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1. Introduction

This document describes the implementation of a very simple 3-dimensional primitive equation
model, using pressure coordinates as described by Lorenz (1960). The advantage of using pressure
coordinates is that the equations of motion take on a particularly simple form. The main disadvan-
tage is that we cannot easily apply a realistic boundary condition at the lower boundary, i.e., it is
not really possible to include the effects of surface topography. The model we are about to describe
assumes that the planetary surface is essentially smooth, and that there is sufficient drag acting
near the lower boundary to make the details of the lower boundary condition quite unimportant.
This model would not be suitable for “realistic” simulation of the Earth’s climate (especially in
the troposphere), but could be quite useful for mechanistic models of isolated phenomena, and for

studying idealized planetary atmospheres.

The model is very flexible in terms of the number of pressure levels, level thicknesses, and zonal
versus meridional resolution. The number of levels can be any integer > 2. The levels can have any
combination of thicknesses. The horizontal discretization uses spectral truncation, which is usually
triangular. For simplicity, the spectral transforms are carried out all the latitudes simultaneously.
Any order of triangular truncation is allowed, but very high orders may be impractical in terms of
memory requirements, because of the way the spectral transforms are carried out. The range of
zonal wavenumbers may be further restricted within the range of triangular truncation, allowing
anisotropic integrations with only very few zonal wavenumbers being resolved. The extreme case of
axially symmetric horizontal representation can also be handled, although not too efficiently. The

model can also handle an arbitrary number of passive tracers, using simple spectral advection.

The model incorporates virtually no physical parameterizations of any kind. But simple forms
of scale-selective damping, and Newtonian/Rayleigh friction are provided to facilitate mechanistic

simulations.

One of the unusual features of this model is that the vertically integrated divergence over
the whole atmosphere is constrained to be identically zero. In other words, divergent shallow
water modes with barotropic vertical structure are excluded. This leads to increased computational
stability of the model. This also means that the model needs virtually no other boundary conditions,
and only interior forcing/damping parameters need to be specified. But this constraint can easily be
relaxed to allow “geopotential forcing” at the lower boundary, as would be necessary for models of
the middle atmosphere alone. (The necessary modifications are described in Appendix C, although

they have not been implemented as yet.)



2. Primitive equations in pressure coordinates

The primitive equations for a dry rotating spherical shallow compressible hydrostatic atmo-

sphere in Lagrangian form may be written in pressure coordinates as (e.g. see Holton, 1979)

C;—I;:—kau—VH<I>—|—Fu (1a)

do®

— =Fr (1b)
OZVH 'U'f‘g(; (10)

0P

5 = ~-C,0 (1d)

where ¢ = (p/ps)” denotes an auxiliary vertical coordinate, © denotes potential temperature,
F, denotes mechanical forcing/damping terms, and Fr denotes thermal forcing/damping terms.
Otherwise the notation is fairly standard, and the reader is referred to Appendix A for a complete

definition of all symbols.
Defining the operators

curl,( )= (kxVg)-(); div()=Vg-()

we define the relative vorticity & and divergence D as

D=divu; £=curl,u

Then we can write the primitive equations in Eulerian form as follows:

=~ Vu® = Vu(3u) — (7 + Ok x u - Du— L2 (20)
%C;) — — div(6u) — 8(;?) (20)
8@(; _ D (2¢)
g‘? - -C,0 (2d)

Note that we have omitted the forcing/damping terms. We shall continue to ignore these terms
in our discussion of spatial discretization. We will re-introduce some of the damping terms later

when we discuss the time-marching scheme.



3. Vertical discretization
a. Vertical grid

We assume that the domain of the model atmosphere extends upward from a reference pressure
level p = ps (“surface”) to the level p = 0 (“top” of the atmosphere). Following Lorenz (1960), we

divide the pressure-interval [0, ps] into L (possibly unequal) sub-intervals, each of extent Ap.

pS:ZApl, l=1,...,L
1

We may then think of various quantities as being defined in the middle of these L sub-intervals,
which we refer to as levels (or full-levels). The levels are numbered, starting from the uppermost-

level, as 1,..., L. The pressure p; at the full-levels is defined by

-1

1
P = iApz + 1/231 Apy

It is then convenient to introduce the concept of half-levels which lie at the boundaries of the
L pressure sub-intervals. There would be L — 1 half-levels which lie in between the L full-levels.
These we will refer to as the interior half-levels. There would also be two more half-levels, one
at the top of the atmosphere, and another at the surface. These we will refer to as the boundary

half-levels. The half-levels are numbered, starting from the top, as %, 14 %, o, L — %, L+ %

l
Pivr =Y Apyi  pr=0, pri1=ps
I'=1

We take the prognostic quantities to be the horizontal velocity u; and potential temperature
©, defined at each of the L full-levels. The continuity equation (2c¢) then suggests that it would
be natural to define “pressure velocity” w; 1 at the half-levels. Next we introduce the bar and cap

operators:

_ _ Q41+ q
‘Il+% = T
~ _qi+1 —q
QHé = T

where ¢ is some quantity defined at full-levels. (Note that the above operators are not defined at

the boundary half-levels)



We then define the vertical flux of prognostic quantities at the interior half-levels as

Vit Sw1y

Vripy = wip1Or4g

For any vertical flux V, ;. 1, we define the vertical divergence of this flux at the full-levels as

<W> _ Varry = Vaiy
Op 1 N Apl

We define the wertical integral of a quantity ¢ as being Zlel Ap; qi, which is essentially a

mass-weighted integral. In particular, we note that

L

av,
Ap <q> =V, 11—V, 1
; l (9p l q,L+35 q;5

We assume that the geopotential ®; is also defined at the full-levels. Defining {; = (pi/ps)",

we choose to discretise the hydrostatic equation (2d) as follows:

Q- P =
T " =_0C.0,.
C+1 — G PUS

We can then write the vertically discretized version of (2) as

%?:—VHQZ—VHEZ—HW (3a)
00,
o H
oL = —Hr, (3
O.)l_,’_% _— Wl 1
Dl Apl (36)
&)H% - pEH%@H% (3)
where
oV,
H,,=(f+&%kxw+ D + ( > (4a)
op /),
. oV;
HT,l = le(@lul) + <8pT>l (4b)
1,
E = Jui (4c)



The auxiliary quantity H, represents a part of the momentum flux divergence, Hp represents

the heat flux divergence, and E represents the kinetic energy.

b. Boundary conditions

We choose to set the pressure-velocity w to zero at the upper and lower boundaries of the

atmosphere:

I
o

[V
=

This choice then leads to the constraint that the vertically integrated divergence is zero. i.e.

