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Abstract

This paper considers the problem of incentive mechanism design that results in efficient allo-
cations for economies with consumption externalities when preferences, individual endowments,
and coalition patterns among individuals are unknown to the planner. We do so by introducing
the notion of constrained distributive Lindahl equilibrium. We give a mechanism that implements
constrained distributive Lindahl allocations in Nash and strong Nash equilibria. Since the Pigouvian
mechanism is a special case of the distributive Lindahl mechanism, the mechanism also implements
the Pigouvian allocations. The mechanism is feasible and continuous. It works not only for three
or more agents, but also for two-agent economies.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

This paper studies the incentive mechanism design that selects Pareto efficient allocations
for economies with consumption externalities in which agents have preferences defined on
allocations rather on individual commodity bundles. Allocative efficiency and incentive
compatibility of an economic system are two highly desired properties for an economic
mechanism to have. Pareto optimality requires resources be allocated efficiently, and it may
be regarded as a minimal welfare criterion. The incentive compatibility of an economic
mechanism requires the consistency of individual interests and a social goal under the rules
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of the mechanism. Since agents have private information, they may find it advantageous to
distort the information they reveal, and thus, they may use such information strategically
to advance their own interests. As a result, centralized decision making may be impossible
or at least inappropriate and so decentralized decision making is highly preferable. Thus,
one needs an economic mechanism (an institution) to provide individuals with appropriate
incentives so that individuals’ interests are consistent with the goals of an organization. An
organization or economic system which has this consistency property is called incentive
compatibility.

The incentive compatibility requirements depend upon two basic components: classes
of economic environments over which a mechanism is supposed to operate and particular
outcomes that a mechanism is required to implement. A mechanism can be viewed as an
abstract planning procedure; it consists of a message space in which communication takes
place and an outcome function which translates messages into outcomes such as allocations
of resources. A mechanism implements a social choice goal if the outcomes given by the out-
come function agree with the social choice goal at an equilibrium solution concept which
describes individual self-interested behavior. The implementation theory, which regards
mechanisms as unknown, deals with precisely this problem by designing a game form such
that a prespecified welfare criterion is guaranteed to be achieved by the game across a large
domain of possible environments when individuals pursue their personal interests. The im-
plementation problem is fundamental to economics and its related social science disciplines.

For the general equilibrium approach to the efficiency of resource allocation for economic
environments with private goods, the most commonly used general equilibrium notion is
the Walrasian equilibrium principle. Since the Walrasian mechanism, in general, is not
incentive-compatible even for classical economic environments when the number of agents
is finite, many incentive-compatible mechanisms have been proposed to implement Wal-
rasian allocations at Nash equilibrium and/or strong Nash equilibrium points such as those
in Hurwicz (1979), Schmeidler (1980), Hurwicz et al. (1995), Postlewaite and Wettstein
(1989),Tian (1992, 1999, 2000a), Hong (1995), andPeleg (1996a,b)among others.

The Walrasian equilibrium principle, however, has a limited scope. When a consumer’s
level of preference depends in part on the consumption of others, not every Walrasian
equilibrium is necessarily Pareto optimal, and thus one needs to adopt other types of resource
allocation principles. The problem of designing incentive-compatible mechanisms over
classes of economies displaying externalities has been investigated in the literature mainly
in the spacial case wherein the externalities arise out of the provision of public goods such as
those inHurwicz (1979), Hurwicz et al. (1995), Walker (1977), Tian (1989, 1990, 2000b),
andLi et al. (1995).

The only exception wasVarian (1994)who gave a so-called compensation mechanism
whose subgame-perfect equilibria implement efficient allocations in economic environ-
ments with certain types of externalities. While Varian’s mechanism is simple, it has some
limitations. First, it only considers the consumption externalities in the presence of transfer-
able goods. That is, the economies considered byVarian (1994)contain both of goods with
externalities and without externalities. Second, he used subgame-perfect equilibrium as a
solution concept to describe individuals’ self-interested behavior. Subgame-perfect strategy
behavior is a weak individual behavior assumption for implementability of a social choice
goal.Moore and Repullo (1988)showed that almost all social choice correspondences are
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implementable in subgame perfect equilibrium so that it makes implementation of a social
choice rule much easier. Third, Varian’s compensation mechanism requires preferences
be continuous. Fourth, the mechanism is not individually feasible: out of equilibria, some
outcome allocations may not be in the consumption set; although in equilibrium, they are
necessarily in the consumption set.

For social choice functions defined on general economic environments,Boylan (1998)
provided a necessary and sufficient condition for a social choice function to be imple-
mentable in coalition-proof-Nash equilibrium (CPNE) in environments with complete in-
formation. His characterization result on CPNE-implementability, however, requires that
individuals’ utility functions be bounded with respect to all variables except for money,
and that they be either quasi-linear or analytic. Furthermore, due to the general nature of
the social choice rules under consideration, the implementing mechanisms turn out to be
quite complex. Characterization results show what is possible for the implementation of a
social choice rule, but not what is realistic. Thus, like most characterization results in the
literature, Boylan’s mechanism is not natural in the sense that it is not continuous; small
variations in an agent’s strategy choice may lead to large jumps in the resulting allocations.
Further, it has a message space of infinite dimension.

The purpose of this paper is twofold. First, we introduce the notion of constrained dis-
tributive Lindahl equilibrium which yields Pareto efficient allocations for economies with
consumption externalities that are characterized by non-malevolent preferences. This equi-
librium concept is a slight generalization of distributive Lindahl equilibrium introduced by
Bergstrom (1970)who demonstrated that the Lindahlian approach to the analysis of public
goods can be also used to analyze a model of wide-spread externalities in which agents have
preferences defined on allocations rather on individual commodity bundles. The distributive
Lindahl principle accommodates the existence of altruism and income redistribution with-
out resorting to arbitrary equity assessments. Second, we consider double implementation
of constrained distributive Lindahl correspondence.1 That is, we will give a specific mech-
anism in which not only Nash allocations, but also strong Nash allocations coincide with
constrained distributive Lindahl allocations. By double implementation, the solution can
cover the situation where agents in some coalitions will cooperate and in some other coali-
tions will not. Thus, the designer does not need to know which coalitions are permissible
and, consequently, it allows the possibility for agents to manipulate coalition patterns.

Note that the mechanisms proposed in the paper also have some nice properties in
that they use feasible and continuous outcome functions, and have message spaces of
finite-dimension. Furthermore, our mechanism works not only for three or more agents,

1 It is important to distinguish the constrained distributive Lindahl mechanism from the constrained distributive
Lindahl correspondence. The former is an economic mechanism while the latter is a performance correspondence
which consists of allocations which can be supported (obtained) by the constrained distributive Lindahl mechanism
and, in fact, can be implemented by non constrained distributive Lindahl mechanisms such as the mechanism
that will be given in the paper. Just like the (constrained) Walrasian mechanism, the constrained distributive
Lindahl mechanism requires that individuals choose consumption bundles taking into account aggregate feasibility
constrains, and further it is not compatible with price-taking behavior with a setting with a finite number of
individuals so that it may fail to yield Pareto-efficient allocations in the case of a small number of agents. This is
one of the main reasons why we want to give some alternative mechanism that implements constrained distributive
Lindahl allocations.
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but also for two-agent economies, and thus it is a unified mechanism which is irrespec-
tive of the number of agents. In addition, the mechanism is a market-type mechanism
in the sense that it contains prices and consumption quantities as components of
messages.

