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Notes, books, and calculators are not authorized. Show all your work in the blank space you are given on the exam sheet.
Answers with no justification will not be graded.

Here are some formulae that you may want to use:

+oo +oo
F(fw) &L / f@erde,  F(f)(x) = / f@e o, F(frg)=2F(HF@). (1)

2T —0o —o0

Question 1: (a) Prove that 0, F(f)(w) = iF (zf(x))(w) for all f € L'(R).
Let f € L*(R), then

1 [ . 1 [ .
0.F @ =0 (5 [ rwerar) = L [ jwoseras

1 o
:i% . xf(z)e“*dx,

which prove that 0, F(f)(w) = iF(zf(z))(w).

(b) Let a € R with o > 0. Prove that F(8,e " )(w) = 2aid, F(e~**")(w). (Hint: use (a).)

We use (a) to deduce that

F(Ope " )(w) = F(—2aze ") (w) = —2aF (ze " )(w)
= 2ai8w]-'(e_°‘x2)(w).

(¢) Using (b), show that 8, F(e™**")(w) = —& F(e=**")(w).

We use the property F (0, f(x))(w) = —iwF(f(z))(w) and (b)
—iwF (™) (W) = F(Dpe™ ) (w) = 2000, F (e ) (w),

which implies the desired result.

(d) Given that [~ e~ dz = /7, compute F(e~**")(w). (Hint: Observe that (c) is an ODE and solve it.)

2 2

The solution to the ODE 4,,g(w) = —2g(w) is g(w) = g(0)e 3. We apply this formula to g(w) = F(e™*" )(w),

2 2 w2

Fle™*)(w) = Fle")(0)e Ta.

We now need to compute F(e~")(0),

2 1 > 2 1 1 o0 2 1 1 RO 1 ﬁ 1
—xT — —Qxr d - — T d - T d = Y = __
Flem)00) zn,/,me v 277\/&/,006 Vads 277\/&/,006 T a

Finally
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Question 2: Consider the Schrodinger equation i0yu + (1 — i€)Ozpu = 0, u(z,0) = ug(x), x € R, t > 0, where € > 0 and

i? = —1. Note that u is complex-valued. (a) Solve the equation by using the Fourier technique assuming that ug € L!(R)

and decreases fast enough at infinity. (Hint: f(\/ge_é)(w) = e " for all & € C with R(a) > 0).)

We take the Fourier transform of the equation.
10, F (u) + (iw)*(1 — ie) F(u) = 0,

which gives the ODE
O F (u) — w?(—e — i) F(u) = 0.

The solution is » N
F(u)(w) = Flu)(0)e~ " = Fyg)e (e’

Observing that R(e + i)t > et > 0, we can use the hint with oo = (e + )¢,

m __a? 1 m ___a?
F(u)(w) = Fluo)F(y /me e+t ) (w) = %]:(uo * o /me T+ )W),
1 T e @—p)?
I 4(; 1)1 — 4(< i)t
5 /(6+i)t/oou0( e AeFaidy = 1/ Y / e AT dy.

(b) Let E(t) = 3 [*_ |u(z,t)[*dz and P(t) = [ |0,u(x,t)[*dz. Prove that 0, E(t)+eP(t) = 0 assuming that u decreases
fast enough at mﬁnlty (Hlnt (1) Apply the energy method to the Schrédinger equation with @, (2) Apply the energy
method to the complex conjugate of the Schrédinger equation with —u (3) Sum the two results. Recall that |v]|* = v.)

In conclusion

We follow the hint. (1) we test the equation with @ and integrate over R,

0= z/ Opuadz + (1 — ie) /00 Opguitdx
= z/ Oruudz — (1 — e / O udzudz, we used u(£o00,t) =0
= 2/ Oruudx + (ie — 1)/ Opudyudz,
= i/oo Opuadr + (ie — 1) /Oo |0, u|?da.

(2) Now we take the conjugate of the equation and use the energy method with —u,

0

i/oo Oruudx — (1 + ie) /Oo Oz uudx
= i/oo Opuadz + (1 + ie) /OO 0, U0 udx, we used u(£oo,t) =0
= i/oo Opuadx + (ie + 1) /00 Oy ud udz,

= i/OC Opuadz + (ie + 1) /OO |0y u|*dz.

(3) Now we sum the two results

z/ (Orut + Oput)dx + 2@6/ |0y u|*da

o0
= z/ O (uu)dx + 22'6/ |0y u|?dx
oo o0

:i/ 8t|u|2dm—|—2ie/ |0,u|*dz.

