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Network Coding (NC)

Allerton

2007 @ Traditionally, information flow in networks was treated like fluid through
pipes.
Network
Coding . ..
(NC) @ Unicast transmission

@ Maximum transmission rate bounded by minimum cut size.
@ Min-Cut Max-Flow Theorem

@ Multicast transmission

@ Maximum flow rate cannot be achieved by routing.
@ Even if each source-destination pair has minimum cut with same size.
@ Some links shared for different source-destination pairs.

@ Network coding

@ Nodes encode received messages and forward to next-hop neighbors.
@ Maximum flow rate can be achieved.



Network Coding Capacity (Previous Work)
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2007 @ NC capacity determined by size of minimum cut.
Network - Topology is fixed and known.
Coding

(NC)

@ [Ramamoorthy, Shi and Wesel] (Allerton 03, IEEE Info. Tran. 05)
@ Random graphs (RG) and random geometric graphs (RGG).
@ Size of minimum cut between source and any destination is not fixed.
@ [Aly, Kapoor, Meng and Klappenecker] ( Netcoding 07)

@ Generalized random geometric graph.

@ Tighter upper and lower bounds on NC capacity

@ Summary

@ Concentration behavior of minimum cut size in RG or RGG.

@ Independent, bidirectional links — no interference.



Motivation for Our Work

Allerton

2007 We compute NC capacity by
R @ Proposing more realistic model.
oding

(NC)
@ Considering noise and interference.

@ Assuming various transmission powers.
@ Assuming dependency between nodes.

@ Considering multi-sources multi-destinations scenario.



SINR Model
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2007 @ More sophisticated and realistic models for connectivity needed.

@ Noise, interference, and heterogeneity of transmission power

- Net. Model

@ Signal-to-Interference-and-Noise-Ratio (SINR) model

@ Existence of link from node i to node j depends on ability to decode
transmitted signal from i to j.

@ Determined by SINR
_ PiL(dij)
No + 7 > s j Prl(dy)

@ Pj: transmission power of node i.

Bij

@ djj: Euclidean distance between i and j.
@ Np: power of background noise.
@ ~: inverse of system processing gain, narrowband (=1), wideband(<1).

@ L(-): path-loss function (signal attenuation function).



Dense SINR Network Model
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2007 @ Dense network model with SINR — G(X, P, v)

@ nnodes uniformly distributed at random in unit two-dimensional torus
Bi = [1,1]%
i @ Node i transmits with power P; ~ fp(p).
@ Link fromi to j exists iff §jj > 3 (threshold).
@ Each link is directional (not necessarily bidirectional).

¢ Different links are not independent.

@ Will show NC capacity has a sharp concentration when network scale is
large enough.



Directed Multi-hop Network
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- Net. Model

@ Single-source single-destination transmission in a directed SINR graphs



Link Capacity
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2007 @ Capacity of link (i, j)
ci=l R Biz5
' 0 Bi<p
e @ [ > B, link (i,]) has capacity R, i.e., i can transmit data at rate R

packets/sec to j without any error.

@ An error correcting code at physical layer corrects errors once SINR
threshold is met.

@ Average Link Capacity

~ o
C = ExEp[Cij] = / CijdFpg; (7)
0

where Fg, (-): c.d.f. of g,
and determined by fp(-), X and L().



Single-Source Multiple-Destination Transmission
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2007 @ Source, destinations and relays:

@ Let sbe the source node
@ | destination nodes, R = {t1,...,ti }.
@ mrelay nodes, R = {uy,...,Um}.

Single-

Sourpe

B @ Capacities:

@ Cgq: link capacity from sto relay u;
@ Cj: link capacity from relay u; to another relay u;.

@ Ciy: link capacity from relay u; to destination t;.



Cut and Its Capacity
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@ An st-cut of size k for sand ! |
teT: | Y
: k+1, ‘
@ A partition of relay nodes as I H I
two sets Vi and VE. I n
. relaynodes | : . .
o Vil =k [V =m—Kk N T L o nes
Capacity VU Vl((: =R and ' I. ;; /,
VkN Vg = 0. \ | mi
\ gy !
\\ / \\ ) _,m' /'

@ Capacity of st-cut:
Cc= ZCsi-l-Z ZCji-i-ZCjt
uj GVI‘(: U € Vi uiEVlf Uj € Vk

E[C{ = ExEp[Ci] = [m+ k(m — K)IC,



Network Coding Capacity

Allerton

2007 @ Cs: — minimum cut capacity among all s-t-cuts:

Cst = min Cy
o<k<m

@ C; 7 — network coding capacity for given source node s and sets of
destination nodes 7 = {ti, ..., i} and relay nodes R = {uy, ..., Un}:

-Cut &
Capacity

Csy'f = minCSJ
teT



Interference & Noise
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2007 @ > iy Lldg) = D LUIXK = Xil]):
@ Random variable depending on locations of all nodes
@ Define
JG) £ > L(dg), forall]
k]
1G) 2 3 PiL(dg), forallj
k#j

@ Foranyj
ElL] £ E[L(j)] =Ex][L(dyj)], constant
EQ] £ ENG) = Ex| Ty L(do)]
E] = EN()] = ExEp[ Xy Pul(dy)]



Constant Transmission Power
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2007 @ All nodes transmit with a constant power Po — G(X, Po, ).
@ SINR
4 = L(dh)
No/Po + v > s j L(dg)
L(di)

No/Po -+ +J(j) — ~yL(dy)

@ For differentj’s, J(j)’s are not independent.

@ Sharp concentration behavior in large scale wireless networks.



Concentration of Interference
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2007 Lemma 1: n nodes in network, forallj = 1,2, ...,n

and

_ 41 ’ 61
o where e; = 1/—(n_1r;E[L] and €] = (n_lr;EM.

Capacity

@ Proved by Chernoff Bound

@ Duo to uniform random distribution



Coupling with Another Two Graphs
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Define another two types of SINR models coupled with G(X', Po, )

@ G'(X,Po,v) — same point process and Py, different SINR:
L(dy)

/ —
= RoPo + (L + e)ER] — AL(d)
Capaciy @ G’(X,Po,~) — same point process and Py, different SINR:
ﬁiljl — ( 'J)

No/Po + (1 — ex)vE[J] — ~7L(dy)

@ Domination relationship
@ Cj and C{/ capacity of link (i, ) in G'(X,Po,y) and G” (X, Po, 7).

@ Cj and C{/ are asymptotically equal to Cj;.



Concentration of Cut Capacity
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Lemma 2: Forany 0 < e < 1,
Pr(C < (1— €)E[C]]) <exp{ E[Ckk }(1—0(%)),
where E[C{] = [m+ k(m— k)]C’, and

PH(Ce > (1+ OEC!) <ep{ — = //]62}(1*0(%))’

where E[C/] = [m+ k(m— k)]C".

@ Cj and G/ are asymptotically equal to ;.
E[Ci] and E[C{/] are asymptotically equal to E[Cy]

@ C concentrates at E[Cy].



Concentration of Network Coding Capacity
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Theorem (Lower Bound on NC)

When n is sufficiently large, with high probability,
Pr(Csr > (1 - e )E[Ca]) = 1 - 0( =),

where ¢, = |/ 3E" for & > 0 and E[Co] = mC.




Concentration of Network Coding Capacity
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o Theorem (Lower Bound on NC)

When n is sufficiently large, with high probability,

Pr(Car > (1 ,)EIG) =1~ O ).

where ¢, = |/ 3E" for & > 0 and E[Co] = mC.

Theorem (Upper Bound on NC)

| \

When n is sufficiently large, with high probability,

Pr(Cor < (1+ €)EICS]) =1~ O( = ).

E

where e = /3@ for a > 0 and E[Co] = mC.

@ Therefore, Cs 7 concentrates at E[Co] = mC



Heterogeneous Transmission Power
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2007 @ Node i transmits with a random power P;.
@ SINR
|
: No + 7 2 iz Pel(dg)
PiL(di)

No + I (j) — yPiL(dy)

e @ For differentj’s, J(j)’s are not independent.

@ Capacity of link (i, ) is a constant R, independent of SINR g;



Concentration of Interference
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Lemma 3: nnodes in network, forallj = 1,2, ...,n
. 1
Pr(1() < (1 - )Ell)) = 0( )

and 1
Pr(I() > (1+ &p)ElN]) = O( ;)

41 61
where e2 =/ igpEr aNd €2 = |/ enEpED
@ Cannot employ same coupling methods as before.

@ In G'(X, Po, ) (or G”(X,Po, 7)), Cjj's (respectively, C{{’s) are
independent for all j # i for given i.

@ This independence does not hold because all C;'s depend on
transmission power P;.
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Dependencyyj
& Azuma's
Inequality

Dependency & Azuma’s Inequality

Azuma’s Inequality: Let Zy, Z1, ..., be a martingale sequence s.t. almost
surely
|Zi—Zi,1| <gqg, 1i=12..

where ¢ may depend oni. Thenforn> 0and A > 0,

Pr(z, > Zo + ) <exp{

,10,2}
)

@ Upper bound |Z; — Z_,| for all i by some constant, then can apply Al to
obtain some bound on a tail probability.

and
Pr(Zn < Zo—\) <exp{

|ll

@ Yi's are dependent, need to understand the properties of the Yi's to see
if we can bound |Z — Z_4|.