The double implementation in Nash and strong Nash equilibria was first studied by
Maskin (1979a,b). Maskin showed that any social choice correspondence that selects Pareto-
efficient and individual allocations are doubly implementable in Nash and strong Nash equi-
libria. Suh (1997)further provided a necessary and sufficient condition for a social choice
correspondence to be doubly implementable in Nash and strong Nash equilibrium for a
class of economic environments. Many specific mechanisms with a certain desired proper-
ties have been proposed to implement some well-known social choice correspondences such
as Walrasian allocation, Lindahl allocations, proportional allocations in the literature such
as those inSuh (1995), Peleg (1996a,b), Tian (1999, 2000a,b,c), andYoshihara (1999).
Yamato (1993)also considered double implementation in Nash and un-dominated Nash
equilibria.

The remainder of this paper is as follows.Section 2sets forth the framework of the anal-
ysis and gives the notion of constrained distributive Lindahl equilibrium, and notation and
definitions used for mechanism design.Section 3gives a mechanism which has the desir-
able properties mentioned above when preferences, individual endowments, and coalition
patterns are unknown to the designer. InSection 4, we prove that this mechanism doubly
implements constrained distributive Lindahl allocations. Concluding remarks are presented
in Section 5.

2. Framework and generalized distributive Lindahl equilibrium

2.1. Economic environments with preference externalities

Consider pure exchange economies withL private goods andn � 2 consumers who
are characterized by their preferences and endowments.2 Denoted byN = {1, . . . , n}
the set of consumers. Throughout this paper, subscripts are used to index consumers and
superscripts are used to index goods unless otherwise stated. An allocation is a vector
(x1, x2, . . . , xn) ∈ R

nL+ wherexi represents the bundle of goods allocated to consumeri.
For theith consumer, his characteristic is denoted byei = (ẘi, Ri), whereẘi ∈ R

L++ is
his initial endowments of the goods, and, as we are considering economies with preference
externalities,Ri is a preference ordering defined onR

nL+ . Let Pi be the strict preference
(asymmetric part) ofRi. We assume thatRi are convex3 and strictly monotonically increas-
ing in xi. We further assume thatRi are non-malevolent. The non-malevolence is needed
to ensure the existence of distributive Lindahl equilibrium. Before formalizing the notion
of non-malevolence which was introduced byBergstrom (1970), we give the concept of
separability of preferences.

2 As usual, vector inequalities are defined as follows: Leta, b ∈ Rm. Then a � b meansas � bs for all
s = 1, . . . , m; a ≥ b meansa � b buta �= b; a > b meansas > bs for all s = 1, . . . , m.

3 Ri is convex if for bundlesa, b, c with 0 < λ � 1 andc = λa + (1 − λ)b, the relationa Pi b impliesc Pi b.
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The preference relationsRi of consumeri are said to beseparable between con-
sumers if for all j ∈ N and all x and y in R

nL+ such thatxk = yk for all k �= j,
xRiy implies x′Riy

′ for any x′ and y′ such thatx′
j = xj, y′

j = yj, and x′
k = y′

k for
all k �= j.

In words, preferences are separable between individuals if each consumer’s preference
between any two allocations which contain the same commodity bundles for everyone except
some consumerj is unaffected by what consumers other thanj consume, so long as in each
of the two allocations compared the amount consumed by the others is the same. It rules out
such effects as the desire to imitate the consumption of others or a desire for a commodity
solely because of its scarcity but does allow persons to be concerned about the consumption
of others. This is the notion of separability familiar in consumption theory. WhenRi are
represented by a continuous utility function, then they are separable between consumers if
and only if they can be represented by a utility function of the formui(g1(x1), . . . , gn(xn)),
wheregj(·) is a continuous real-valued function andxj is the consumption bundle received
by consumerj.

When preferences are separable between individuals, one can define the notion of a
private preference ordering�i for consumeri on his individual consumption setRL+ as
follows: for xi andyi ∈ R

L+, we say thatxi �i yi if and only if uRiv wheneverui = xi,
vi = yi, anduj = vj for all j ∈ N with j �= i. It is clear that�i is a complete preordering
onR

L+ if preferences ofi are separable between individuals.
We are now in the position to define the concept of non-malevolence. Consumeri is said

to benon-malevolently (benevolently) related to consumerj if preferences ofi andj are
separable between individuals and for anyx andy in R

nL+ such thatxk = yk for k �= j and
xj �j yj implies thatxRiy.

In words, consumeri is non-malevolently related to consumerj if for any two allocations
x andy which contain the same bundles for everyone exceptj and such thatj privately
prefers his bundle inx to his bundle iny, consumeri respectsj’s private preference to the
extent that he prefersx to y. Non-malevolence rules out the possibility thati disagrees with
j about what kinds of goodsj should consume. When each consumer is non-malevolently
related to every other consumer, we say that the economy is characterized by non-malevolent
preference externalities.

WhenRi are represented by a continuous utility function, then consumeri is non-malevo-
lently related to all consumers if and only ifRi can be represented by a utility function of
the formui(f1(x1), . . . , fn(xn)), wherefj(·) is a continuous real-valued function which
represents the private preferences of consumerj.

A pure exchange economy with non-malevolent preference externalities (in short, a
non-malevolent pure exchange economy) is the full vectore = (e1, . . . , en) and the set
of all such pure exchange economies with non-malevolent preference externalities is de-
noted byE.

An allocationx ∈ R
nL is said to befeasible if x ∈ R

nL+ and
∑n

i=1 xi�
∑n

i=1 ẘi.
An allocationx is said to bePareto efficient if it is feasible and there does not exist another

feasible allocationx′ such thatx′Rix for all i ∈ N andx′Pix for somei ∈ N. The set of all
such allocations is denoted byP(e).

An allocationx is said to beindividually rational if xRiẘ for all i ∈ N. The set of all
such allocations is denoted byI(e).
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2.2. Constrained distributive Lindahl allocations

Let

∆L−1 =
{

pl ∈ R
L
++ :

L∑
l=1

pl = 1

}

be the normalized commodity price space which is then − 1 dimensional unit simplex, and
let

A =
{

α = [αij] : αij ≥ 0 for all i, j ∈ N and
∑
i∈N

αij = 1

}

be the admissible share space.
For pure exchange economies with non-malevolent preference externalities, we now

introduce an equilibrium principle that is called the constrained distributive Lindahl equi-
librium and described as follows. Letp be a normalized price vector in the commodity
price space∆L−1, and letα = [αij] be ann×n share matrix system in the admissible share
spaceA whereαij are the shares of the cost of consumerj’s consumption to be borne by
consumeri which are assigned to eachi ∈ N for eachj ∈ N. For a commodity price vector
p, a share matrixα, and the initial endowment vector̊w = (ẘ1, . . . , ẘn), each consumer
has an initial wealth distribution of property rights which is determined by the institutions
of the economy. Each consumeri ∈ N then states the allocation which he likes best among
those feasible allocations which he can afford if for eachj ∈ N he must pay the fractionαij

of the cost of any bundle allocated to consumerj. At an equilibrium set of prices and shares,
all consumers agree on the same allocation and there are no excess demand or supplies in
any commodity market.