We obtain the desired result after dividing by 2i, 9,E(t) + eP(t) = 0.
Question 3: Compute E(t) for e = 0,
We have 0;E(t) = 0, which implies that E(t) = E(0),
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Question 4: Let u solve dyu = dppu, u(z,0) = ug(x), © € R, t > 0. Let us define L(u fo e Stu(z,t)dt for all
s € R, s> 0. (a) Compute 9., L(u)(x, s) and show that 8m£( )(z,8) = sL(u)(x,s) — uo( ) for all s > 0.

We apply the definition

Opa L(u)(z, ) (’9m/ ~stu(, t)dt—/ e_‘gtamu(x,t)dt:/ e ' Opu(z, t)dt
0 0
/ (e u(z, t)dt + e *tu(z, )| :s/ e tu(z, t)dt — ug(x),
0

which proves the desired result 0., L(u)(z, s) = sL(u)(z, s) — ug(x).

(b) Let s > 0 and consider the equation sv — 9,,v = ug(x), v(+oo) = 0, z € R. Compute Green’s function, G(z,zg),
T, 9 € R,

Let G(x,xo) be Green's function. Since the operator is self-adjoint (shown in class many times), G satisfies
sG(x,x0) — 0peG(x, T0) = Ogy, G(£o0, ) = 0.

Case 1: Assume = < xg, then G(z,z0) = aeV*® 4 be~V*®. The condition G(—00,z¢) = 0 implies that b = 0. Hence
G(x,x0) = aeV*® when x < .

Case 2: Assume z > xg, then G(z,z¢) = ceV®® + de~V**. The condition G(400,zo) = 0 implies that ¢ = 0. Hence
G(z,0) = de~V** when = < .

Now we impose the continuity at z: aeV% = de~ V5% We conclude with the jump condition,

xo+e€
/ (sG(x,20) — 0z G(x, x0))dx = 1,
Xro—€

implying that —0,G(z{, z0) + 9:G(xy , 20) = 1 when passing to the limit ¢ — 0. Hence dfe‘fxo + ay/seV*¥ = 1. Then

using aeVs%0 = de~ V>0 we infer that dy/se~ V%0 4 dy/se V5% =1, ie., d = 7 eVs® and a = f ~V5%o_|n conclusion

1 —: :
G(x,x0) = 2se T i <,
’ 2%/;6\/5("”0*"”) otherwise,

which can also be re-written G(x,xg) = ﬁe*\mx"”o‘.

(c) Using (b), compute the solution to the equation sv — 9y, = ug(z), v(+o0) =0, z € R.
We have

v(xg) = / (sG(z,x0) — 020G (2, x0))v(x)dz, with the usual abuse of notation

— 0o

= /OO (sG(x, 20)v / DGz, £0)0yv(z)dz = /Oo (sG(z, z0)v(z) — /OO G(x,20)0zzv(7)dx

— 00 — 00

/ G(z, o) (sv(x) — Oppv(x))dz = /_OO G(z,xg)ug(z)dz.

Hence

<1
v(xo):/ Q—ﬁe_ﬁ‘m_xoluo(x)dx.




Last name: name: 4

Question 5: Let o := ™. Consider the operator L : ¢ — 9,,0(x)) + 10,¢(z) + 2 ¢(x), with domain D = {v €
C*(1,2); v(1) =0, v(a) = 0}.
(i) What is the Null space of L? (Hint: The general solution to L¢ = 0 is ¢(x) = ¢; cos(log(z)) + o sin(log(x)).)

Let ¢ be a member of the null space of L, say N(L). Then

1 1
0229(x) + =0pd(z) + —b(z) =0
x x
In other words, using the hint, ¢(x) = ¢; cos(log(z)) + co sin(log(x)). The boundary conditions imply that
?(1)=0=rc;, and ¢(a)=cysin(loge™) = cysin(n) = 0.

Note that the boundary condition ¢(cr) = 0 holds for all values of ¢z due to the special value of . In conclusion N(L) =
span{sin(log(z))}.

(iii) Give the formal adjoint of L and its domain.

Let w € D and v € DT, then

/1 (Lu(z))v(x)dz = ‘/f(amu(:r) + %amu(x) + %u(w))v(x)dx

— [ @us0e) = w0 (Go(o) + Suleho(a)dn + Su@o(@)]? + dule)f - duola)uo)l

We enforce v(1) = v(a) = 0 to get rid of the boundary terms. Then

/1 (Lu(x))v(x)dz = /1<¥ w(z)(Ogzv(x) — 8I(%U(l‘)) + I—gv(m))dx

This means that DT = {v € C*(1,2); v(1) =0, v(a) =0} = D and LTv = 8ypv(x) — 9:(2v(z)) + Z5v(a).

ui

(iii) The general solution of ,,v(x) — dx(2v(x)) + Hv(x) = 0, is ¢(x) = 12 cos(log(z)) + cox sin(log(x)). Under which
condition does the problem Lu = f(z), « € (1, «), with u(1) =0, u(a) = 0 has a solution?