L
=1

This choice also allows us to set the vertical fluxes at the boundaries to zero. i.e

Viui=Vuriy =V =Vrp3 =0

u,i
c. Conservation properties

It should be obvious from inspecting (3) that the vertical discretization preserves the global
conservation properties of absolute angular momentum (Qa cos ¢ + u) cos ¢ and potential temper-
ature ©. Now we proceed to show that the global integral of total energy is also conserved (in the

absence of forcing/damping). Taking the dot-product of u with (3a), we obtain

o,
ot

oV,
——ul-Vthl—ul-VHEZ—Dulz—ul~(a )
P/

After some rearranging, this can be written as

aaEtl = —diV(Elul) — div(fblul) — (

oV

o, D
8p>l+ D, (5)

_ 1 .
where Vel —CUH_%Z(UI—H w)
If we further defin = P hen
we further de qu),H% Wiy 1Py 1 then we get

7



oVz w ;&; ;—I—w_;:I;_;
( c1>> _ _g,p, 4 l+2A 1-1® 1
1 Py

If we also define Co+L = Wil l+é@l+% then we get

p - ¥p ap Ap
l l l

This allows us to write the kinetic energy tendency equation (5) as

oE, Vg W NVee OV
W = le{(El +¢l)u1} <ap>l <ap>l Cp<8p . +CPCZ 87]9 l (6)

If we multiply the potential temperature tendency equation (3b) by C,(, we obtain

8CpCl@l

P = div(CpGOu) — Cp( <83‘;T>1 "

From (6) and (7) it is clear that the vertical truncation preserves the global conservation
property of the total energy (E + Cp(O).

Another quantity conserved by this vertical truncation is ©2. If we multiply (3b) by ©, we
obtain

_ 1
where Vigz ;11 = wiy 1501410,
d. Linearization about reference vertical stratification

For the purposes of the semi-implicit time-stepping scheme that we will be using, it is necessary
to express the © distribution in terms of deviations from some reference vertical profile ©%(p). We

express O(\, ¢, p,t) as

0 =0%(p)+0'(\ ¢, p,t)
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Then we also decompose the heat fluxes as follows:

Hr = Hpr + Hp

OV
Hyr g = div(©)w) + ( a )
l

Op

%
HTR’Z = @lRDl —+ ( 8;1{)
l

—/
VT’,Z+% = Wz+%@ I+3

We can re-express Hrr as

R
I+1

@)

wl+% + @R 1wl,

-3
Ap,

HTR,l ==

L-1

_ R
— (5l’7l + 511’171)@”_’_%&)1/_,_%
=1

~

(Here we have used the fact that w1 =w; 1 =0.)
2 2

Defining a column vector of length L —1: & = (wy41,...,wy_1), and a column vector of

length L: Hypr = (Hrri,...,Hpr ), we can write the above equation in matrix form as

Hpn =Mooy @

where M,z is an L x (L — 1) matrix defined by

@R
M, 0 i —Jor =1 1;
[ W—>H]l,l’ - Ap, - - ’
0 otherwise.
@ﬁ%
A AO 0 0 0
@iLl ®§+1
2 2
3p B 0 0 0
ek ef
0 oz oz .0 0
Mw—)H = Apg Apg
R AR
0 0 0 iy S
Apr,_q Apr,_q
0 0 0 0 %i-y
Apy,



Next we note that

G
wl/_i_% = _Dl’Apl’ +(A)l/_% = — E Apl”Dl”
""=1

Defining a column vector of length L: D= (D1,...,Dp), we can rewrite the above equation

in matrix form as follows:

W=Mp_, D

where Mp_,,, is an (L — 1) x L matrix defined by

_A if " <1U;

M wlgr g — { pl” .

[Mp_, ]l 1 0 otherwise.
_Apl 0 0 0 0
Mp_ = —Ap; —Apy, —Apg 0 !
—Apy —Ap, —Apy - —Appy 0

This allows us to define the compound matrix Mp_.g = M, g Mp_,.

e. Vorticity/divergence form

Rather than work with the discretised momentum equations, we prefer to work with the
time-tendency equations for vorticity and divergence. This is motivated by the fact that when
representing the horizontal variation of quantities using spherical harmonics, it is much easier to
deal with scalars (such as vorticity) than with components of vectors. We apply the div and curl,

operators to (3a) to obtain the following prognostic equations

&

5 = curl, H, ; (9a)
D

% — —divH, — V4 E — V4 9, (9b)

Since the quantities D; are not all independent, it is convenient to work with the L — 1

independent quantities lA?l 41 at the interior half-levels. We can express D in terms of D as follows:
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-1
Dy =2D;_y+Di1=) 2Dy 1+ Dy
I'=1

Now we compute the vertically integrated divergence

L L—-1
> Dulpy = 2Dy 1(ppyy —ppiy) +Dippiy =0
I'=1 I'=1

This gives the following expression for D in terms of D

L Dyl
Dy=> 2Dy, ~1

=1 Pr+3

Substituting back in the expression for D;, we obtain

-1 L-1 Piai
Dl_ZQDl/_;'_é‘i‘Zle/_i_%( 2-1)

=1 r=1 Pr+3
or
L1 (p L—1
— 2 | p _ D
=1 P U=l
Defining a column vector of length L — 1: D = (BH%’ . ,BL_%), we can write the above

relation in matrix form as

D=Mz, ,D

where Mz o is an L x (L — 1) matrix defined by

D

p) (il ity <1
Ms.0), =1 et |
D—D|; ., i1
b 9 i”%—1> >l
L+3
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2<p1+% _1) 2<p2+% _1)
PL+% PL+%
PL+% PL+%
My = | p(fiR) o og(lnd)
D—D pL+% pL+%
Py Pyl
PL_,_% PL+%

