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This paper proves the equilibrium existence for abstract economies with non-compact infinite- 
dimensional strategy spaces, infinitely many agents, and discontinuous payolT (utility) functions 
by using the quasi-variational inequality approach. The motivations come from economic 
applications showing that payoff functions are discontinuous in many cases and the set of 
feasible allocations generally is not compact in a given topology of the commodity space, a 
typical situation in infinite dimensional vector space. It will be noted that our results also extend 
a foundational quasi-variational inequality by relaxing the compactness and concavity con- 
ditions. Thus many existence theorems in the quasi-variational inequalities literature can also be 
generalized by our results. 

1. Introduction 

In this paper we deal mainly with the problem of the existence of the 
social equilibrium in abstract economies with discontinuous payoff functions, 
non-compact infinite-dimensional strategy space, and infinitely many agents. 

The abstract economy defined by Debreu (1952) generalizes an iv-person 
Nash noncooperative game in that a player’s strategy set depends on the 
strategy choices of all the other players and can be used to prove the 
existence of competitive equilibrium since the market mechanism can be 
regarded as an abstract economy [cf. e.g., Arrow and Debreu (1954)]. Debreu 
(1952) proved the existence of equilibrium in abstract economies with finitely 
many agents and finite-dimensional strategy spaces by assuming the existence 
of continuous utility functions. Since Debreu’s seminal work on abstract 
economies, many existence results have been given in the literature. Shafer 
and Sonnenschein (1975) extended Debreu’s results to abstract economies 
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without ordered preferences.’ For the infinite dimensional space and finite 
or infinitely many agents cases, the existence results were given by Yannelis 
and Prabhakar (1983), Khan and Vohra (1984), Khan (1986), Yannelis 
(1987), and Kim, Prikry, and Yannelis (1989). 

To the best of my knowledge, however, all the existence theorems, 
including those mentioned above, on abstract economies and competitive 
equilibrium in the literature, are obtained by assuming that the choice sets 
are compact in some topological vector space and/or payoff functions (or 
preference relations) are continuous. * But, in many cases, payoff functions 
are discontinuous. Also, in the finite-dimensional setting, the usual (closed) 
boundedness assumptions imply compactness of the feasible consumption 
and production sets and thus the compactness hypotheses may be plausible. 
Since the set of feasible allocations is bounded by total endowments and thus 
is compact, any equilibrium allocation is feasible and therefore is in the 
compact set. Thus the consumption and prcduction sets can be compactified 
by truncating these sets and it can be shown that the equilibrium of the 
truncated subeconomy is an equilibrium of the original economy as long as 
the truncated subeconomy is close enough to the original economy. How- 
ever, in the infinite-dimensional setting, the usual (closed) boundedness 
assumptions do not imply compactness of the feasible consumption and 
production sets and thus the feasible sets will not generally be compact in a 
given topology of the commodity space and they are not even weakly 
compact for any topology in a vector space.3 Thus one cannot use the 
truncated economy approach to prove the existence of competitive equili- 
brium. To avoid this difficulty in the literature, economists [say, e.g., Zame 
(1987)] explicitly assume that the feasible sets are (weakly) compact in some 
topology. However, this is not a satisfactory assumption since, as we 
mentioned above, in the infinite-dimensional setting, the feasible sets will not 
generally be compact in any topology of the commodity vector space. Thus 
the compactness assumption does not solve the problem in this general 
abstract framework. 

An appropriate question then is whether or not we can extend Debreu’s 
theorem to the case of non-compact choice spaces and/or discontinuous 
payoff functions. The purpose of this paper is to answer this question in the 
affirmative. Of course, in order to guarantee the existence of equilibria on a 

‘Shafer and Sonnenschein (1975) did not strictly generalize Debreu’s results since convexity 
rather than contractibility assumptions are made. 

‘In the case where an abstract economy reduces to the conventional game, Dasgupta and 
Maskin (1986) and Tian and Zhou (1992) extended the existence theorems of Nash (1950, 
1951). Debreu (1951), Nikaido and Isoda (1955) by relaxing the continuity of payoff functions. 
But they still assume the strategy spaces are compact. 

