Last name: name: Mid term 1, Oct. 15, 2015

Notes, books, and calculators are not authorized. Show all your work in the blank space you are given on the exam sheet.
Answers with no justification will not be graded.

Question 1: Let u be a vector field in R?, (d is the space dimension). Let p be a scalar field in R?.
(a) Using the product rule, express div(pu) in terms of V-u and Vp. (You may use divu or V-u to denote the divergence
of u and Vp or gradp to denote the gradient of p. The space dimension is d.)

Using the product rule we have

d d
Ve(pu) =Y 0i(pus) = Y widip + pdyu;
=1 i=1
=u-Vp+pV-u

In conclusion V-(pu) = u-Vp + pV-u.

(b) Let u be a smooth vector field in ¢ R? with zero divergence and zero normal component at the boundary of €. Let
p be a smooth scalar field in Q. Compute [, p(z)V-u(z)dz and [, u(z)-Vp(z)dz.

(i) Using (a) and the fact that w is divergence free, we have
/ u-Vpdz = / (V-(pu) — pV-u)dz = / V-(pu)dz.
Q Q Q

The divergence theorem (fundamental theorem of calculus in d space dimension) implies that

/u~Vpdx:/ pu-nds,
Q Fly)

where 92 denotes the boundary of Q. Since u-n = 0 at the boundary, we finally infer that fQ u-Vpdz = 0.
(ii) Note finally that [, pV-udz = 0 since V-u = 0.
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Question 2: Consider the vibrating beam equation Opu(x, t) + Orpazu(z, t) = 0, z € (—00, +00), t > 0 with u(+oo,t) = 0,
Opu(£oo,t) = 0, Oppu(Foo,t) = 0. Use the energy method to compute 9y fj;o([atu(a:,t)]z + [Ozzu(z,t)]?)dx. (Hint: test
the equation with dyu(x,t)).

Using the hint we have

+oo
0= / (Opu(x, t)Ou(z, t) + Oppaau(zx, t)Opu(zx, t))dx

— 00

Using the product rule, ad;a = 30,a® where a = dyu(z,t), and integrating by parts two times (i.e., applying the fundamental
theorem of calculus) we obtain

+oo
0= / (%at(atu(x, t))2 — Opzau(x, t)0p0pu(z, t))dx

+oo 1
_ / (O (Brt(,1)* + Dygu(w, )iyl 1)) .

— 00
We apply again the product rule adia = %Btag where a = O, u(z, t),
+oo 1 ) 1 )
0= / (015 Ouu(,0))* + 5 0u(Dri(, 1))
—0o0
Switching the derivative with respect to ¢ and the integration with respect to z, this finally gives

+o00
0= %(C)t/ ([Oeus(z, t)]* + [Oppu(z, t)]?)dx.

— o0
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Question 3: Let &, f : [-1,41] — R be such that k(z) =2, f(z) =0if x € [-1,0] and k(z) =1, f(z) =2 if z € (0,1].
Consider the boundary value problem —9, (k(x)0,T(x)) = f(z) with T(—1) = =2 and T'(1) = 2.
(a) What should be the interface conditions at z = 0 for this problem to make sense?

The function T and the flux k(2)d,T(z) must be continuous at x = 0. Let T~ denote the solution on [—1,0] and T the
solution on [0, +1]. One should have T~ (0) = T (0) and £~ (0)9, 7~ (0) = k7 (0)0, 7 (0), where £~ (0) = 2 and kT (0) = 1.

(b) Solve the problem, i.e., find T'(z), x € [—1, +1].

On [—1,0] we have k= () = 2 and f~(x) = 0 which implies —0,, T~ () = 0. This in turn implies T~ (z) = ax +b. The
Dirichlet condition at x = —1 implies that T~ (—1) = =2 = —a+b. Thisgivesa=b+2and T~ (z) = (b+2)z + .

We proceed similarly on [0,+1] and we obtain —9,,T~ (x) = 2, which implies that T (z) = —22 + cz + d. The Dirichlet
condition at x = 1 implies T+(1) =2 = —1+c+d. This givesc=3—d and T~ (z) = —2? + (3 — d)x + d.