The above L x (L — 1) matrix has a generalized left inverse which may be obtained as follows:

o -
Pril

NER
pL+%

Pr_1
Pril

L
~ 1 1 1
Dl’+% — §Dl/+1 — §Dl/ = INZI 5((5l”,l’+1 — 5l”,l’)Dl”
In matrix form, this may be written as
D=M, 5D
where M 5 is an (L — 1) x L matrix defined by
—% it I =1,
My 5] =+ =
’ 0  otherwise.
1 1
-5 +3 0 0 0
0 -1 +3 0 0
2 2
Mpp= : : : :
0O 0 0 -3 +3
M, has the following property: M, =Mz - =1

Next we write the hydrostatic relation (3d) as

L
iy = —Cplri1Opp1 = =G E :

1
2 2
""=1

Defining a column vector of length L — 1: o= (EI;H%, RN ZI;L,%), and a column vector © of

length L, we can write the above equation in matrix form as

12
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where Mg = is an (L — 1) x L matrix defined by

{MG g} - { _%szlur% if 1" =0'4+1orl" =1,
R 0 otherwise.
_%CPCH-% _%CI{H% ()A
0 —3CpCr1 —3CpCas
M ~=
[SEER

O O O _%CPCL—% _%CPCL—%
4. Time integration

a. Semi-implicit leap-frog scheme

We will use a leap-frog time-stepping scheme, but the terms associated with gravity waves will
be treated implicitly. Using superscripts to denote the time-step, we write (for a generic prognostic

quantity q)

a n
¢ =q¢" 4 2At<6§> (10)

where At denotes the time-step, and (9q/0t)™ denotes an appropriately defined time-tendency
for q.

Let a (such that 0 < o < 1) denote the “implicitness” of the time-stepping scheme. We add

scale-selective (V%;) damping terms to (3), and define the time-tendencies as follows

o€\ " , . P
<8f> = 7 Vi (a8 4 (1= @) 1) — curl, Hy (11a)
op\ < ; A 5
+ M, 5(—divHL — V4 E™) (11b)

@

n
=n+l =n—1 N . .
> = Mpon <O‘D +(1-a)D > —r Vi (a8 + (1 - )8"1) — A,

(a

Q

t
(11c)
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where f_; ﬁu, E, and ﬁT/ are vectors of length L, and Mﬁ_} =Mp_g Mﬁ_)

H D

It is convenient to define the “explicit time-tendencies”

)_('5” = —curl, ﬁﬁ — 7. VY gnil
Xp = —divH] - Vy E" = Vi Mo,06" " =,V D"

—

X% = —ﬁ%/ — MD-)Hﬁn_l — YT v%[ én_l

where Mg_,3 = Mgy My 5

This allows us to rewrite the time-tendency equations (11) as

ag " on n— 1
(%) = ot - .3 (120
oD 2 Snt+l  Zn—1 g AL znl Fn
N :—VHMg_;{;a(@ - 0" = Vi a(D -D )+MD—>5XD
(12b)
00 ! zntl  zn-l 8 Rntl  In—1 n

Assuming that we expand our variables in terms of eigenfunctions of the V% operator, we can

define the following “implicit correction factors”

corr 1
Yu =
1+ a2Aty, VY
,Y%OTT = 1

1+ a2Atyp VE;

We then use (10) to rewrite (12) as

(“) = 7o Ry (13a)

ot

85 corr 72 aé ' corr L

o =% Vi M@%:}?(OQAYS) (81&) Ty My 5XD (130)
06 ! corr 85 corr y¥n

(at> = Mg (0280)| B | X )
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We can now solve (13b,c) for the D tendency

85 2 _corr corr 2 85
S| = (@2ann Vi Mo 5Mpm | 3¢
,ygorr,ycorr VQ M@H:}?(QQAt)X% + VEOTTMDABX’g
or
85 2_corr corr 2 i
E = |:1 — (OzZAt) Vi M@_><I>MD—>H}

< ,Ygorr,ycorr v2 M@ (Oé2At)XT 4 FYCOTTMD*)DXD )
Using the identity M =~ Mz =1, we can write

My =M, Mz ,M

p-pMppMe_5 =Mp_ sMe—e
which allows us to rewrite (14)
85 ! 2, corr . corr x72 -1
<8t> - M/D\—>D [1 = (@2A8) """ Vi M@—w/ﬁ MB—>H:| MD—>D

(790" Vs Moo (a2A0) X3 + 457 X )

(15)

Equations (13a,c), along with (15) constitute the prognostic equations of the time-stepping
scheme.

b. Time-filtering

Since the leap-frog scheme produces a computational mode, a Robert time-filter (e.g

- .g. see
Haltiner and Williams, p. 147) is used to damp it out. The leap-frog scheme as described in the
previous section is modified as follows (for a generic prognostic quantity q)

dq
n—+1 — n 1 2At
! ! (m)
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where ¢, denotes the filtered value of ¢ obtained as follows

=(1-26)¢" +e(g" +¢"7)

Here € is a small positive fraction, typically of O(0.01) for meteorological applications.
5. Horizontal discretization

The model uses a truncated series of spherical harmonics to represent the horizontal variation

of a quantity g(\, ¢, p,t). The spherical harmonics Y, ,, are defined as

Y'rn,n()‘> /~L) = Pm,n(,u)eimA
where 1 = sing, and P,,, are the associated Legendre polynomials. The normalization

conditions are

1 1
/ d:upmnpmn/:(sn,n’

27
A d:u/ dA Y* Yo n = 5m m/(sn n’

Some useful expression for P, , are

)

V5
Poo=1; Py = \/g,u; Pyo= —2(3M2 - 1)

We expand ¢ in terms of the spherical harmonics as

N + min(n,M)

g mp )= > Gma(P,t) Yina(A ) (17a)

n=0 m=— min(n,M)

27

where M and N determine the order of the zonal and the meridional truncation respectively.