3For some infinite-dimensional spaces such as L Ir [Ir Lz. 12, L,, and I, spaces, the feasible 
sets with finite number of agents, however, may be. (weakly) compact in some weaker topologies 
if some additional conditions are imposed [cf. Zame (1987, pp. 1084-1085)]. 
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non-compact set, some kind of ‘boundary’ assumptions (i.e., assumptions on 
utility functions outside of some compact set) is absolutely necessary. The 
‘boundary’ assumption used in this paper [Assumption (iii.3) in Theorem 2 
below] is similar to those used by Border (1985) and Allen (1977) to prove 
the existence of maximal elements of binary relations and of equilibrium of 
variational inequality on non-compact sets. This assumption is a natural 
generalization of the compactness assumption since it is satisfied if the choice 
space itself is compact. 

Even though this paper only considers the existence of equilibrium in 
abstract economies, we think the results given in this paper can be used, by 
applying standard techniques, to extend the existence theorems on general 
equilibrium in the literature such as those in Bewley (1972) Bojan (1974) 
El’Barkuki (1977), Mas-Cole11 (1986), and Zame (1987) to economies with 
non-compact feasible sets, and discontinuous, interdependent, and price- 
dependent preferences so that we do not need to assume the existence of a 
weaker topology to guarantee the compactness of the feasible sets. Also the 
results may be used to extend the equilibrium existence theorems on N- 
person social coalitional games [Ichiishi (1981)] in the literature. Further, 
our results extend the results of Aubin (1979) Zhou and Chen (1988) and 
Tian and Zhou (1991) on a foundational quasi-variational inequality by 
relaxing the compactness and/or concavity conditions. Thus many existence 
theorems in quasi-variational inequalities literature can be generalized by our 
results. 

The remainder of this paper is organized as follows. Section 2 states some 
notation, definitions, and mathematical preliminaries. The main existence 
theorems and their proofs are given in section 3. Finally, some concluding 
remarks are presented in section 4. 

2. Notation, definitions, and framework 

2.1. Mathematical preliminaries 

Let X and Y be two topological spaces, and let 2’ be the collection of all 
subsets of Y. A correspondence F:X+2* is said to be upper semi-continuous 
(in short, u.s.c.) if the set {x E X: F(x) c V} is open in X for every open subset 
V of Y. A correspondence F: X+2* is said to be lower semi-continuous (in 
short, 1.s.c.) if the set {x EX: F(x) n I/# @} is open in X for every open 
subset V of Y. A correspondence F:X-+2* is said to be continuous if it is 
both U.S.C. and 1.s.c. A correspondence F:X-+2* is said to have open lower 
sections if the set F-‘(y) = {x EX: YE F(x)} is open in X for every ye Y. A 
correspondence F:X-+2* is said to have open upper sections if, for every 
XEX, F(x) is open in Y. A correspondence F:X-+2* is said to be closed if 
the correspondence has a closed graph, i.e., the set {(x, y) E X x Y: y E F(x)} is 
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closed in X x Y. A correspondence F: X+2* is said to have an open graph if 
the set {(x, y) EX x Y: YE F(x)} is open in X x Y. Denoted by COB and B 
denotes the convex hull and the closure of the set B. 

Let X be a topological space. A function f: X+R u { - co} is said to be 
upper semi-continuous (in short, u.s.c.) on X if for each point x’EX, we have 

lim supf(x) SJx’), 
x+x’ 

or equivalently, its epigraph epi u = {(x, a) E X x R:f(x) 2 a> is a closed subset 
of X x II& A function J:X+R u { + co} is said to be lower semi-continuous (in 
short, 1.s.c.) on X if -f(x) is upper semi-continuous on X. 

A functional 4(x, y):X x X+64! u { + co} is said to be @diagonally quasi- 
concaue (in short, 0-DQCV) in y [cf. Zhou and Chen (1988)], if for any finite 
subset {yI,..., y,}cX and any Y,ECO{Y, ,..., y,}(i.e., Y~=~~=,~~Y~ for 
S 2 0 with I?= 1 ~j = l), 

min ~(YA, Yj) i 0. 

A functional 4(x, y): X x X+ R u { f a~} is to be @diagonally quasi-convex (in 
short, 0-DQCX) in y if -4(x, y) is O-diagonally quasi-concave. 

