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HW 9

Show all your work in the blank space you are given on the exam sheet. Always justify your answer. Answers with
no justification will not be graded.

Question 1: (a) Consider the following flux f(v) = sin(v) and the entropy n(v) = 3v. Find the associated entropy flux
G(v) (Hint: Recall that G'(v) := 1/ (v) f'(v).)
By definition

Integrating by parts gives

Gv) = /O” zcos(z)dz = — /OU sin(z)dz + vsin(v) = cos(v) — 1 + vsin(v).

Hence, up to a nonessential constant, the entropy flux associated with the entropy 7n(v) = %vQ is

G(v) = cos(v) 4+ vsin(v).

(b) Let n(v) = %|v|v®. Compute 5’(v) — |v|v for all v € R. (Hint: Consider the two cases v < 0 and 0 < v.)

If v >0, we have

1
n(v) = gvg’ and 1 (v) = v* = [vlv.

If v <0, we have

1
n(v) = —§v3, and 7'(v) = —v? = |v|v.
Hence
'(v) =[vlv.
(c) Show that the function n(v) = +|v[v? is convex. (Hint: Consider the two cases v <0 and 0 < v.)

If v >0, we have X
77(7)) = 5037 and ’r]”(v) = v = 2‘7)‘ > 0.

If v <0, we have

1
n(v) =—zv%, and 7"(v) = 20 =2Jv| > 0.

Hence n”/(v) > 0 for all v € R. This proves that 7 is convex.
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(d) Consider the following flux f(v) = cos(v) and the entropy 7(v) = % |v|v?. Find the associated entropy flux G(v) (Hint:
Recall that G’ (v) := ' (v) f'(v).)

From the previous question we know that n/(v) = |v|v. If v > 0, we have

Gv) = / n'(2)f'(z)dz = / |z|zf'(2)dz = / 22f(2)dz = —/ 2% sin(z)dz.
0 0 0 0
Integrating by parts gives

Gv) = 7/ 2z cos(z)dz 4 2% cos(2)|? = / 2sin(2)dz — 2zsin(2)|§ + 2% cos(2)[§
0 0
= —2cos(0) + 2 cos(v) + 2vsin(v) — v* cos(v)
= cos(0) + 2 cos(v) + 2|v|sin(v) — |v|v cos(v).

If v <0, we have

Gv) = /OU n'(2)f(2)dz = /OU |z|zf(2)dz = /OU —22f(2)dz = /Ov 2% sin(z)dz.
Hence

G(v) = 2cos(0) — 2 cos(v) — 2vsin(v) + v? cos(v)
= 2c0s(0) — 2 cos(v) 4 2|v|sin(v) — |v|v cos(v)

In conclusion the entropy flux is

G(v) = 2cos(0) — 2 cos(v) + 2|v| sin(v) — |v|v cos(v).

Question 2: Let £ € R and n(v) := |v — k|. (a) Show that for all v,w € R, all k € R, all 8 € [0,1], n(fv + (1 — O)w) <
On(v) + (1 — O)n(w), i.e., n is convex. (Hint: recall that |a + 0] <la| +|b] and k =0k + (1 — O)k.)

Using the hint, we have

n(6v + (1 — O)w) = |fv + (1 — O)w — k| = |6v + (1 — O)w — Ok — (1 — O)k| = |6(v — k) + (1 — 6)(w — k)|
<10 = k)| +[(1 = 0)(w — k)| =0|(v — k)| + (1 — 0)|(w — k)|
= 0n(v) + (1 = O)n(w).

Hence
n(0v + (1 — 0)w) < On(v) + (1 — O)n(w).

(b) Let f € C*(R;R). Show that the entropy flux associated with the flux f(v) and the entropy n(v) := |v — k| is
G(v) :=sgn(v —k)(f(v) — f(k)) for all v # k, where sgn(v — k) is the sign of v — k.

If v > k, then

G(v) = f(v) = f(k), and n(v)=v—k.
Hence
G'(v) = f'(v), and 7'(v)=1.
Which shows that
If v < k, then

Hence

Which shows again that
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Question 3: Consider the equation d;u+ 9, (—u%) = 0, where z € (—00, +00), t > 0, with initial data ug(x) = 1 if 2 <0,
ug(z) = 0 otherwise.
(a) Show that u(z,t) =1 — H(z +1) is a solution in the distribution sense.