The choice M = N corresponds to triangular spectral truncation of order N. Note that for real g,

16



we have the property that ¢, » = (~1)"q, ,,- Therefore, we only need to store the values of g, »,
for m > 0.

For all the linear terms in the prognostic equations discussed in the previous section, it is quite
straightforward to obtain a separate time-tendency equation for each spectral coefficient g, .
Since Y,,.,, are eigenfunctions of the V% operator, with eigenvalues (—n(n +1)/a?), it is very easy
to compute the horizontal velocity u from & and D, by using the streamfunction ¢ and velocity

potential y defined as follows:

£E=Viy; D=Viy; u=kxVgy+Vpgx

The quadratic nonlinear products that occur in the prognostic equations are evaluated using
the transform method (e.g., see Haltiner and Williams, pp. 193-201). To summarize this method—
consider a quadratic product of the form (¢r). Given the spectral coefficients ¢, », and 7y, ,,, we wish
to evaluate the spectral coefficients of the product (qr),, .. We choose a (A;, ux) longitude/sine-
latitude grid in physical space, where j = 1,..., K7, and &k = 1,...,K5. We choose the K;
longitudes to be equally spaced. The K5 latitudes (referred to as “gaussian” latitudes) are chosen

to be gaussian quadrature points for the associated Legendre polynomials. i.e.

Ky

1
1
/ d,u Pm,n Pm’,n’ = 72 Gk Pm,n(uk) Pm’,n’(,“k:)a for all n,n’ < N;
1 2 —

N |

where G, are the weights associated with each quadrature point py (cf. Press et al, pp. 121-

126). To avoid aliasing, K7 and K3 must satisfy the following constraints:

3N +1

Ky >3M+1; Ky > 5

The physical space values g;; and r;j at the grid-points (\;, ux) are computed using (17a).

Then the quadratic term (gr) is transformed to spectral space as follows:

1 Ko Ky
(@) = K, > Ge D Vo (N tik) Gk Tk
k=1

Jj=1

Thus the transforms between spectral and physical representations essentially involve a discrete

Legendre transform combined with a discrete Fourier transform.
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6. Miscellaneous details

a. Passive tracers

A conserved passive tracer ¢ is assumed to be governed by the equation

% = —div(qu) —

d(wq)
dp

It is discretised in a manner very similar to the © equation, and the prognostic equation is

written as

8q " corr . n n 8Vn n—
<atl> = 75 [ div(g/'uj’) — <8;)l — 7 V¥ q) 1]

b. Choice of reference stratification

For numerical stability, ©%(p) should preferably be chosen such that the reference values
of static stability {—(00%/dp)} are typically larger than the values of static stability likely to
be encountered during time-integrations with the model (Simmons et al, 1978). In addition to
O%(p), it is useful define a “standard” vertical profile ©(p). This “standard” profile may be some
representation of the globally averaged vertical stratification such as the U.S. Standard Atmosphere.
The standard profile ©° is then used to define a standard height 2° as follows:

~ =5
921 = Cp(1 = (1) 975 = 20pG14+1 014 1 + 92141
The standard height values are used in the formulation of viscous damping terms.
c. Forcing/damping terms

We had previously introduced the scale-selective V%, damping term during our discussion of
the semi-implicit scheme. Now we discuss that and other damping terms in some more detail. We

redefine the “explicit time-tendencies” as follows:

2 8Vn_1
2 4en—1 n—1 vu
2 8Vn_1
2 4 yn—1 n—1 . vu
Xng — ... _’)’(VH +ﬁ) Dl _nulel +d1V ( 8p >l

18



n 2 \4dn—1 n—1 M 1 avl;nT_l
Xpy = =v(Vy)' O —nri (0] -6 )‘f‘z “an
l P 1
where (---) denotes the adiabatic explicit tendencies, i.e., without any damping at all; v is
the scale-selective V¥, damping coefficient (usually expressed in units of a®/sec), 1, is a pressure-
dependent Rayleigh friction coefficient, ny is a pressure-dependent Newtonian cooling coefficient.

OM is a specified “mean” potential temperature distribution that the Newtonian cooling relaxes ©
back to.

Note that there is a subtle difference in the way that the V%, damping acts on £ or D as
compared to ©, i.e., we have made the following substitutions: v, V% — (V% +2a72)* and
vr V8 — (V%)% The above scheme, which is motivated by the properties of horizontal viscous
mixing on a sphere, ensures that a state of solid-body rotation is not affected by the horizontal
scale-selective damping. Also note that all the damping terms involve values of the prognostic
quantity at time step n — 1. The damping terms are not treated using a leap-frog scheme because

it would lead to numerical instabilities.

V. is the vertical viscous stress, defined as follows:

<
<
5
w
+
ol
I
|
Y
[\
N
sk
h
N———
h
=
=1
L&
h

2
v L (%Apl—i—l + ;Apz> W —w
vu,l+35

S S 11 1
fl+1 T A 2 A1+ 24P

where v; is the value of “vertical” kinematic viscosity at level [ + %, expressed in m?/s. Since
our vertical discretization is in terms of pressure, we multiply the kinematic viscosity by (9p/dz)?
when computing the viscous stresses in terms of vertical “shears”. Note that v effectively acts
like a surface drag coefficient, and vy does not need to be specified because the viscous stress is

assumed to vanish at the top of the model.

V7 is the vertical diffusive heat “flux”, defined as follows:

VyT,% = VuT,lJr%
Vl/T,L—Q—% = VVT,L—%
2
1 1
Voo - 7Ap 1 + 3Ap o1, Ti1 =T
VTzlJF* - S S 1 1
: 21 T A 28D + 54D
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o~ ! is the inverse of the Prandtl number, which is defined as o = v/k, where & is the thermal
diffusivity (expressed in m?/s). Thermal diffusion acts on temperature 7', not on potential temper-
ature ©. Note that the temperatures in the uppermost and the lowermost levels are not affected

by thermal diffusion, and that ¢ is assumed to be independent of height.