Formally, for a price vectorp ∈ ∆L−1 and a share matrixα ∈ A, an initial wealth
distributionW̊ is a functionW̊(p, α) = (W̊1(p, α), . . . , W̊n(p, α)) whose value depends on
prices, shares, and the initial distribution of property rights and such that for any price-share
system(p, α) ∈ ∆L−1 × A,

∑n
i=1 W̊i(p, α) = ∑n

i=1 p · ẘi. It is assumed that̊Wi(·) is
continuous in(p, α, w) and strictly increasing in̊wi for i = 1, . . . , n.

Notice that the initial wealth distribution function̊W(p, α) = (W̊1(p, α), . . . , W̊I(p, α))

given in the present paper is more general and includes the initial wealth distribution func-
tion W̊(p) = (W̊1(p), . . . , W̊I(p)) given by Bergstrom (1970)as a special case since
Bergstrom’s initial wealth distribution function̊W(p) depends only on prices, but not on
α. It will be seen that the initial wealth distribution function̊W(p, α) defined in the paper
has some advantages that the one given inBergstrom (1970)does not share.

An allocationx = (x1, x2, . . . , xn) ∈ R
nL+ is aconstrained distributive Lindahl allocation

for an economye if there is a price vectorp ∈ ∆L−1 and a Lindahl share systemα ∈ A

such that

(1)
n∑

j=1

αij[p · xj]�W̊i(p, α);

(2) or all i = 1, . . . , n, there does not existx′ Pi x ∈ R
nL+ such that
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(2.1) x′ Pi x;
(2.2)

n∑
j=1

αij[p · x′
j] � W̊i(p, α);

(2.3)
n∑

j=1

x′
n �

n∑
j=1

ẘj,

(3)
n∑

j=1

xj �
n∑

j=1

ẘj.

The price-share-allocation triple(p, α, x) is then called a constrained distributive Lindahl
equilibrium. Thus, at a constrained distributive Lindahl equilibrium, there is unanimous
agreement about what the consumption bundle of each consumer should be, given total
initial endowments and that eachi must payαij of the cost of the bundle consumed by each
j. Denote by DLc(e) the set of all such allocations.

Remark 1. Note that a constrained distributive Lindahl allocation differs from a distributive
Lindahl allocation, which was introduced by Bergstrom (1972), only in a way that each agent
maximizes his preferences not only subject to his budget constraint, but also subject to total
endowments available to the economy. Thus, it is clearly that every distributive Lindahl
allocation is a constrained distributive Lindahl allocation, but a constrained distributive
Lindahl allocation may not be a distributive Lindahl allocation.

Remark 2. The reason we introduce the notion of the constrained distributive Lindahl
equilibrium is that, like the Walrasian and Lindahl solutions, one can show that distribu-
tive Lindahl allocations violate Maskin’s monotonicity condition so that it cannot be Nash
implemented by any feasible mechanism. However, as we will do, it is possible to design
a feasible mechanism whose Nash allocations coincide with a slightly larger set than dis-
tributive Lindahl allocations, namely, constrained distributive Lindahl allocations which are
Pareto-efficient as shown inLemma 1.

Remark 3. Bergstrom (1970)has shown that there exists a distributive Lindahl equilibrium,
if the economy is characterized by non-malevolent preference externalities and there exists
an initial allocation of resource ownershipw′ = (w′

1, . . . , w′
I), such that the initial wealth

distribution function has a special form given byW̊i(p, α) = p·w′
i and

∑I
i=1 w′

i = ∑I
i=1 ẘi,

and if the other usual conditions (such as the convexity, local non-satiation, and continuity
of preferences) are satisfied.4 It will be seen that, although non-malevolence, continuity,
and convexity of preferences are needed to ensure the existence of distributive Lindahl
equilibrium, they are not needed to ensure that the mechanism presented in the paper

4 Two examples for the initial wealth distribution function̊Wi(p, α) having such a special form can be given:
(1) W̊i(p, α) = p · ẘi by lettingw′

i = ẘi. Such an initial wealth distribution function has been used by Asdrubali
(1996) to argue coalitional instability of the distributive Lindahl equilibrium. (2)W̊i(p, α) = ∑

j∈N αij[p · ẘj ]
by lettingw′

i = ∑
j∈N αijẘj . We guess under such a specification about the initial wealth function, Asdrubali’s

conclusion may not be true.
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to implement constrained distributive Lindahl allocations. In fact, as long as preferences
are monotonic, constrained distributive Lindahl allocations can be implemented by the
mechanism we present in the paper.

We now show that, under the local non-satiation of preferences, every constrained distribu-
tive Lindahl allocation is Pareto efficient.

Lemma 1. If (p, α, x) is a constrained distributive Lindahl equilibrium and if each con-
sumer is locally nonsatiated at x, then x is Pareto efficient.

Proof. Suppose, by way of contradiction, thatx is not Pareto efficient. Then there is another
feasible allocationx such thatx′Rix for all i ∈ N andx′Pix for somei ∈ N. Sincex′
is a constrained distributive Lindahl equilibrium,x′Pix and

∑n
j=1 x′

j �
∑n

j=1 ẘj imply

that
∑n

j=1 αij[p · x′
j] > W̊i(p, α), and by local non-satiation of preferences,x′Rix and∑n

j=1 x′
j �

∑n
j=1 ẘj imply that

∑n
j=1 αij[p · x′

j] � W̊i(p, α). Therefore, ifx′ is Pareto

superior tox, we have
∑n

i=1
∑n

j=1 αij[p · x′
j] >

∑n
i=1 W̊i(p, α). But, since

∑n
i=1 αij = 1

for all j ∈ N, this implies that
∑n

j=1 x′
j >

∑n
j=1 ẘi. This contradicts the fact thatx′ is

feasible. �

In general, a distributive Lindahl allocation may not be individually rational, and further
there may be no relationship with the so-called Pigouvian equilibrium for a general wealth
distribution functionW̊ . However, when the initial wealth distribution function is given by
W̊i(p, α) = ∑

j∈N αij[p·ẘj], every distributive Lindahl allocation with such a spacial form
of initial wealth distribution is clearly individually rational so that DL(e) ⊂ I(e) ∩ P(e)

for all e ∈ EDL, and further it is a Pigouvian allocation.5 To see this, let us first define the
Pigouvian equilibrium.