Remarks 1. Zhou and Chen (1988) gave a class of diagonal (quasi-) 
concavity (convexity) conditions which are weaker than the usual (quasi-) 
concavity (convexity) conditions and from which many theorems in convex 
analysis and (quasi-) variational inequalities can be generalized. 

We first state some technical lemmas which are needed in the discussions 
of the existence of equilibria for abstract economies below. 

Lemma 1. Let X and Y be two topological spaces, and let F: X+2* be an 
upper semi-continuous correspondence with closed values. Then F is closed. 

Lemma 2. Let X and Y be two topological spaces, and F:X-+2* be a closed 
correspondence. Then F is upper semi-continuous if Y is compact. 

Lemma 3. Let X and Y be two topological spaces, and ~$1 X+2’ and 
$:X+2* be correspondences having open lower sections. Then the correspon- 
dence 8:X+2* defined by, for all XEX, O(x) =4(x) A $(x), has open lower 
sections. 

Lemma 4. Let X be a topological space and let Y be a convex subset of a 



G. Tian, Existence of equilibrium in abstract economies 383 

topological vector space. Suppose a correspondence 4: X -2’ has open lower 
sections. Then the correspondence $1 X+2’ defined by Il/(x)=co$~(x) for all 
x E X has open lower sections. 

Lemma 5. Let X be a paracompact Hausdorf space and Y be a topological 
vector space. Suppose F: X +2’ is a correspondence with nonempty convex 
values and has open lower sections. Then there exists a continuous function 
f: X-t Y such that f(x) E F(x) for all x E X. 

The proofs of Lemmas 1 and 2 can be found, e.g., in Aubin and Ekeland 
(1984, ch. 3). The proofs of Lemmas of 3-5 can be found in Yannelis and 
Prabhakar (1983). 

We now extend a fundamental quasi-variational inequality [see, e.g., Aubin 
(1979, Theorem 9.3.1) or Aubin and Ekeland (1984, Theorem 6.4.21)] by 
relaxing the concavity condition. This also extends a result of Zhou and 
Chen (1988, Theorem 3.1) by relaxing the 0-DCV condition. 

Proposition 1. Let Z be a nonempty, compact, convex, and metrizable subset 
in a locally convex Hausdorff topological vector space. Suppose that 

(a) K: 2’ is a correspondence with nonempty convex values and has open lower 
sections such that R: Z -2’ is u.s.c., 

(b) ~:ZxZ+Ru{f } CC is lower semi-continuous in x for any YE Z and is 
O-diagonally quasi-concave in y for any x E Z. 

Then there exists x* E R(x*) such that sup,,,~,~~~(x*, y) 50. 

Proof. Define a correspondence P: Z+2’ by, for each XE Z, P(x) = 
{YE Z: 4(x, y) >O}. Thus, to show the conclusions of the proposition, it is 
equivalent to show that there exists x* E R(x*) such that K(x*) n P(x*) = 0. 

Since 4 is 1.s.c. in x, then for each XE Z, P-‘(y)={x~ Z: 4(x, y)>O} is 
open. Thus P has open lower sections. Also, x #co P(x) for all x E Z. To see 
this, suppose, by way of contradiction, that there exists some point X~E Z 
such that X~ECO P(xJ. Then there exist finite points, x1,. . . ,x, in Z, and 
Sz-0 with cj”= 1 A,= 1 such that x1 =cj”= 1 Ajxj and xi E P(xJ for all i= 
1 , . . . , m. That is, &x,,xi) > 0 for all i, which contradicts the hypothesis that 4 
is 0-DQCV in y. 