We are in the second case of the Fredholm alternative. We must compute Null(LT). Let v € Null(LT), i.e., LTv = 0 and
v € D(LT), then v(x) = ¢y cos(log(x)) + cax sin(log(x)). The boundary conditions imply that

0120,

meaning that v(x) = cox sin(log(z)). In conclusion, Null(LT) = span{x sin(log(z))}. There is a unique solution to the above
problem if and only if

/1a f(z)xsin(log(z))dz = 0.
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Question 6: Consider the conservation equation d;p + 9.(p) = 0, z € R, t > 0, with initial data po(z) = 0 if z < 0,
po(z) = /7 if 0 <z <1, and po(xz) = 0 if 1 < x. Draw the characteristics and give the explicit representation of the
solution without computing the location of the shock.

The implicit representation of the solution to the equation 9;p + 9,q(p) = 0, p(z,0) = po(z), is

X(s:t) =q'(po(s))t + 55 p(X(s,1),t) = po(s). (2)

The explicit representation is obtained by expressing s in terms of X and ¢ and using q(p) = p®.

Case 1: s < 0, we have po(s) =0, ¢'(po(s)) = 3po(s) = 0, which implies X = s. Then
pla,t) =0if 2 < 0.

Case 2: 0 < s < 1, we have po(s) = /5, ¢'(po(s)) = 3po(s)? = 3s, X = s+ 3ts, which means s = X/(1+ 3t). Then

plx,t) = if0 <z <143t

143t
Case 3: 1 < 1. we have po(s) =0, ¢'(po(s)) = 3po(s) =0, which implies X = s. Then
plz,t)=0if 1 < x.

Here are the characteristics. There is a shock in the region between the two red lines.

t t /

(b) Compute the position of the shock and give the expression for the solution for all z € R and all ¢ > 0.
We apply the Rankin Hugoniot formula. On the left of the shock the solution is p~ = y/zs(t)/(1 + 3t), on the right it is

pT =0, then ‘
dzg(t)  (p7)?
dt P~

= (p7)? = a5(t)(1 + 3t).

Hence
1 dzs(t) 3

1
zs(t) dt  3(1+3t)

which implies
dlog(zs(t)) _ 1dlog(1+ 3t)
dt -3 dt
1

Applying the fundamental theorem of calculus, we obtain log(z4(t)) —log(1) = 5 (log(1 + 3¢) — log(1)). This implies that

z5(t) = (1 + 3t)3.

Finally the solution is as follows:

0 ifz <0
pla,t) = /1 fFO<z < (1+3t)3
0 if (143t)5 <.

See figure above.
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Question 7: Let ¢ > 0 and y(x,t) = if;j_cctt h(f)df ComPUte aty(xat)a atty(xat)v 8ttty(x7t)7 awy(l‘vt)a 8my(x,t),
Orxay(x,t) and Jpvy — Duuty.

This exercise is meant to check whether you understand the notion of partial derivatives and the chain rule
Oy(z,t) = %(h(w + ct) + h(x — ct))
Ouy(z,t) = %(ch’(x +ct) — ch'(z — ct))
Owry(z,t) = %(CQh’(w +ct) + A0 (x — ct))
Opy(x,t) = %(h(:)s +ct) — h(x — ct))
Duaty(, ) = %(h'(a: +et) = W (z — ct))
Dy () = %(h'(x +ot) + B (z — b)),
In conclusion

1 1
Oty — COpary = 5(02h’(1‘ +ct) 4+ PR (z — ct)) — 622—C(ch'(x +ct) + ch'(z — ct)) = 0,

that is to say, d;y(z,t) solve the wave equation 0y (0sy) — 0. (0:(y)) = 0.

Question 8: Consider the eigenvalue problem —%(t%%¢(t)) = )\t_%¢(t), t € (0,1), supplemented with the boundary
condition ¢(0) =0, d;p(1) = 0.
(a) What is the sign of A? Is 0 an eigenvalue?

(i) Let ¢ be a non-zero smooth solution to the problem. Multiply the equation by ¢ and integrate over the domain. Use the
Fundamental Theorem of calculus (i.e., integration by parts) to obtain

1 1
| e wpa - iamonn =x [ e
0 0
Using the boundary conditions, we infer
1 1
[ tewra=x [ i,
0 0
which means that ) is non-negative since ¢ is non-zero.

(ii) If A =0, then fol t2(¢/(t))2dt = 0, which implies that ¢/(¢) = 0 for all ¢ € (0,1]. This implies that ¢(t) is constant, and
this constant is zero since ¢(0) = 0. Hence, ¢ is zero if A = 0. Since we want a nonzero solution, this implies that A\ cannot
be zero.

(iii) In conclusion, it is necessary that A be positive for a nonzero smooth solution to exist.




