in section 2. Our main 
existence theorem and its proof are given in section 3. Some remarks are presented in section 4. 

2. Notation and definitions 

Let X and Y be two topological spaces, and let 2’ be the set of all subsets of Y. A 
correspondence F: X + 2’ is said to be upper semi-continuous (henceforth u.s.c.) if the set {x E 
X : F(x) c V } is open in X for every open subset V of Y. A correspondence F : X + 2’ is said to be 
lower semi-continuous (henceforth 1.s.c.) if the set {x E X: F(x) n V # fl} is open in X for every open 
subset I’ of Y. A correspondence F: X + 2’ is said to be continuous if it is both U.S.C. and 1s.~. A 
correspondence F: X + 2’ is said to have open lower sections if the set F-‘(y) = { x E X: y E F(x)} 
is open in X for every y E Y. 

Let the set of agents be any countable set denoted by I. Each agent has a choice set X,, a 
constraint correspondence A,: X + 2K, and a preference correspondence P,: X + 2%, where X = 
ll, ~ ,X,. Denote by X_, and A the product Ilj, ,,(,) X, and the product lI, E ,Aj. Denote by con B 
and B the convex hull and the closure of the set B. 

An abstract economy r = (X,, Ai, P,), EI is defined as a family of ordered triples (X,, A;, Pi). An 
equilibrium for ris an x*~Xsuch that x*E~(x*) and P,(x*)f1A,(x*)=,0 for each iEZ. 

3. Existence of equilibrium 

In this section we prove the existence of equilibrium for abstract economies with a non-compact 
infinite-dimensional strategy space, with a countable number of agents, and with nontotal-nontransi- 
tive preferences. We begin by stating Theorem 6.1 of Yannelis and Prabhakar (1983). 

Theorem 1. Let T=(Z,, A;, P,),,, be an abstract economy satisfying for each i E I: 

(i) Z, is a non-empty, compact, convex, metrizable subset in a locally convex Hausdorff topological 

vector space, 
(ii) Ai is non-empty and convex for all x E Z, 
(iii) the correspondence AT: Z + 2=1 is an upper semi-continuous, 

(iv) A, has open lower sections, 
(v) P, has open lower sections, 
(vi) x, E con P,(x) for all x E Z. 

Then r has an equilibrium. 

The following result is a generalization of Theorem 1 by relaxing the compactness condition. 
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Theorem 2. Let r = (Xi, A;, P,),= I be an abstract economy satisfying for each i E I: 

(i) Xi is a non-empty, convex, metrizable subset in a locally convex Hausdorff topological vector 

space, 
(ii) A;(x) is non-empty and convex for all x E X, 

(iii) the correspondence AT: X + 2xa IS upper semi-continuous and AT(x) is compact for all x E X, 

(iv) Ai has open lower sections, 

(v) Pi has open lower sections, 

(vi) xi 4 con P,(x) for all x E X, 
(vii) there exists a non-empty compact convex set C, c Xi such that: 

(vii.1) A,(C) is containkd in a compact convex set 0, c Xj, where C = ni E ,C,; 

(vii.2) A,(x)nZi#~foraZZxEX_iXZi, whereZ,=con{D,UC,}; 
(vii.3) for each xi E Zi\Ci and x_, E X_i there exists y, E Ai n Z, such that y, E P,(x). 

Then l? has an equilibrium. 

Proof. Since C, and 0, are compact and convex subsets of X,, then Z, is compact convex. Let 
Z = Hi E ,Z,. For each i E I, define a correspondence K, : Z -+ 2’8 by, for each x E Z, 

K;(x) = Ai n Z;. 

Then, by condition (ii) and properties of Z,, Ki(x) is non-empty and convex for all x E Z. Since Z is 
compact and Ai is closed (i.e., its graph is closed) by Proposition 3.7 in Aubin and Ekeland (1984, p. 
ill), Ki is closed and therefore is upper semi-continuous on Z by Theorem 3.8 in Ekeland (1984, p. 
111). Also, note that 

Ki(x) = 
Ai(X) if xiE C, 

A,(x) n Z, otherwise ’ 

Therefore, the abstract economy F = (Z,, Ki, Pi 1 ZJi E, satisfies all assumptions of Theorem 1 and 
thus there exists x* E Z such that K(x*) =n;,,K,(x*) and P,(x*) n K,(x*) =@. Now x* E C, 
for otherwise (vii.3) of Theorem 2 would be violated, and hence K(x *) = A(x *)_ Then, we have 
x* Ed and P,(x*) n A,(x*) =s’ for all i E I. So x* E X is an equilibrium of the abstract 
economy F. 0 

4. Remarks 

Remark 1. Observe that in case of a compact convex Xi, assumption (vii) in Theorem 2 is satisfied 
by C, = X,. Thus Theorem 2 is indeed a generalization of Theorem 1 by relaxing the compactness 
condition. Also, when X, is a subset in a finite dimension topological vector space, we can only 
assume C, is non-empty compact and let Z, = con{ A,(C) U C, } so that assumption (vii.1) is 
unnecessary. 

Remark 2. Assumption (vii.2) is needed to guarantee the existence of a fixed point of x(x). ’ 
Assumption (vii.3) guarantees the maximal element x* exists and is in the compact subset C of X. 

’ Tian (1990) proved that a necessary and sufficient condition for the existence of fixed points of an upper semi-continuous 
correspondence with non-empty closed values F defined on any subset (which may be non-compact and non-convex) of a 
locally convex Hausdorff topological vector space is that there exists a compact convex subset B c X such that 
F(x)nB#O for all XEB. 
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This assumption is similar to an assumption which was imposed by Border (1985, pp. 34-35) and is 
used to prove the existence of maximal elements of preferences on a non-compact choice set. 
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