7. Fortran implementation

a. Overview

The model described so far has been implemented as set of Fortran77 subroutines. The code
has been written with simplicity, rather than efficiency, in mind. A simple storage scheme is
used for the spectral coefficients, which leads to about 50% redundancy in memory usage. The
execution speed should not be too bad, because an effort has been made to ensure that the major
“innermost” loops of the spectral transform routines automatically vectorize on vector-processors.
One important feature of the time-marching routines in module prognos is that they carry out
spectral transforms over all the latitudes at the same time. This keeps the code simple and efficient,
but the table of Legendre polynomials needed for this procedure becomes rather large at high orders

of spectral truncation.
The fortran source code is spread out over the following files:

splib. F, prognos.F, diagnos.F, spcons.h, spgrid.h, sppoly.h, spfftb.h, mcons.h, mgrid.h, tmarch.h,]

and diacom.h

The three “.F” files contain Fortran source code interspersed with C preprocessor directives.
(On UNIX systems, the {77 command automatically invokes the C preprocessor on such files). There
are three source modules: splib, prognos, and diagnos. The module splib deals exclusively with
spectral transforms, and is self-contained (except for the NCAR-FFT routines, which are supplied
separately with this distribution). The module prognos implements the time-stepping scheme for
the model. Prognos uses several routines from module splib, and a single routine from the NAG
library. (In case the NAG routine is not available, a substitute routine is supplied separately with
this distribution.) The module diagnos computes run-time diagnostics, and uses several routines

from module splib.

The “.h” files are “include” files used by the “.F” modules. There are two types of include
files— C-parameter include files and Fortran declarative include files. The former contain definitions
of C preprocessor parameters, and need to be included only once in the whole file, preferably at the
very beginning of the file. The latter type of include files usually contain declarations of Fortran
COMMON variables, and would need need to be included in the declarative part of every Fortran

function/subroutine that needs to use them.
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There are two C-parameter include files: spcons.h and mcons.h. The file mcons.h contains
important C preprocessor definitions for module prognos. Therefore, any program that uses routines

from module prognos should begin with the following line—
#include "mcons.h”

Similarly, any program using routines from module splib should “include” the file spcons.h at
the very beginning, unless mcons.h has already been included. (Including mcons.h automatically

causes spcons.h to be included.)

The remaining include files contain Fortran declarations. The include file mgrid.h contains
several useful COMMON variables of the primitive equation model, which are described in the
preface to module prognos. Similarly, the include file spgrid.h contains several useful variables
related to the horizontal truncation and the spectral transforms, which are described in the preface

to module splib. (Including mgrid.h automatically causes spgrid.h to be included.)

The declarative include file tmarch.h contains COMMON variables dealing with the time-
stepping scheme, but they would rarely be needed by other programs. The declarative include
file diacom.h contains COMMON variables dealing with run-time diagnostics. The include files
sppoly.h, and spfftb.h are meant primarily for internal use by module splib.

Appendix B contains a Fortran to Symbols “dictionary,” which lists the symbolic equivalents

of most Fortran variable names.

b. Module splib

Module splib contains numerous routines dealing with spectral transforms. Only the most
commonly used routines, viz., the ones used by module prognos, are described below. To use these

routines, the following conventions must be used:
i) A spectral space variable ¢y, ,, should be declared as
COMPLEX QSP(0:M1MAX, 0:N1IMAX)
ii) A physical space variable ¢; ; should be declared as

REAL QPH(KIMAX, K2MAX)

The major subroutines of module splib may be described as follows (where the variables in
parantheses denote arguments to the subroutine, ¢, denote generic scalars, u = ui + vj denotes a

generic vector field, and “<—” denotes the assignment operator):
SPINI(M, N, a) : Initializes the spectral truncation order to (M, N) and the planetary radius to a
ZEROSP(¢m.n, N) : ¢mn < 0
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SPCOPY (Tm.n, Gmns N) : Ponn < Qmn

DELSQ (. Gmns N) : Prm < V4 Gmn

IDELSQ(Fm.ns Gmns N) : Prnm < VE 2 G

PHYSIC(7j ks Gmn) : Tk < (Q) ik
HVELOC(w),k, V) ks Ymny Xmyn) = Wik <= (KX V) + Vi x); .
SPECTR("'m,n; Gjk) : Tmn < Tmon + (@)mon

DIVERG(Tsn.n, Uj ks V1) & Trm 4 T + (div 1) p
CURLZ(Tmn, Wj ks Vi) : T = Tmon + (CUrl, W)y,

In short, SPINI initializes all spectral transform operations, SPCOPY copies spectral repre-
sentations, and DELSQ/IDELSQ apply the Laplacian/inverse-Laplacian operators respectively to
spectral representations. PHYSIC converts spectral representations to physical representations,
and HVELOC computes the physical velocity, given the spectral streamfunction and velocity po-
tential. The last three routines (SPECTR, DIVERG, CURLZ) convert from physical to spectral
representation, and accumulate. ZEROSP should be used to set the spectral representation to
zero before accumulation, if necessary. SPECTR converts from physical to spectral representation,
DIVERG converts the divergence of a physical space vector field to spectral space, and CURLZ
does the same for the curl, of a physical space vector field. The divergence and curl, are computed

through integration by parts (cf. Haltiner and Williams, p. 194).

Module splib also provides an error exit routine, SPERR, which takes two string arguments—
the name of the calling subroutine and an error message. SPERR simply displays the two strings

and then aborts the program.

(In case you are wondering as to why some of the subroutines take N as an argument, when
its value has already been specified through a call to SPINI— those subroutines can also take
N + 1 as an argument, to handle the exceptional case of the spectral representation of a vector
component, which is of one meridional order higher than the spectral representation of a scalar.