Let t ∈ R
LI2 be a transfer which satisfy the condition

I∑
i=1

tij = 0.

For each price-transfer system(p, t) ∈ R
L × R

LI2, the budget setBi(p, t) of the ith
consumer is given by

x=(x1, . . . , xI)∈R
IL : xi ∈ R

L
+ and

I∑
j=1

tij · xj + p · xi=
I∑

j=1

tij · ẘj + p · ẘI


 .

An allocationx = (x1, x2, . . . , xI) ∈ R
IL is aPigouvian allocation for an economye if

it is feasible and there is a price vectorp ∈ RL and a transfer systemt ∈ R
LI2 such that

(1) x ∈ Bi(p, t) for all i = 1, . . . , I;
(2) for all i = 1, . . . , I, x′ Pi x implies

∑
j∈N tij · x′

j + p · x′
i >

∑
j∈N tij · ẘj + p · ẘi.

5 Because of these desired properties, it motivates us to generalize Bergstrom’s initial wealth distribution function
to the general one given in the present paper.
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The price-transfer-allocation(p, t, x) is then called thePigouvian equilibrium. Nakamura
(1988) has shown that there is always a Pigouvian equilibrium under the regular conditions
of convexity and continuity of preferences as well as interior endowments. It is clear that
every Pigouvian is Pareto efficient and individually rational.

Now, for i = 1, . . . , I andj = 1, . . . , I, if we let tij = αijp for i �= j andtii = (αii −1)p,
then we have

∑I
i=1 tij = 0 so that it is a transfer system, and thus every distributive Lindahl

allocation with respect to the initial wealth distribution functionW̊i(p, α) = ∑
j∈N αij[p ·

ẘj] is a Pigouvian allocation, but the reverse may not be true.

2.3. Allocation mechanism

LetMi denote theith message (strategy) domain. Its elements are written asmi and called
messages. LetM = ∏n

i=1 Mi denote the message (strategy) space. LetX : M → R
nL+

denote the outcome function, or more explicitly,Xi(m) is theith consumer’s consumption
outcome atm. A mechanism consists of〈M, X〉, which is defined onE. A messagem∗ =
(m∗

1, . . . , m∗
n) ∈ M is aNash equilibrium (NE) of the mechanism〈M, X〉 for an economy

e ∈ E if for all i ∈ N andmi ∈ Mi, it is not true that

X(mi, m∗
−i) Pi X(m∗), (1)

where(mi, m∗
−i) = (m∗

1, . . . , m∗
i−1, mi, m∗

i+1, . . . , m∗
n). The allocation outcomeX(m∗) is

then called aNash (equilibrium) allocation. Denote byVM,X(e) the set of all such Nash
equilibria and byNM,X(e) the set of all such Nash (equilibrium) allocations.

A mechanism〈M, X〉 Nash-implements the constrained distributive Lindahl correspon-
dence DLc onE if for all e ∈ E, NM,X(e) = DLc(e).

Let C be acoalition that is a non-empty subset ofN.
A messagem∗ = (m∗

1, . . . , m∗
n) ∈ M is said to be astrong Nash equilibrium of the

mechanism〈M, X〉 for an economye ∈ E if there does not exist any coalitionC and
mC ∈ ∏

i∈C Mi such that for alli ∈ C,

X(mC, m∗
−C) Pi X(m∗). (2)

X(m∗) is then called astrong Nash (equilibrium) allocation of the mechanism for the
economye. The set of all such strong Nash equilibria is denoted bySVM,X(e) and the set
of all such strong Nash (equilibrium) allocations is denoted bySNM,X(e).

The mechanism〈M, h〉 is said to doublyimplement the constrained distributive Lindahl
correspondence DLc onE, if, for all e ∈ E, SNM,N(e) = NM,X(e) = DLc(e).

A mechanism〈M, X〉 is feasible if for all m ∈ M, X(m) ∈ R
nL+ and

n∑
j=1

Xj(m)�
n∑

j=n

ẘj. (3)

3. A feasible and continuous mechanism

In this section, we present a simple feasible and continuous mechanism which doubly
implements the constrained distributive Lindahl correspondence onE.
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For eachi ∈ N, let the message domain of agenti be of the form

Mi = (0, ẘi] × ∆L−1 × A × R
nL. (4)

A generic element ofMi is mi = (wi, pi, ai, xi1, . . . , xin) whose components have the
following interpretations. The componentwi denotes a profession of agenti’s endowment,
the inequality 0< wi � ẘi means that the agent cannot overstate his own endowment;
on the other hand, the endowment can be understated, but the claimed endowmentwi

must be positive. Note that, although the true endowment is the upper bound of the re-
ported endowment, the designer does not need to know this upper bound. This is because
whenever an agent claims an endowment of a certain amount, the designer can ask him
to exhibit it (one may, for instance, imagine that the rules of the game require that the
agent ‘put on the table’ the reported amountwi). The componentpi is the price vector
proposed by agenti and is used as a price vector of agenti − 1, wherei − 1 is read to
ben wheni = 1. The componentai is anI × I share matrix proposed by agenti and is
used as a share matrix of agenti − 1. The component(xi1, . . . , xin) is the proposed allo-
cation by agenti, wherexij may be interpreted as the contribution that agenti is willing
to make to agentj (a negativexij means agenti wants to get−xij amount of goods from
agentj).

Define agenti’s price vectorpi : M → ∆L−1 by

pi(m) = pi+1, (5)

wheren + 1 is to be read as 1.
Define agenti’s share matrixαi : M → A by

αi(m) = ai+1, (6)

Thus, by the definitions ofpi(·) and αi(·), they are independent of choices of con-
sumeri so that each consumer takes them as given. Note that althoughpi(·) and αi(·)
are functions of proposed price vector and share matrix by consumeri + 1, respectively,
for simplicity, we have writtenp(·) andαi(·) as functions ofm without loss of general-
ity. Also it may be remarked that the construction ofpi(m) is much simpler than the one
used in Postlewaite and Wettstein (1989) andTian (1992), in which it is determined by
proposed price vector of all individuals, while ours is only involved one person’s proposed
price.

Define a feasible correspondenceB : M → R
nL+ by

B(m) =

x ∈ R

nL
+ :

n∑
i=1

xi �
n∑

i=1

wi

1 + ‖pi − pi(m)‖ + ‖ai − αi(m)‖ and

n∑
j=1

αi
ij(m)[pj(m) · xj] � Wi(pi(m), αi(m))

1 + ‖pi − pi(m)‖ + ‖ai − αi(m)‖ ∀i ∈ N


 , (7)

which is clearly nonempty compact convex (by the total resource constraints) for allm ∈ M.
Note that, by definition,αi

ij(m) is an element in theith row andjth column ofai+1. We will
show the following lemma in theAppendix A.
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Lemma 2. B(·) is continuous on M.