Using the chain rule and denoting by dy the Dirac measure at {z = 0}, we have
Opu = —dp(z + t).
Moreover, using that (1 — H(z +1))% =1 — H(z +t), we also have
Dp(—u) = +6o(x + t).

This implies that ,u + 9, (—u®) =0, i.e.,, u(x,t) = H(x +t) is a solution in the distribution sense.

(b) What is the entropy flux associated with the entropy n(v) = v*?

By definition, the entropy flux is

12

Fo) = [ £ = [ 672 = -2

e, Fv)=—20".

(c) Is it the entropy solution? Clearly justify your answer either by invoking the characteristics or invoking an entropy
inequality (say using n(v) = v?).

Solution 1: By looking at the characteristics (X (¢,s) = s — 6t for s < 0 and X (s,t) = s for s > 0) we observe that the correct
solution should be an expansion wave.

Solution 2: Consider the entropy 7(v) = v?2, then the entropy flux is F(v) = fov —62°22dz = —2207. Then upon observing
that n(u) =u? =1— H(z +t) and F(u) = —2u" = —22(1 — H(z +t)), we infer that

Om(u) = =0 H(z +t) = —do(x + 1)

and
12 12
O F (u) = 73)5H(a: +1) = 750(1 +1).

In conclusion 19 5
om(u) + 0, F(u) = (—1+ 7)(50(33 +1t) = ?60(1‘ +1t) > 0.

The entropy residual 9;n(u) + 0, F'(u) is a positive measure, which implies that the 1 — H(z + ) is not the entropy solution.
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Question 4: Consider the conservation equation dyu + 0, f(u) = 0 with f(v) = v* and initial data ug(z) = 2H(z) — 1.
(a) Compute f(ug(x)) (Hint: consider the cases x < 0 and 0 < x).

If x <0, we have up(xz) = —1, whence
f(uo(x)) = 1.
If 0 < z, then up(x) = 1, whence

f(uo(z)) = 1.

(b) Show that u(x,t) = ug(x) is a weak solution. (Hint: compute dru + 0 f(u))

Using the hint we have
Opu(x,t) = Opug(x) =0,

and

Oz f(uo) = 05(1) = 0.
In conclusion, d;u + 9, f(u) = 0.

(c) Consider the entropy n(v) = v2. Compute the associated entropy flux g(v).
We have

q(v) = / 22423dz = §v5.
0 5)

(d) Using the entropy n(v) = v? and the associated entropy flux, compute 9;n(u(x,t)) + d.q(u(z,t)) = 0 where u(z,t) =
uo(x) (Hint: Use the distribution theory/theory of weak derivatives.)

We have

n(u(e,t)) = (uo(x))* =1,

and
glu(e,1) = 3 (u(z, 1) = 2 (wo(e))® = Suol).
This show that 8 3 16
on(u(z,t)) + 0zq(u(z,t)) = 0:(1) + (%guo(x) = 52(50 = 350.

(e) What do you conclude from (d)? (Based on the observation that [ oy = ¢(0) > 0 for all nonnegative functions
1 € C°(R;[0,0)), we say that 6y > 0, i.e., & is a positive measure)

We conclude that

on(u(z,t)) + 0zq(u(z,t)) = %6(50 > 0.

Hence, the entropy inequality is violated. The proposed solution is not the entropy solution.
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(f) Compute the entropy solution to this problem.

By looking at the characteristics we conclude that the entropy solution is an expansion wave.
Case 1: s <0, ug(xz) = =1, f'(uo(x)) = —4. Hence
X(x,t) = s — 4t.

This gives s(X,t) = X + 4¢. Hence,
wX,t) = -1, if X < —4t.

Case 2: s =0 and we use ug as parameter with —1 < ug < 1. Then
X(s,t) = 0+ 4udt.
This implies that ug = 2.

X
u(X,t):u():E, if —1< <1.

£

Case 3: 0 < s, up(z) =1, f'(ug(x)) =4. Hence
X(x,t) = s+ 4t.
This gives s(X,t) = X — 4¢. Hence,
wX, ) =1, if4dt<X.