But for ordinary usage, N can simply be thought of as being a redundant argument)
c. Module prognos

Module prognos contains subroutines for initializing the planetary parameters and the vertical
resolution. It also contains the time-marching and time-filtering routines. Before we describe these

routines, it is useful to define the composite level variable Py = (P, Py, Psy,...) = (&, D1, 0y, ...),

where (...) denotes the concentrations of passive traces (if any). We then use the notation P to
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denote the spectral representation of P at all the levels taken together. To use these routines, the

following conventions must be used:
i) A spectral space variable gy, ,,; should be declared as
COMPLEX QSP(0:M1MAX, 0:N1IMAX, L1IMAX)
ii) A physical space variable g; ;,; should be declared as
REAL QPH(K1IMAX, K2MAX, LIMAX)
iii) A spectral composite level variable P, , ;; should be declared as
COMPLEX PSP(0:M1MAX, 0:N1IMAX, NPGQ, LIMAX)

where ¢ = 1 denotes £, i = 2 denotes D, i = 3 denotes ©, and values of ¢ > 3 denote passive
tracers (if any); NPGQ = 3+ NTRACE, where NTRACE is the number of passive tracers.

The major subroutines of module prognos may be described as follows (where the variables in

parantheses denote arguments to the subroutine, I_i, Q, R denote generic composite level variables):
PLINI(Q, R, C}, g) : Initializes the planetary parameters

VERINI(L,pl,pH%,@f, OF, v, 0M 01, mui, ot 1) « Initializes the number of levels, level thick-

nesses, standard temperature profile, and forcing/damping details

DDTINI(At, «) : Initializes the semi-implicit time-stepping scheme

DDTPGQ(Q, f’”_l,f’”) :Q «— (%) " i.e., DDTPGQ computes the “adiabatic” time-tendency
(We put 7 around adiabatic because the effects of scale-selective damping, which is the only

damping term that is treated semi-implicitly, are also included.)

DDTFRC(R,P) : R « (forcing terms). ie. DDTFRC computes R, the time-tendency due to
mechanistic forcing/damping effects, given the spectral representation of prognostic quantities

P at some approprite model time.

DDTIMP(Q) :Q « (implicitly corrected Q) i.e. DDTIMP makes implicit corrections to the

explicit time-tendency Q

ROBFIL(q) s G s Gt €) = G < (1 = 2€)q, , + (gt} + g ). ie., ROBFIL applies the
Robert time-filter.

d. Module diagnos

Module diagnos contains subroutines for computing several standard run-time diagnostics,
and for writing out history files (in direct-access format). The diagnostics are initialized by calling
subroutine DIAINI at the beginning of the sampling period. After that, subroutine DIASTP should
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be called once between every time-step in the sampling period (including once before the first time-
step, and once after the last time step) to compute the diagnostics. Subroutine DIAEND should
be called at the end of the sampling period to write out the diagnostics to a file. Since computing
run-time diagnostics is a non-standard operation, the reader is referred to the source code itself for

documentation.
e. Compilation and customization

Both prognos and splib contain Fortran subroutines/functions, but no MAIN programs. They
may be concatenated together with a main program to form an executable model. The concatenated
source code may be compiled with an 77 command on UNIX systems (or ¢f77 on UNICOS). To
customize the model for different resolutions etc., many of the important C preprocessor parameters
may be re-defined in the compilation command line itself. The important customization parameters

are defined below:

DPRECISION: This parameter, if defined, indicates that the default floating point precision on
the machine for REAL variables is equivalent to REAL*8. This parameter is needed because
some of the initializations need to be carried out at double precision on 32-bit machines. This

could be avoided on 64-bit machines (such as the Cray) by defining this parameter.

UDEF': The modules splib, prognos, and diagnos can be compiled with the f77 -u option on UNIX
systems, because all variables and functions are declared explicitly before being used. If the
MAIN program also follows this convention, the -u option could be used to detect bugs arising
from the use of undefined variables. But a small number of “dummy” declarations had to be
introduced to be able to do this on some UNIX {77 compilers, perhaps because of a bug in
the f77 compiler. These dummy declarations generate errors without the -u option. The C
preprocessor parameter UDEF is provided so that these these “dummy” declarations may be
enabled only when needed. Therefore, the UDEF option should be defined if and only if the

f77 -u option is used to compile the program.

N1MAX: This is the maximum order of triangular truncation (i.e. order of Legendre polynomials).
The default value is 21.

MI1MAX: This is the maximum value of zonal wavenumber resolved by the truncation. The default
value is NIMAX.

KIMAX: This is the number of equally spaced longitudes in the transform grid [should be the
lowest integral power of 2 > (3*N1MAX+1)]. The default value is 64.

K2MAX: This is the number of gaussian latitudes in the transform grid [should be the lowest odd
integer > (3*N1IMAX+1)/2]. The default value is 33. (Note: If K2MAX is an odd number,
then K2 is always chosen to be an odd number, so that the equator is one of the gaussian
latitudes)
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[Other typical choices of (NIMAX, MIMAX, KIMAX, K2MAX) could be (10, 10, 32, 17) or (21,
21, 64, 33) or (42, 42, 128, 65) or (85, 85, 256, 129)]

LIMAX: This is the maximum number of pressure-levels (> 2). The default value is 20.

KLOMAX: No. of vector elements for FFT operations. The default value is K2MAX. Defining this
parameter to be the maximum of either K2MAX or LIMAX allows transforms to be optionally
vectorized over levels, rather than latitudes, using subroutines VPHYS and VSPEC of module
splid.

NTRACE: This is the number of passive tracers (> 0). The default value is 0.

FIXTRUNC: This option, if defined, fixes the horizontal /vertical resolution of the model. i.e. The
number of levels and the spectral truncation are fixed. By default, this option is not defined,
and the resolution is allowed to vary within the limits of available storage. But by defining
FIXTRUNC, one can force the counts of many DO loops to become constants, and this may

help improve speed of execution (but there are no guarantees).

The next two C-preprocessor parameters, COMPLEXOP and COMPACTPOLY, affect module
splib only. They control the details of the arithmetic operations involved in carrying out the
Legendre transforms. Depending on the machine, and the compiler, defining COMPLEXOP, or
COMPACTPOLY, may speed up the transforms. Defining COMPACTPOLY will certainly save a

lot on table storage space.

COMPLEXOP: This option, if defined, indicates that complex arithmetic operations may be used
during the Legendre transform operations. The default is to use real arithmetic operations

only.