Let x̃j = ∑n
i=1 xij which is the sum of contributions that agents are willing to make to

agentj andx̃ = (x̃1, x̃2, . . . , x̃n).
The outcome functionX: M → R

nL+ is given by

X(m) = {y ∈ R
nL
+ : min

y∈B(m)
‖y − x̃‖}, (8)

which is the closest tõx. Then X is single-valued and continuous onM.6 Also, since
X(m) ∈ R

nL+ and

n∑
i=1

Xi(m) �
n∑

i=1

ẘi (9)

for all m ∈ M, the mechanism is feasible and continuous.

Remark 4. Note that the above mechanism does not depend on the number of agents. Thus,
it is a unified mechanism which works for two-agent economies as well as for economies
with three or more agents.

4. Results

The remainder of this paper is devoted to the proof of equivalence among Nash allocations,
strong Nash allocations, and constrained distributive Lindahl allocations.Proposition 1
below proves that every Nash allocation is a constrained distributive Lindahl
allocation.Proposition 2below proves that every constrained distributive Lindahl allo-
cation is a Nash allocation.Proposition 3below proves that every Nash equilibrium is
a strong Nash equilibrium. Therefore, we show that the mechanism constructed in the
previous section doubly implements constrained distributive Lindahl allocations, which
is stated in Theorem 1 below. To show these results, we first prove the following
lemmas.

Lemma 3. If m∗ ∈ VM,X(e), then p∗
1 = p∗

2 = · · · = p∗
n and a∗

1 = a∗
2 = · · · = a∗

n.
Consequently, p1(m∗) = p2(m∗) = · · · = pn(m∗) = p(m∗) ∈ ∆L−1

++ and α∗1(m∗) =
α∗2(m∗) = · · · = α∗n(m∗) = α(m∗) ∈ A.

Proof. Suppose, by way of contradiction, thatp∗
i �= p∗

i+1 and/ora∗
i �= a∗

i+1 (i.e. p∗
i �=

pi(m
∗) and/ora∗

i �= αi(m∗)) for somei ∈ N. Then
∑n

j=1 αi
ij(m

∗)[pj(m∗) · Xj(m∗)] �
Wi(pi(m

∗), αi(m∗))/(1 + ‖pi − pi(m
∗)‖ + ‖ai − αi(m∗)‖) < W(pi(m

∗), αi(m∗)), and∑n
j=1 Xj(m∗) �

∑n
j=1 wj/(1+ ‖pj − pj(m)‖ + ‖aj − αj(m)‖) <

∑n
j=1 wj. Thus, there

isx ∈ R
nL+ such that

∑
j=1 αi

ij(m
∗)[pj(m∗) ·xj]�W(pi(m

∗), αi(m∗)),
∑n

j=1 xj �
∑n

j=1 wj

6 This is becauseX is an upper semi-continuous correspondence by Berge’s Maximum Theorem(see Debreu,
1959, p. 19), and single-valued(see Mas-Colell, 1985, p. 28).
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andx Pi X(m∗) by strict monotonicity of preferences. Now if agenti choosespi = pi(m
∗),

ai = αi(m∗), xij = xj − ∑
t �=i x∗

tj for j = 1, . . . , n, and keepsw∗
i unchanged, thenx ∈

B(mi, m∗
−i), and thusX(mi, m∗

−i) = x. Therefore,X(mi, m∗
−i) Pi X(m∗). This contradicts

X(m∗) ∈ NM,X(e). Thus, we must havep∗
1 = p∗

2 = · · · = p∗
n, anda∗1 = a∗2 = · · · =

a∗n. Therefore,p1(m∗) = p2(m∗) = · · · = pn(m∗) = p(m∗) ∈ ∆L−1
++ andα∗1(m∗) =

α∗2(m∗) = · · · = α∗n(m∗) = α(m∗) ∈ A. �

Lemma 4. If m∗ ∈ NM,X(e), then w∗
i = ẘi for all i ∈ N.

Proof. Suppose, by way of contradiction, thatw∗
i �= ẘi for somei ∈ N. Then, by the

monotonicity ofWi(p, α),
∑

j=1 α∗
ij[p(m∗) · Xj(m∗)] � Wi(p(m∗), α(m∗)) < W̊i(p(m∗),

α(m∗)), and
∑n

j=1 Xj(m∗) �
∑n

j=1 wj ≤ ∑n
j=1 ẘj. Thus, there isx ∈ R

nL+ such that∑
j=1 α∗

ij[p(m∗) ·xj] � W̊i(p(m∗), α(m∗)),
∑n

j=1 xj �
∑n

j=1 ẘj, andx Pi X(m∗) by strict
monotonicity of preferences. Now if agenti chooseswi = ẘi, xij = xj − ∑

t �=i x∗
tj for

j = 1, . . . , n, and keepsp∗
i anda∗

i unchanged, thenx ∈ B(mi, m∗
−i), and thusX(mi, m∗

−i)

= x. Hence,X(mi, m∗
−i) Pi X(m∗). This contradictsX(m∗) ∈ NM,X(e) and thusw∗

i = ẘi

for all i ∈ N. �

Lemma 5. If X(m∗) ∈ NM,X(e), then
∑n

j=1 Xj(m∗) = ∑n
j=1 ẘj, and

∑
j=1 αij(m

∗)

[p(m∗) · Xj(m∗)] = W̊i(p(m∗), α(m∗)) for all i ∈ N.

Proof. Suppose, by way of contradiction, that
∑n

j=1 Xj(m∗) �= ∑n
j=1 ẘj. Then,∑n

j=1 Xj(m∗) ≤ ∑n
j=1 ẘj, and thus we must have

∑
j=1 αij(m

∗)[p(m∗) · Xi(m
∗)] <

W̊i(p(m∗), α(m∗)) for somei ∈ N, and thus there isx ∈ R
nL+ such that

∑
j=1 αij(m

∗)[p(m∗)·
xj] � W̊i(p(m∗), α(m∗)),

∑n
j=1 xj �

∑n
j=1 ẘj, andx Pi X(m∗) by strict monotonicity of

preferences. Now if agenti choosesxij = xj − ∑
t �=i x∗

tj for j = 1, . . . , n, and keeps
p∗

i , a∗
i , and w∗

i unchanged, thenx ∈ B(mi, m∗
−i), and thusX(mi, m∗

−i) = x. Hence,
X(mi, m∗

−i) Pi X(m∗). This contradictsX(m∗) ∈ NM,X(e). We must have
∑n

j=1 Xj(m∗) =∑n
j=1 ẘj, and consequently,

∑
j=1 αij(m

∗)[p(m∗) · Xj(m∗)] = W̊i(p(m∗), α(m∗)) for all
i ∈ N. �

Proposition 1. If the mechanism 〈M, X〉 defined above has a Nash equilibrium m∗ for
e ∈ E, then X(m∗) is a constrained distributive Lindahl allocation with p(m∗) as an equi-
librium price vector and α(m∗) as an equilibrium share matrix, i.e. NM,X(e) ⊂ DLc(e) for
all e ∈ E.