Define another correspondence F: Z+2’ by F(x) = K(x) n co P(x). Let 
U={x~z:F(x)#@}. S ince K and P have open lower sections in Z, they are 
in U. Then, by Lemma 4, co P has open lower sections in U. Hence, by 
Lemma 3, the corresdpondence FI V: U-2’ has lower open sections in U 
and for all XE U, F(x) is nonempty and convex. Also, since X is a metrizable 
space, it is paracompact [cf. Michael (1956, p. 831)]. Hence, by Lemma 5, 
there exists a continuous function f: U+Z such that f(x) E F(x) for all x E U. 
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Note that, since F has open lower sections and thus is 1.s.c. [cf. Yannelis and 
Prabhakar (1983, p. 237)], U is open. Define the correspondence G:Z+2Z by 

G(x) = {itx)) if x E ’ 
K(x) otherwise. (1) 

Then G is an upper semi-continuous correspondence with nonempty closed 
convex values. Hence, by Kakutani’s fixed point theorem, there exists a point 
X*EZ such that x* E G(x*). Note that, if X*EU, then 
x* = f(x*) E F(x*) c co P(x*), a contradiction. Hence, x* r$ U and thus 
x* E R(x*) and K(x*) n co P(x*) = /25 which implies K(x*) n P(x*) = 0. 0 

2.2. Abstract economies 

Let I be the set of agents which is any (finite or infinite) countable set. 
Each agent has a choice set Xi, a constraint correspondence4 Ai:Xi~2XI, 
and a payoff (utility) function Ui: ~jslXj~[w u { f co}, where X=l&, Xi. 
Denote by X-i and A the product nj~l\ti)Xj and the product nip, Aj. 
Denote by x and x_~ an element of X and an element of X_i, respectively. 

An abstract economy (or a generalized game) r = (Xi, Ai, ui)i., is defined as 
a family of ordered triples (Xi, Ai, ui). Following Borglin and Keiding (1976), 
or Yannelis and Prabhakar (1983), an equilibrium for F is an x* E X such that 
X* E A(x*) and Ui(X*) 2 u(x+~, Xi) for all Xi E A(x? i) and all i E I. 

If A,(x_~) -Xxi, Vi EZ, the abstract economy reduces to the conventional 
game T=(Xi,ui) and the equilibrium is called a Nash equilibrium. 

Now we introduce the functional U: X x X-, R u { f a~} defined by 

u(x, Y)’ 1; C”i(x)-ui(x-i7 YJI. 
isl 

The equivalence of the variational inequality (the quasi-variational inequal- 
ity) and finding a Nash equilibrium point of the game (a generalized N 
person game) is well-known and due to Nikaido and Isoda (1955). The proof, 
however, is only given for the case of the finite number of agents. The 
following lemma is a version for abstract economies with an infinite number 
of agents. 

Lemma 6. A point x* E X is an equilibrium for an abstract economy r if and 
only if x* E A(x*) and it satisfies 

4Note that this equilibrium concept only makes sense from an economic point of view if Ai is 
independent of player i’s choice. If this were not the case, we might have an equilibrium, but 
changing the player i’s choice changes Ai so as to admit a preferable strategy. 
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inf U(x*, y) 20. (3) 
YeA 

Proof. Let x* E A(x*) be a solution of (3) and let y =(xri, y,). Then we have 

; [ui(x*) - ui(x*i, Yi)] 2 0 (4) 

for any yip Ai(xTi). So x* is an equilibrium of the abstract economy. The 
converse is obvious by summing up (4) for all agents. 0 

3. Main results 

The main results of this paper are the following theorems: 

Theorem I. Let Z be a nonempty compact convex metrizable subset in a 
locally convex Hausdorfl topological vector space E. Suppose that 

(i) the correspondence A: Z+2’ has nonempty convex values and open lower 
sections as well as A: Z+2’ is u.s.c., 

(ii) U: Z x Z+R v { f co} is upper semi-continuous in x and is O-diagonally 
quasi-convex in y. 

Then T has an equilibrium. 

Proof. Let ~$(x,y)= - U(x,y). Then 4: Z x Z+lR v { f a} is lower semi- 
continuous in x and is O-diagonally quasi-concave in y by Assumption (ii). 
Therefore, by Proposition 1, there exists x* EA(x*) such that 

su~,,~(~*)&x*, Y) 50 and thus infycd(x*j U(z*, y) 20. Finally, from Lemma 6, 
we know that x* E Z is an equilibrium of the abstract economy. 0 

Remark 2. A sufficient condition for U(x, y) to be upper semi-continuous in 
x is that ui is upper semi-continuous in xi and continuous in x-~. 