COMPACTPOLY: This option, if defined, indicates that the Legendre polynomial tables should
be stored in a compact form, to minimize memory requirements. By default, the polynomial

tables are stored in a ”twinned” form, for efficient real arithmetic operations.
Notes:
1. Defining COMPLEXOP automatically causes COMPACTPOLY to be defined.

2. Defining COMPACTPOLY without defining COMPLEXOP causes polynomial tables to be
stored with the n-index, rather than the m-index, varying most rapidly. The order of the two
innermost loops in the Legendre transform is also reversed. This may be more efficient for

non-triangular truncations with very few zonal wavenumbers.
e.g. One may use the commands
cat main.F prognos.F splib.F' > model. F

f77 -O -DLIMAX=5 -DNIMAX=42 -DKIMAX=128 -DK2MAX=65 model.F vfftpk.f -Inag
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to compile a version of the model with upto 5 pressure levels and horizontal truncation upto
T42, on a Sun workstation. The first line of the main program main.F should be #include
"mcons.h”. The file “viftpk.f” contains the vectorizable NCAR-FFT routines, and the “lnag”
option invokes the NAG library. If the NAG library is not available, it may be substituted with
routines from the LINPACK library. A module called linpack.F, containing selected LINPACK
routines, is provided to simulate the NAG routines used by module prognos. This module may be
compiled separately to form linpack.o, and the -Inag option on the above compile command line

replaced with linpack.o.
One may use the commands
cat main.F prognos.F splib.F' > model. F

cf77-DDPRECISION -DCOMPACTPOLY -DFIXTRUNC -DM1IMAX=0-DKIMAX=1-DLIMAX=20R
model.F viftpk.f -Inag

to compile a N = 21 axisymmetric version of the model, with the Legendre polynomials stored

in a compact form, with 20 pressure levels and fixed truncation, on a Cray running UNICOS.
f- Initialization and time-marching

First, the horizontal truncation should be initialized through a call to routine SPINI. Then
the planetary parameters should be initialized by calling PLINI. This should be followed by a call

to VERINT to initialize the vertical resolution, and the forcing/damping parameters.

The time-marching sequence is initialized by a call to DDTINI. If one already has available
the values of prognostic variables (13”_1, I_Z;”) at two consecutive time-steps, one may use the call
DDTINI(At, ) to initialize the semi-implicit leap-frog time-marching, with time-step At. Then

for each time-step, one would need to execute the following sequence of instructions:
CALL DDTPGQ(Q,P"1,P")
CALL DDTFRC(R, P"1)
Q+ Q+R
( Other explicit forcing terms may also be added to Q at this point )
CALL DDTIMP(Q)
Pl Pl 4 2AtQ
CALL ROBFIL(q%}, ¢ ., a1, €) for each constituent q in P

But at the very beginning of model integrations, one may have only the initial condition PO

available. In that case, one may “cheat” the time-marching routines by initializing with the call
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DDTINI(%At, «). Then, for the first time-step only, one may execute the following sequence of

instructions:

— —

CALL DDTPGQ(Q, P°, PY)

CALL DDTFRC(R, P°)

Q+ Q+R

( Other explicit forcing terms may also be added to Q at this point )
CALL DDTIMP(Q)

P!« P+ AtQ
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Symbols

Appendix A. Symbols and notation

(Note: The word “horizontal” is used here to denote motions along isobaric surfaces, which

are assumed to deviate only very little from the true horizontal)

i, j, k are the local eastward, northward, and upward unit vectors. S.I. units are used to

t

A

¢

1= sin ¢

z

p

u = ui+ vj
u

v

w =dp/dt
T

a

Q
f=2Qsin¢
g

P =gz

R

Cp

Cy
k=C,/C,
Ps
¢=(p/ps)"
© =T(ps/p)"
oRr

@S

55

oM

& =curl,u
D =divu
P=(D,0,...
b=V

express almost all the quantities, except for ~, and except where otherwise noted.

time (in s)

longitude (in rad)

latitude (in rad)

sine-latitude

height (in m)

pressure (in Pa)

horizontal velocity (in m/s)

zonal velocity (in m/s)

meridional velocity (in m/s)

“pressure velocity” (in Pa/s)

temperature (in K)

planetary radius (in m)

angular velocity of planetary rotation (in 1/s)

the coriolis parameter (in 1/s)

gravitational acceleration at planetary surface (in m?/s)
geopotential height (in m?/s?)

gas constant (per unit mass) for dry air (in J/{kgK})
specific heat (per unit mass) at constant pressure (in J/{kgK})
specific heat (per unit mass) at constant volume (in J/{kgK})
a ratio of specific heats

the (constant) reference surface pressure (in Pa)

an auxiliary vertical coordinate

potential temperature (in K)

reference potential temperature profile (in K)

standard potential temperature profile (in K)

standard height values at pressure levels (in m)

“mean” potential temperature profile (in K)

relative vorticity (in 1/s)

divergence (in 1/s)

composite level variable

streamfunction (in m?/s)
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x=Vi#D : velocity potential (in m?/s)

E = u? : kinetic energy (per unit mass, in m?/s?)

o “Implicitness” factor (0 < o < 1)

€ Robert filter factor

m zonal wavenumber

n meridional index of spherical harmonic (| m |< n)

M zonal wavenumber truncation order (| m [< M)

N : meridional truncation order (n < N)

Ppn(0) : associated Legendre polynomial

Yin(A, @) = vaneim)‘ : spherical harmonic

K, : number of longitudes in the transform grid

K : number of gaussian-latitudes in the transform grid

Gy : gaussian quadrature weight at ¢ = ¢

v : V% damping coefficient (in units of a®/s)

i : pressure-dependent Rayleigh friction coefficient (in 1/s)

nr : pressure-dependent Newtonian cooling coefficient (in 1/s)
pressure-dependent “vertical” kinematic viscosity (in m?/s)

o : Prandtl number (viscosity/thermal conductivity)

Operators

Vector quantities are shown in boldface. e.g. V = (Vy, Vy)

— l;g + lg
~ Tacosd oM Ja@gb

Vi = a2 cos? ¢ ON? + GQCosd)aTzSCOS ¢

. 1 9Vy 1 0
divV = acosp OA + acos¢%cos¢v¢

1 oVy 1 0
acos¢ O B acosqbaiqbcosqﬁvA

cur, V= (kxVpg)-V =
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Appendix B. Fortran to Symbols dictionary

A0 — a

AOINV ~ — a7t

A0Q — a?