Proof. Let m∗ be a Nash equilibrium. ThenX(m∗) is a Nash equilibrium allocation. We
wish to show thatX(m∗) is a constrained distributive Lindahl allocation. ByLemmas 3–5,
p1(m∗) = · · · = pn(m∗) = p(m∗) ∈ ∆L−1

+ , α1(m∗) = · · · = αn(m∗) = α(m∗) ∈ A,
w∗

i = ẘi,
∑

j=1 αij(m
∗)[p(m∗) · Xj(m∗)] = W̊i(p(m∗), α(m∗)) for all i ∈ N, and∑n

j=1 Xj(m∗) = ∑n
j=1 ẘj. Also, by the construction of the mechanism, we know that

X(m∗) ∈ R
nL+ . So we only need to show that each individual is maximizing his/her
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preferences subject to his budget constraint and resource constraints. Suppose, by way
of contradiction, that for some agenti, there exists somẽx ∈ R

nL+ such that
∑n

j=1 x̃j �∑n
j=1 ẘj,

∑
j=1 αij(m

∗)[p(m∗) · x̃j] � W̊i(p(m∗), α(m∗)) andx̃ Pi X(m∗). Let xij = x̃j −∑
t �=i x∗

tj, for j = 1, . . . , n, and keepp∗
i , a∗i, andw∗

i unchanged, theñx ∈ B(mi, m∗
−i),

and thusX(mi, m∗
−i) = x̃. Therefore, we haveX(mi, m∗

−i) Pi X(m∗). This contradicts
X(m∗) ∈ NM,X(e). SoX(m∗) is a constrained distributive Lindahl allocation. �

Proposition 2. If x∗ = (x∗
1, x∗

2, . . . , x∗
n) is a constrained distributive Lindahl allocation

with an equilibrium price vector p∗ ∈ ∆L−1
+ and an equilibrium share matrix α∗ ∈ A for

e ∈ E, then there exists a Nash equilibrium m∗ of the mechanism 〈M, X〉 defined above such
that Xi(m

∗) = x∗
i , pi(m

∗) = p∗, and αi(m∗) = α∗, for all i ∈ N, i.e. DLc(e) ⊂ NM,X(e)

for all e ∈ E.

Proof. Since preferences satisfy the strict monotonicity condition andx∗ is a constrained
distributive Lindahl allocation, we must havep∗ ∈ ∆L−1, α∗ ∈ A,

∑n
j=1 x∗

j = ∑n
j=1 ẘj

and
∑

j=1 αij(m
∗)[p(m∗) · x∗

j ] = W̊i(p(m∗), α(m∗)) for i ∈ N. Now for eachi ∈ N, let
m∗

i = (ẘi, p∗, α∗, x∗
i1, . . . , x∗

in).
Thenx∗ is an outcome withp∗ as a price vector andα∗ as a share matrix, i.e.Xi(m

∗) = x∗
i

for all i ∈ N, pi(m
∗) = p∗, andαi(m∗) = α∗. We show thatm∗ yields this allocation as a

Nash allocation. In fact, agenti cannot changepi(m
∗) andα(m∗) by changing his proposed

price and proposed share matrix (i.e.pi(mi, m∗
−i) = pi(m

∗) andαi(mi, m∗
−i) = αi(m∗)

for all mi ∈ Mi). Announcing a different messagemi by agenti may yield an allocation
X(mi, m∗

−i) such thatX(mi, m∗
−i) ∈ R

nL+ ,

p(m∗) ·
∑
j=1

αij(m
∗)[Xi(mi, m∗

−i)] � W̊i(p(m∗), α(m∗)), (10)

and ∑
j=1

Xj(mi, m∗
−i) �

n∑
i=1

ẘi. (11)

Now suppose, by way of contradiction, thatm∗ is not a Nash equilibrium. Then there
arei ∈ N andmi such thatX(mi, m∗

−i) Pi X(m∗). Since
∑n

j=1 Xj(mi, m∗
−i)�

∑n
i=1 ẘi, we

must have, by the definition of the constrained distributive Lindahl allocation,
∑

j=1 αij(m
∗)

[p(m∗) · Xi(mi, m∗
−i)] >

∑
j=1 αij(m

∗)W̊ i(p(m∗), α(m∗)). But this contradicts the budget
constraint ((10)). Thus we have shown that agenti cannot improve his/her utility by chang-
ing his/her own message while the others’ messages remain fixed for alli ∈ N. Hencex∗
is a Nash allocation. �

Proposition 3. Every Nash equilibrium m∗ of the mechanism defined above is a strong
Nash equilibrium, that is, NM,X(e) ⊆ SNM,X(e).

Proof. Let m∗ be a Nash equilibrium. ByProposition 1, we know thatX(m∗) is a con-
strained distributive Lindahl allocation withp(m∗) as a price vector. ThenX(m∗) is Pareto
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optimal and thus the coalitionN cannot be improved upon by anym ∈ M. Now for any
coalitionC with ∅ �= C �= N, choosei ∈ C such thati + 1 /∈ C. Then no strategy played
by C can change the budget set ofi sincepi(m) is determined bypi+1 andαi(m) is de-
termined byai+1. Furthermore, becauseX(m∗) ∈ DLc(e), it is the preference maximizing
consumption with respect to the budget set ofi and the total endowments, and thusC cannot
improve uponX(m∗). �

Since every strong Nash equilibrium is clearly a Nash equilibrium, then by combining
Propositions 1–3, we have the following theorem.

Theorem 1. For the class of exchange economies E, there exists a feasible and continuous
mechanism which doubly implements the constrained distributive Lindahl correspondence.
That is, NM,X(e) = SNM,X(e) = DLc(e) for all e ∈ E.

5. Conclusion

In this paper, we have considered the incentive mechanism design which results in efficient
allocations for exchange economies with consumption externalities. We do so by introduc-
ing the notion of constrained distributive Lindahl solution for economies with consumption
externalities. We then presented a market-type mechanism which doubly implements con-
strained distributive Lindahl allocations when coalition patterns, preferences, and endow-
ments are unknown to the designer. In particular, since the Pigouvian mechanism is a special
case of the distributive Lindahl mechanism, the mechanism also implements the Pigouvian
allocations. The double implementation covers the case where agents in some coalitions
may cooperate and in other coalitions may not, when such information is unknown to the
designer. This combining solution concept, which characterizes agents’ strategic behavior,
may bring about a state which takes advantage of both Nash (social) equilibrium and strong
Nash (social) equilibrium, so that it may be easy to reach and hard to leave. The mechanisms
constructed in the paper are well-behaved in the sense that they are feasible and continuous.
In addition, the mechanism works also for two agents.