The interface conditions 77 (0) = T (0) and k£~ (0)9, T~ (0) = kT (0)0,T1(0) give b = d and 2(b + 2) = 3 — d, respectively.
1
3

In conclusion b= —%, d = —% and
T(x) = Sy -3 if 2 € [-1,0],
= 2+ W1 ifze|0,1)
3 3 ek
Question 4: Let CS(f) = %2 — 2(cos(z) — Cosz(fx) + °°s:§’$) - COZ;M) ...) be the Fourier cosine series of the function
f(x) := 322 defined over [0, +].

(a) For which values of = in [0, 4] does this series coincide with f(z)? (Explain).

The Fourier cosine series coincides with the function f(x) over the entire interval [0, 4] since f is smooth over [0, +n] (recall
that the Fourier cosine series is the Fourier series of the even extension of f over [—m, +]).

(b) Compute the Fourier sine series, SS(z), of the function g(x) := x defined over [0, +].

We know from class that it is always possible to obtain a Fourier sine series by differentiating term by term a Fourier cosine
series, in other words

$S(x) = 8mCS(%x2) _o (sin(x) B sin(22:c) n sin(33x) B sinEl4x) singlnx) > .
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(c) For which values of € [0, 4+7] does the Fourier sine series of ¢ coincide with g(z)?.

The Fourier sine series coincides with the function g(x) := z over the interval [0,+) since g is smooth over [0, +m]and
g(0) = 0. The Fourier sine series of g is zero at +m, and thus differs from g(+).

Question 5: Using cylindrical coordinates and the method of separation of variables, solve the equation, %8,,.(1"87.11) +
£ dpou = 0, inside the domain D = {6 € [0, 2x], r € [0,3]}, subject to the boundary conditions u(r,0) = 0, u(r, $m) = 0,
u(3,0) = 18sin(26). (Give all the details.)

(1) We set u(r,0) = ¢(0)g(r). This means ¢ = —A¢, with ¢(0) =0 and ¢(37) =0, and & (rLg(r)) = Ag(r).
(2) The usual energy argument applied to the two-point boundary value problem

o= Xb. H0)=0, oo =0,

implies that A is non-negative. If A = 0, then ¢(0) = ¢; + 26 and the boundary conditions imply ¢; = ¢o =0, i.e., ¢ =0,
which in turns gives © = 0 and this solution is incompatible with the boundary condition u(3,6) = 18sin(26). Hence A > 0
and

d(0) = ¢1 cos(VA) + cosin(VAG).
(3) The boundary condition ¢(0) = 0 implies ¢; = 0. The boundary condition ¢(27) = 0 implies VA3 = nr with n € N\ {0}.
This means VA = 2n, n=1,2,....
(4) From class we know that g(r) is of the form 7%, o > 0. The equality r- (r{r®) = Ar® gives a® = . The condition

a > 0 implies 2n = o = v/X. The boundary condition at r = 3 gives 185in(20) = c235" sin(2n#) for all § € [0, 37]. This
implies n = 3 and ¢y = 2.

(5) Finally, the solution to the problem is
u(r, 0) = 2r? sin(26).
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Question 6: Let p,q : [-1,41] — R be smooth functions. Assume that p(z) > 0 and g(x) > qo for all z € [-1,+1],
where ¢o € R. Consider the eigenvalue problem —9, (p(x)0.¢(x)) + g(x)d(x) = Aé(z), supplemented with the boundary
conditions ¢(—1) = 0 and ¢(1) = 0.

(a) Prove that it is necessary that A > ¢o for a non-zero (smooth) solution, ¢, to exist. (Hint: g f_+11 ¢*(z)dz <

/1) a(@)¢?(x)dz.) ]

As usual we use the energy method. Let (¢, \) be an eigenpair, then

+1 +1
/ (=00 (p(2):0(2))0() + a(2)P(@)dz = A [ ¢?(x)da.