Coupling with Another Two Graphs

Allerton
2007 @ Define another two types of SINR models coupled with G(X', P, ~)
@ G'(X,P,~v) — same point process and Py, different SINR:
g = PiL(d)
P No+ (14 ex)vE[l] — yPiL(dy)
@ G"(X,P,~)— same point process and Py, different SINR:
ﬂ'l'/ _ PiL(dij)
— U No+ (1— e2)vE[l] = ~PiL(dy)’
& Azuma’s
Inequality

@ Domination relationship
@ Cj and C{/ capacity of link (i,) in G'(X,P,~) and G"(X, P, 7).

@ Cj and C{/ are asymptotically equal to Cj;.



Assumptions for Heterogeneous Networks
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2007 @ Define g L_l( 8 No + ~( 1-‘r €5) |]>
mn  — l+’Yﬁ ’
N Lfl(l—f’yﬁ‘NoJr’Y 1+62 |]>7
Min = Lfl(lfvﬁ‘NOﬂ S
Mex = Lil(l—f’yﬁ ‘ N0+7(pma_x = [I])'

- @ Node inside circle centered at X; with radius ry;, (rn) is connected to i
& Azuma's by bidirectional link.

Inequality

@ node outside circle centered at X; with radius rfay (') is not
connectedto i.

@ N(rfin, Max) @nd N(rpin, 'rax) — Number of nodes in A(Xi, I'in, Max) @nd
A(Xi7 rr’T’im rf,T,\aX)

@ Exists constant n > 0 independent of n

N(rrlTim rrlTBX) S T]7 and N(rrlrgm rrlT/BX) S T]



Concentration of Cut Capacity
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Lemma4: Forany 0 < e < 1,

[m+ k(m — k)]C'%¢? }

PG < (1 JEICH) < e { — g T

where E[C{] = [m+ k(m— k)]C’, and

[m+ k(m— k)]C"?¢ 2}

Pr(Ce> (1+ OEIG]) < ep{ — T T

s where E[C//] = [m+ k(m—K)]C".

& Azuma's
Inequality

® Cj and C{/ are asymptotically equal to Cj;.
@ E[Cy] and E[C{/] are asymptotically equal to E[Cy]

@ Cy concentrates at E[Cy].



Concentration of Network Coding Capacity
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Theorem (Lower Bound on NC)

When n is sufficiently large, with high probability,
|
Pr(Cer 2 (1- co)EiCa) =1-0 (72 ).

where e, = {HER/2aminmfor o > 0 and E[Co] = mC.

Dependencyyj
& Azuma's
Inequality



Concentration of Network Coding Capacity
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o Theorem (Lower Bound on NC)

When n is sufficiently large, with high probability,

Pr(Car > (1— ca)E[Ca]) = 1- O (#) ,

where e, = {HER/2aminmfor o > 0 and E[Co] = mC.

Theorem (Upper Bound on NC)

Dependencyyj

e When n is sufficiently large, with high probability,

Inequality

Pr(Cor < (14 €a)E[Co]) = 1— O <%) ,

where e, = {38 V2aminmfor o > 0 and E[Co] = mC,

@ Cs 7 concentrates at E[Co] = mC



Multiple Sources Problem

Allerton
2007
@ Multiple sources and multiple destinations transmissions
@ S ={si,...,s} the set of source nodes
@ An S-t-cut of size k between S and t € 7 is a partition of relay nodes into
Vi and V¢, Vil =k, Vi = m—k Vi UVE = R and VN V¢ = 0.
@ Cut capacity
Cst= min C
se= o mn S
@ NC capacity:
C =minC
s, 7 = MNCst
Multiple

Sources

@ Same concentration results.
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Simulation

Simulation

120

5
8

Number of Nodes
<
8

3
3

005 01 015 02 025 03

Interference Level

(a) Constant Transmission Power

Number of Nodes.

05 0.6

Interference Level
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@ Interferences in networks with constant and heterogeneous

transmission power
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Simulation

Simulation
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(d) Heterogeneous Transmission Power

@ Capacity of cut with size 50 in networks with with constant and

heterogeneous transmission power




Conclusion
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@ Studied network coding capacity for SINR model

@ Constant transmission power: translate to independent models by coupling
methods

@ Heterogeneous transmission power: employ Azuma's inequality to bound
tail probability of dependent random variables

@ Considered multi-source multi-destinations scenario.

@ Showed concentration behavior of both cases

Simulation



Thank you...
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Simulation