For the simplicity of exposition, attention has only been confined to pure exchange
economies and consequently, to purely consumption externalities in the present paper. How-
ever, the results may likely be extended to economies with convex production technologies
by extending the notion of the (constrained )distributive Lindahl equilibrium to convex
production economies.
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Appendix A

Proof of Lemma 2. It is clear thatB(·) has closed graph by the continuity ofpi(·), αi(·),
andWi(·). Since the range space of the correspondenceB(·) is bounded by the reported
total endowments

∑n
i=1 wi, it is compact. Thus,B(·) is upper hemi-continuous onM. So

we only need to show thatB(m) is also lower hemi-continuous at everym ∈ M. Let
m ∈ M, x = (x1, . . . , xn) ∈ B(m), and let{mk} be a sequence such thatmk → m, where
mk = (mk

1, . . . , mk
n) andmk

i = (wk
i , pk

i , ak
i , zk

i1, . . . , zk
in). We want to prove that there is a

sequence{xk} such thatxk → x, and, for allk, xk ∈ B(mk), i.e.xk = (x1k, . . . , xnk) ∈ R
nL+ ,∑n

j=1 αi
ij(mk)[pj(mk) · xjk] � Wi(pi(mk), αi(mk))/(1+ ‖pk

i − pi(mk)‖ + ‖ak
i − αi(mk)‖)

for all i ∈ N, and
∑

i∈N xik �
∑

i∈N wk
i /(1 + ‖pk

i − pi(mk)‖ + ‖ak
i − αi(mk)‖). We

first prove that there is a sequence{x̂k} such thatx̂k → x, and, for allk, x̂k ∈ R
nL+ and∑n

j=1 αi
ij(mk)[pj(mk) · x̂jk] � Wi(pi(mk), αi(mk))/(1+ ‖pk

i − pi(mk)‖ + ‖ak
i − αi(mk)‖)

for all i ∈ N.
Let N ′ = {i ∈ N :

∑n
j=1 αi

ij[pj(m) · xj] = Wi(pi(m), αi(m))/(1 + ‖pi − pi(m)‖ +
‖ai − αi(m)‖)}. Two cases will be considered.

Case 1. N ′ = ∅, i.e.
∑n

j=1 αi
ij(m)[pj(m) · xj] < Wi(pi(m), αi(m))/(1+ ‖pi − pi(m)‖ +

‖ai − αi(m)‖) for all i ∈ N. Then, by the continuity ofpi(·), αi(·), andWi(·), for all k

larger than a certain integerk′, we have
∑n

j=1 αi
ij(mk)[pj(mk)·xjk] < Wi(pi(mk), αi(mk))/

(1 + ‖pk
i − pi(mk)‖ + ‖ak

i − αi(mk)‖). Let x̂k = x for all k > k′ andx̂k = 0 for k � k′.
Then, x̂k → x, and, for allk,

∑n
j=1 αi

ij(mk)[pj(mk) · x̂jk] < Wi(pi(mk), αi(mk))/(1 +
‖pk

i − pi(mk)‖ + ‖ak
i − αi(mk)‖) for all i ∈ N.

Case 2. N ′ �= ∅. Then
∑n

j=1 αi
ij(m)[pj(m) ·xj] = Wi(pi(m), αi(m))/(1+‖pi −pi(m)‖+

‖ai −αi(m)‖) for all i ∈ N ′. Note that, sinceWi(·) > 0, we must have
∑n

j=1 αi
ij(m)[pj(m) ·

xj] > 0, and thus, by the continuity ofpi(m) > 0 andαi(m) > 0, fik(x) ≡ ∑n
j=1 αi

ij(mk)

[pj(mk) · xj] > 0 for all k larger than a certain integerk′. For eachk ≥ k′ andi ∈ N ′, let
ωi = Wi(pi(m), αi(m))/(1+‖pi−pi(m)‖+‖ai−αi(m)‖),ωik = Wi(pi(mk), αi(mk))/(1+
‖pk

i − pi(mk)‖ + ‖ak
i − αi(mk)‖) let λik = ωik/fik(x),

x̂i
k =




λikx, if
ωik

fk(x)
� 1;

x, otherwise.

and let x̂k = mini∈N ′ {x̂i
k} = x mini∈N ′ {1, λik}. Then x̂k � x̂i

k � x. Also, sinceλik =
ωik/fik(x̂) → ωi/

∑n
j=1 αi

ij(m)[pj(m) · xj] = 1 for all i ∈ N ′, we havex̂k → x and
fik(x̂k) > 0 for all k larger than a certain integerk′′. Now we claim that̂xk also satisfies∑n

j=1 αij(mk)[pj(mk) · x̂jk] � Wi(pi(mk), αi(mk))/(1+ ‖pk
i − pi(mk)‖ + ‖ak

i − αi(mk)‖)

for all i ∈ N andk�max{k′, k′′}. Indeed, for eachi ∈ N ′, we have
∑n

j=1 αij(mk)[pj(mk) ·
x̂jk] � Wi(pi(mk), αi(mk))/(1+‖pk

i −pi(mk)‖+‖ak
i −αi(mk)‖) by the definition of̂xk. For

all i ∈ N\N ′, since
∑n

j=1 αi
ij(m)[pj(m) · xj] < Wi(pi(m), αi(m))/(1 + ‖pi − pi(m)‖ +
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‖ai − αi(m)‖), we have
∑n

j=1 αij(mk)[pj(mk) · x̂jk] � Wi(pi(mk), αi(mk))/(1 + ‖pk
i −

pi(mk)‖ + ‖ak
i − αi(mk)‖) for all k larger than a certain integerk′′′ by the continuity of

pi(m) > 0, αi(m) > 0, andWi(·). Thus, for allk ≥ max{k′, k′′, k′′′} andI ∈ N, we have∑n
j=1 αi

ij(mk)[pj(mk) · x̂jk] � Wi(pi(mk), αi(mk))/(1+ ‖pk
i − pi(mk)‖ + ‖ak

i − αi(mk)‖)

for all i ∈ N.
Thus, in both cases, there is a sequence{x̂k} such that̂xk → x, and, for allk, x̂k ∈ R

nL+ and∑n
j=1 αi

ij(mk)[pj(mk) · x̂jk] � Wi(pi(mk), αi(mk))/(1+ ‖pk
i − pi(mk)‖ + ‖ak

i − αi(mk)‖)

for all i ∈ N.
We now show that there is a sequence{x̄k} such that̄xk → x, and, for allk, x̄k ∈ R

nL+
and

∑
i∈N x̄ik �

∑
i∈N wk

i . For eachl = 1, . . . , L, two cases will be considered.

Case 1.
∑

i∈N xl
i <

∑
i∈N wl

i/(1+‖pi−pi(m)‖+‖ai−αi(m)‖). Hence, for allk larger than
a certain integerk′, we have

∑
i∈N xl

i <
∑

i∈N wlk
i /(1+ ‖pk

i − pi(mk)‖ + ‖ak
i − αi(mk)‖).

For eachi ∈ N, let x̄l
ik = xl

i for all k > k′ and x̂l
ik = 0 for k � k′. Then, we have∑

i∈N xl
ik <

∑
i∈N wlk

i /(1 + ‖pk
i − pi(mk)‖ + ‖ak

i − αi(mk)‖).