Remark 3. The assumption that U is O-diagonally quasi-convex in y is 
equivalent to 

iT; + ui(xI) 2 min 2 + ui(x - iA Yij) (5) 
j 

for any finite subset {x1,. . .,x,} CX and any X~ECO {x1,. . . ,x,} which 
implies that each ui is quasi-concave in Xi. 

When A = Z, the abstract economy reduces to the conventional game, as a 
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corollary of the above theorem, we have an existence theorem on Nash 
equilibrium for games with discontinuous payoffs, which generalize the 
results of Nash (1950, 1951) and Nikaido and Isoda (1955). 

Corollary 1. Let Z be a nonempty compact convex metrizable subset in a 
locally convex Hausdorf topological vector space E. Suppose that 
U: Z x Z+R v { k a~} is upper sem-continuous in x and is @diagonally quasi- 
convex in y. Then P has an equilibrium. 

The Theorem 1 can be generalized by relaxing the compactness of the 
strategy space. 

Theorem 2. Let X be a convex metrizable subset in a locally convex 
Hausdorf topological vector space E. Suppose that 

6) 

(ii) 

(iii) 

the correspondence A: X+2’ has nonempty convex values and open lower 
sections as well as A: Z+2’ is u.s.c., 
U: X x X+R v { f a~} is upper semi-continuous in x and is @diagonally 
quasi-convex in y, 
there exists a nonempty compact convex set CcX such that 
(iii.1) A,(C) is contained in a compact convex set Die Xi, where C= 

nisi ci; 

(iii.2) Ai(x)nZi#~forallxEX_i~Zi, where Zi=CO{DiUCi); 

(iii.3) for each XiE Zi\Ci and x _i~ X -i there exists yi E A,(x) n Zi such 
that ui(x-i, yi) > ui(x -i, xi). 

Then P has an equilibrium. 

Proof. Since Ci and Di are compact and convex subsets of Xi, then Zi is 
compact convex. Let X = nipl Zi. For each iel, define a correspondence 
Ki: Z-+2zi by, for each x E Z, 

Ki(x) = Ai n Zi. (6) 

Then, by condition (i) and properties of Zi, K,(x) is nonempty and convex 
for all x E Z. Since Zi is compact and ;Ii is closed by Lemma 1, Ri is closed 
and therefore is upper semi-continuous on Z by Lemma 2. Also, note that 

K(x) = A(x) if XEC 

A(x) n Z otherwise. 

Hence, by Theorem 1, there is x* E K(x*) such that ~up,_~(~*)&x*, y) SO. 
Now x*EC, for otherwise Hypothesis (iii.3) would be violated, and thus 
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x* E R(x*) = A(x*). Then ~t.tp,,~~~~.&c*, y) 5 0 and thus inf,,,,(,, U(x*, y) 2 0. 
Cl 

Remark 4. From Lemma 6, we know that Theorem 2 is a generalization of 
Proposition 1 by relaxing the compactness condition of the choice set. 

Remark 5. Observe that in case of a compact convex X, Assumptions 
(iii.l)<iii.3) in Theorem 2 are satisfied by C =X. Assumption (iii.2) is needed 
to guarantee the existence of a fixed point of A(x).~ Assumption (iii.3) 
guarantees the fixed point x* E C. 

4. Concluding remarks 

In this paper, we have considered equilibrium existence for abstract 
economies with non-compact infinite-dimensional strategy spaces, infinitely 
many agents, and discontinuous and non-monotonic utility functions. Thus 
our results can be easily used to prove the existence of a competitive 
equilibrium without the continuity, compactness, and interiority assumptions 
and some ‘bounded’ restrictions on the marginal rate of (technical) substitu- 
tion on consumption (production) sets imposed by Mas-Cole11 (1986), Zame 
(1987) and others. Further, our results also extend a foundational quasi- 
variational inequality by relaxing the compactness and concavity conditions. 
Thus many existence theorems in the quasi-variational inequalities literature 
can be generalized by our results. 

‘Tian (1991) proved that a necessary and sufficient condition for the existence of fixed points 
of an upper semi-continuous correspondence with nonempty closed values F defined on any 
subset (which may be non-compact and non-convex) of a locally convex HausdorN topological 
vector space is that there exists a compact convex subset BcX such that F(x) n B#@ for all 
XGB. 
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