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HW 1

Show all your work in the blank space you are given on the exam sheet. Always justify your answer. Answers with
no justification will not be graded.

Question 1: (a) Let ® € C*(R?;R) be defined by ®(x1, 72, 23) := 2923 + sin(x; + x3). Compute V.
Applying the chain rule we obtain

VO(x1,x,23) = (cos(ac1 + x3), 23, 2923 4 cos(xg + a:g,)) ,

3

(b) Let ¥ € C*(R?;R) be defined by ¥(z1,z2,73) := m Compute V.
Applying the chain rule we obtain
VU1, 9, 25) = [ x3 cos(z1 + 23) 3x3 B 223 cos(z1 + 2x3)
T2 (2 + sin(zq + 223))?" 2+ sin(zq + 223)" (2 + sin(x; + 223))?

Question 2: Let Vx denote the curl operator acting on vector fields: i.e., let A = (A;, Az, A3) € C1(R3;R3) be a
three-dimensional vector field over R, then VXA := (9y A3 — 03A3, 0341 — 01 43,01 Ay — 02 A1).
(a) Let ¢ € C*(R%R). Compute Vx (V). (Hint: Recall that 9;; = 9;;, for all 4,5 € {1,2,3}.)

The definitions imply that Vi = (919, 02¢, d3¢). Hence,

Vx (V) = (02030 — 03020, 03010 — D103, 0102 — 0201¢) = D310 — D134, D120 — Da1¢p) = 0.

(b) Let v(z1, 22, x3) := (=21, 29, z123). Compute VXv.

By definition,
Vxv = (0,—z3,0).
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Question 3: (a) Recal the definition of the divergence operator acting on vector fields: i.e., let A = (44,..

C*(R?%;R?) be a d-dimensional vector field over R?, then V-A :=?.

.,Ad) S

V-A =041+ ...+ 0444.

(b) Let v(z1, T2, 23) := (22, 2923, 7123). Compute V-v.

By definition,
Vv =2z + 23+ 21 =321 + 23.

(c) Let w = (wq,ws, w3) € C*(R3,R?). Compute V-(Vxw).

(Recall that Vxw = dyws — O3ws, 03wy — dyws, d1we — Gawy). Then, by definition,

V(VXW) =0 (82w3 — 8311/2) + 82(83101 — alw;g) + 83(311112 — 5‘211)1)
= O1ows — O13wa + O3wy — O12w3 + O13wa — Jazwi
=0.

Hence V:(Vxw) = 0 for all w = (wy, we, w3) € C%(R3,R3).
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Question 4: Let D = (—1,1)x(—1,1) be the square centered at (0,0) and of side 2
(a) Let h(z,y) = 3 + 5sin(2rz)? sin(37y)2. Compute the value of h over the boundary of D (i.e., hlap)

Since the boundary of D is the set {(z,y) € R?%; |z| =1,-1 <y <1} U{(z,y) € R?% |y| = 1,—1 < x < 1}, we infer that

hlop = 3.

(b) Let f(X) = Z for all X € D. Let k(x,y) = 1+ 2?|y|. Let ® € C*(D) solve —V-(kV®(X)) = f(X) for all X € D and
®pp = 0. We denote 9, := n-V®. Compute faD k0, ®ds. (Hint: Use the divergence theorem.)

Applying the divergence theorem gives

/aDka @ds—/v (kVO(X /f / dX——f|D|

where |D| = 4 is the surface of D. As a result,

47
dds = ——
kO, ®ds = =

oD
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Question 5: Let L > 0 and D := (0,L). Let u solve dyu — 0, (zu + Opu) = f(z)e ', x € D, with 9,u(0,t) =

Lu(L,t) 4+ 0,u(L,t) = 3, u(z,0) = ug(z), where f and ug are two smooth functions.
(a) Compute 9; fOL u(z,t)dx as a function of .

Integrate the equation over the domain (0, L) and apply the fundamental theorem of calculus:

L L L L
3t/ u(z, t)dx = / Opu(x, t)de = / Oy (zu + dpu)dz + e_zt/ f(z)dz
0 0 0 0

L
= Lu(L 1) + (L, 1) — Dyu(0,1) + o= / f(@)de
0

L L
=3-1+ e*2t/ f(z)dzan =2+ e*Qt/ f(z)dx
0 0

That is
L

d L
— u(z,t)de =2+ e_2t/ f(z)dz

(b) Assume that that fOL ug(z)dz = 0. Compute fOL u(x, t)dx for all ¢ > 0.

Using the fundamental theorem of calculus we obtain

/OLu(m7t)dx:/0L (z,0)dz + 2t — — (e — / f(z
_2t—7 2 / flx