Case 2.
∑

i∈N xl
i = ∑

i∈N wl
i/(1+‖pi −pi(m)‖+‖ai −αi(m)‖). Note that, sincewi > 0

for all i, we must have
∑

i∈N xl
i > 0. For eachi ∈ N, definex̄l

ik as follows:

x̄l
ik =




∑
i∈N wlk

i /(1 + ‖pk
i − pi(mk)‖

+‖ak
i − αi(mk)‖)∑

i∈N xl
i

xl
i, if

∑
i∈N wlk

i (1 + ‖pk
i − pi(mk)‖

+‖ak
i − αi(mk)‖)∑

i∈N xl
i

� 1;

xl
i, otherwise.

Thenx̄l
ik � xl

i, and
∑

i∈N x̄l
ik �

∑
i∈N wlk

i /(1 + ‖pk
i − pi(mk)‖ + ‖ak

i − αi(mk)‖).
Also, since

∑
i∈N [wlk

i /(1+‖pk
i −pi(mk)‖+‖ak

i −αi(mk)‖)]/
∑

i∈N xl
i → ∑

i∈N [wl
i/(1+

‖pi −pi(m)‖+‖ai −αi(m)‖)]/
∑

i∈N xl
i = 1, we havēxl

ik → xl
i. Thus, in both cases, there

is a sequence{x̄k} such that̄xk → x, and, for allk, x̄k ∈ R
nL+ and

∑
i∈N xk

i �
∑

i∈N wk
i /

(1 + ‖pk
i − pi(mk)‖ + ‖ak

i − αi(mk)‖). Here,x̄k = (x̄1
k, . . . , x̄L

k ).
Finally, let x′

k = min(x̄k, x̂k) with x′
ik = min(x̄ik, x̂ik) for i = 1, . . . , n. Thenx′

k → x

since x̄k → x and x̂k → x. Also, for everyk larger than a certain integerk̄, we have
x′

k ≥ 0,
∑

i∈N x′
ik �

∑
i∈N wk

i /(1+ ‖pk
i − pi(mk)‖ + ‖ak

i − αi(mk)‖) becausex′
k � x̄k and∑

i∈N x̄ik �
∑

i∈N wk
i /(1+ ‖pk

i − pi(mk)‖ + ‖ak
i − αi(mk)‖), and

∑n
j=1 αi

ij(mk)[pj(mk) ·
x′

jk] � Wi(pi(mk), αi(mk))/(1+‖pk
i −pi(mk)‖+‖ak

i −αi(mk)‖) for all i ∈ N by noting that

x′
ik � x̂ik. Let xk = x′

k for all k > k̄ andxk = 0 for k � k̄. Then,xk → x, andxk ∈ B(mk)

for all k. Therefore, the sequence{xk} has all the desired properties. SoBx(m) is lower
hemi-continuous at everym ∈ M.

References

Bergstrom, X., 1970. A Scandivavian consensus solution for efficient income distribution among nonmalevolent
consumers. Journal of Economic Theory 2, 383–398.



G. Tian / Journal of Mathematical Economics 39 (2003) 831–847 847

Boylan, R.T., 1998. Coalition-proof implementation. Journal of Economic Theory 82, 132–143.
Debreu, G., 1959. Theory of Value. Wiley, NY.
Hurwicz, L., 1979. Outcome function yielding Walrasian and Lindahl allocations at Nash equilibrium point.

Review of Economic Studies 46, 217–225.
Hurwicz, L., Maskin, E., Postlewaite, A., 1995. Feasible Nash implementation of social choice rules when the

designer does not know endowments or production sets. In: Ledyard, J.O. (Ed.), The Economics of Informational
Decentralization: Complexity, Efficiency, and Stability (Essays in Honor of Stanley Reiter). Kluwer Academic
Publishers, Dordrecht, pp. 367–433.

Li, Q., Nakamura, S., Tian, G., 1995. Nash-implementation of the Lindahl correspondence with decreasing returns
to scale technologies. International Economic Review 36, 37–52.

Mas-Colell, A., 1985. Theory of General Economic Equilibrium—A Differentiable Approach. Cambridge
University Press, Cambridge.

Maskin, E., 1979a. Incentive Schemes Immune to Group Manipulation. Mimeo.
Maskin, E., 1979b. Implementation and strong Nash equilibrium. In: Laffont, J.-J. (Ed.), Aggregate and Revelation

of Preferences, North-Holland, Amsterdam, pp. 432-439.
Moore, J., Repullo, R., 1988. Subgame perfect implementation. Econometrica 56, 1191–1220.
Peleg, B., 1996a. A continuous double implementation of the constrained walrasian Equilibrium. Economic Design

2, 89–97.
Peleg, B., 1996b. Double implementation of the Lindahl equilibrium by a continuous mechanism. Economic

Design 2, 311–324.
Schmeidler, D., 1980. Walrasian analysis via strategic outcome functions. Econometrica 48, 1585–1593.
Suh, S., 1995. A mechanism implementing the proportional solution. Economic Design 1, 301–317.
Suh, S., 1997. Double implementation in Nash and strong Nash equilibria. Social Choice and Welfare 14, 439–447.
Tian, G., 1989. Implementation of the Lindahl correspondence by a single-valued, feasible, and continuous

mechanism. Review of Economic Studies 56, 613–621.
Tian, G., 1990. Completely feasible and continuous Nash-implementation of the Lindahl correspondence with a

message space of minimal dimension. Journal of Economic Theory 51, 443–452.
Tian, G., 1992. Implementation of the Walrasian correspondence without continuous, convex, and ordered

preferences. Social Choice and Welfare 9, 117–130.
Tian, G., 1999. Double implementation in economies with production technologies unknown to the designer.

Economic Theory 13, 689–707.
Tian, G., 2000a. Double implementation of Lindahl allocations by a pure mechanism. Social Choice and Welfare

17, 125–141.
Tian, G., 2000b. Incentive mechanism design for production economies with both private and public ownership.

Games and Economic Behavior 33, 294–320.
Tian, G., 2000c. Implementation of balanced linear cost share equilibrium solution in Nash and strong Nash

equilibria. Journal of Public Economics 76, 239–261.
Varian, H.R., 1994, A Solution to the problem of externalities when agents are well-informed. American Economic

Review 84, 1278-1293.
Walker, M., 1977. On the informational size of message spaces. Journal of Economic Theory 15, 366–375.
Yamato, T., 1993. Double implementation in Nash and undominated Nash equilibria. Journal of Economic Theory

59, 311-323.
Yoshihara, N., 1999. Natural and double implementation of public ownership solutions in differentiable production

economies. Review of Economic Design 4, 127–151.


	A solution to the problem of consumption externalities
	Introduction
	Framework and generalized distributive Lindahl equilibrium
	Economic environments with preference externalities
	Constrained distributive Lindahl allocations
	Allocation mechanism

	A feasible and continuous mechanism
	Results
	Conclusion
	Acknowledgements
	Appendix A
	References