—1 —1
After integration by parts and using the boundary conditions, we obtain
+1 +1
| 0@0:0w0.000) + a(0)*@)ds =3 [ ).
-1 -1
which, using the hint, can also be re-written
+1 +1
| 0@0.00,0(0) + e )de <2 [ P
—1 —1
Then
+1 +1
| sy < (- [ ¢
—1 —1

Assume that ¢ is non-zero, then
1
[ @) (u0(w) P

A—qo >
’ 1 62()da

which proves that it is necessary that A\ > ¢o for a non-zero (smooth) solution to exist.

(b) Assume that p(z) > pg > 0 for all z € [—1,+1] where pg € R;. Show that A = gy cannot be an eigenvalue, i.e., prove
that ¢ = 0 if A = qo. (Hint: po fjll P2 (z)dz < fjll p(z)y?(x)dz.)

Assume that A = qq is an eigenvalue. Then the above computation shows that

+1 +1
P / (9a(x))?d < / D) 0,0(z)*dr = 0

-1

which means that fj11(8x¢(x))2dx = 0 since po > 0. As a result 9,0 = 0, i.e., ¢(x) = ¢ where ¢ is a constant. The boundary
conditions ¢(—1) = 0 = ¢(1) imply that ¢ = 0. In conclusion ¢ = 0 if A = o, thereby proving that (¢, go) is not an eigenpair.
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Question 7: Use the Fourier transform technique to solve dyu(x, t)+cos(t)dpu(x, t)+(1+3t%)u(z,t) = 0, x € R, t > 0, with
u(z,0) = ug(z). (Use the shift lemma: F(f(z—B))(w) = F(f)(w)e™? and the definition F(f)(w) := 5~ j;o f(z)e™?dz)

27

Applying the Fourier transform to the equation gives
O0pF (u)(w, t) + cos(t)(—iw) F(u)(w, t) 4+ (1 4+ 3t*) F(u)(w,t) = 0

This can also be re-written as follows:
O F (u)(w,t)
F(u)(w,t)

Then applying the fundamental theorem of calculus between 0 and ¢, we obtain

= iwcos(t) — (1 + 3t%).

log (F (u)(w, t)) — log(F(u)(w,0)) = iwsin(t) — (t + t°).
This implies |
F(u)(w,t) = Flug)(w)e™ sin(t) g~ (t+1%)

Then the shift lemma gives
F(u)(w,t) = F(ug(x — sin(t))(w)ef(uﬁ).

This finally gives
u(z,t) = ug(z — Cos(t))e*(”tg).

Question 8: Consider the triangular domain D = {(x,y);z >0, y > 0,1 —x —y > 0}. Let f(z,y) = 22 —y? — 3. Let
u € C3(D)NC°(D) solve —Au =0 in D and u|gp = f. Compute min , .\ op u(z,y) and max, 5 u(®,y).

We use the maximum principle (u is harmonic and has the required regularity). Then

min u(z,y) = min x,y), and max u(x,y) = max z,Y).
(W)@( Y) (mvy)ean( Y) (W)Eﬁ( Y) (w)ean( Y)

A point (x,y) is at the boundary of D if and only if {z =0 and y € [0,1]} or {y =0and z € [0,1]}, or {1 —y — 2 =0 and
z € 10,1]}.
(i) In the first case, x = 0 and y € [0, 1], we have

flay)=—y*=3,  yelo1]

The maximum is —3 and the minimum is —4.
(i) In the second case, y = 0 and z € [0, 1], we have

flr,y)=2>-3, x€l0,1]

The maximum is —2 and the minimum is —3.
(i) In the third case, 1 —x =y and x € [0,1], we have

flz,y) =22 — (1 —2)? -3 =2z —4, z € 10,1].

The maximum is —2 and the minimum is —4.
We finally can conclude

i =4 =-2.
o nin f(@,y) T f(@,y)

In conclusion

min_u(z,y) = —4, max_ u(z,y) = -2
(z,y)eD (z,y)eD