AOQINV  — a2

CIM — im

COSINV  —  1/cos ¢y,

COSPHI —  cos ¢

CPp -

D2DCAP — M, 5

D2TT — —Mpg=—-—My g Mp_,,
D2W — Mp_,

DCAP2D — Mg,

DEL8DF — «

DP — Ap,

DPGQSP — OP/ot

DT — At

DTFAC — «2At

FO - 2Q

FSPO1  — 2Q/V3

G — 1Gg (note factor of 1)
GO - g

IMPCOR — implicit correction matrix
IMPFAC — «

IMPLCT — «

INVPNO — ot

J —

JDIV - = (D)

JPOT - = (©)

JVOR - i= €)
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K1
K1IMAX
K2
K2MAX
KAPPA

L

L1
L1IMAX
LAMBDA

M

M1
MIMAX
MU

N

N1
NIMAX
N2
NLEV
NNT2DT

OMEGAO

PGQSPO
PGQSP1
PHI
PHLV

PKCHLV
PKLV
PLV
PSURF
PTHICK

QHDAMP

RGAS

1 L4 Ll L4l L4l L4 L1l

A A

k

K,

maximum value of K3
K,

maximum value of Ko

K

[

L

maximum value of L
Aj

m
M

maximum value of M

Mk

n
N

maximum value of N
N+1

L

M5 p Mo 5
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ROBFAC

T2GPCP
TDSCOR
TDSFAC
TDAMP
TMNLV
TRADEQ
TREFLV
TRLXLV
TSTDLV
TZSTD

UDSCOR
UDSFAC
UDAMP
URLXLV

VERVIS
VVISC

W2TT

ZSTDLV

A l

L4l

d

M@%Z}?

1/ {1+~(V})*}
(Vi)

nr,

CHy

Ok

o

nr,

CH

Sl
1/{14+~7(V} +2a72)*}
Y (Vi +2a72)
Nl

Nl

4

14/
_Mw—>H

]
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Appendix C. Modifications to allow forcing at bottom boundary

Instead of setting the vertically integrated divergence to zero, one could choose to specify the
geopotential ® near the bottom boundary. This boundary condition may be appropriate for, say,
a model of the middle atmosphere, where the lower boundary forcing due to the troposphere is
specified. We choose to set the pressure-velocity w to zero at the upper boundary, but at the lower

boundary we specify the following conditions:

ﬁL+%:uL, @/L-I-%:@/L? (I)L:CpZL-i-%@L"_q)s()"gbvt)

where ZLJF% = (1 — (1), and P, is some specified function.

We also assume that @f 41 has some specified value. For convenience, one may even choose
2
AR _ AS - . - .
to set ®L+% = @L_%. We re-define & to be vector of length L, i.e., & = (wy41,...,wry1). This

allows us to express Hrr as

Hpn =Mooy @

where M, _, g is re-defined to be an L x L matrix with the following structure:

eﬁl
2
a0 0 0 0
@i-l @;11
2 2
Ap,y Ap,y 0 0 0
My—m = : : :
SR SR
0 0 ®L—1—l GL—%
App_ App_y
er , ef+1
—2 2
0 0 0 A, Bpp

We also re-define Mp_,,, to be an L x L matrix. (The extension is straightforward.) We then

define the compound matrix

Mp_g =M, g Mp_.,

We also define a new quantity i)l = o; — &,. We then write

33



L—-1
=l

L—-1 L
=D 205G 3804y + Cplry 301 = Coly 101+ D CplGuoy +Criy)Or
=l U'=Il+1

Defining a column vector of length L: o = (Cin, ..., ®1), we can write the above equation in

matrix form as

& =M, ;0

—

where Mg_, 5 is an L x L matrix defined by

Cp(z\lu% +El/+%) if I > I

(Mol = Cpliya i1 =1
0 otherwise.
CpGipr CplGypr +Goq1) o Cp(Croy +Cpy1)
0 CpCQ—f—% e CP(CL—% + CL-&-%)
M6—><i> = . . .
0 0 CpCrpt

We define the following “explicit time-tendencies”:

X} =—divH" - V4 E" — V4 Mg 56" —~, V5 D! — V% o7

X% = —ﬁ%/ - MD*)Hﬁn_l — YT V?{ én—l

Note that the explicit D tendency for each of the L levels has a (— V% ®7) term in it, and
that is the only form in which ® enters the prognostic equations. So the lower boundary condition
on & is equivalent to a vertically uniform explicit forcing term in D tendency equation. So it may
be convenient to assume that &, = 0, and specify a vertically uniform explicit forcing to simulate

the lower boundary condition on .

Proceeding along similar lines as in the case with vertically integrated divergence set to zero,

we obtain the following prognostic equations for D and O:
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oD\"
<8t> [1 _ (a2At)2,Ycorrrycorr VQ M@_>ri> MD—>H]

-1

( 75‘01"1" corr v2 @_>¢)(Q2At)XT + VEOTT)_(’B )
06\ oD\"
e — corrM AL coern

The treatment of £ is the same as for the case with vertically integrated divergence set to zero.

35



References
Haltiner, G.J., and R.T. Williams, 1980: Numerical Prediction and Dynamic Meteorology, second
edition. John Wiley & Sons, 477pp.

Holton, J.R., 1979: An Introduction to Dynamic Meteorology, second edition. Academic Press,
391pp.

Lorenz, E.N., 1960: Energy and numerical weather prediction. Tellus, 12, 364-373.

Press, W.H., B.P. Flannery, S.A. Teukolsky, and W.T. Vetterling, 1986: Numerical Recipes: the
art of scientific computing. Cambridge University Press, 818pp.

Simmons, A.J., B.J.Hoskins, and D.M.Burridge, 1978: Stability of the semi-implicit method of time
integration. Mon. Wea. Rev., 106, 405-412.

36



