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Appendix A: Proof of Proposition 1

For anyf ∈ Hf
a , we can write

f(·) =
m∑

k=1

ws
ks(·) + wc

kc(·),

wherew = (ws
1, w

c
1, · · · , ws

m, wc
m)⊤ are the coefficients. Then we have

f(x) = w
⊤
zf (x), ‖f‖2Hκ

∝
∫

du‖f̂(u)‖2 exp(σ2‖u‖2/2) = w
⊤(w ◦ γ),

where the functional norm follows [2],◦ denotes element-wise dot product, and

γ = (γs
1 , γ

c
1, · · · , γs

m, γc
m)⊤, γs

i = γc
i = exp(σ2‖ui‖2/2),

weights the Fourier componentui. We then finish the proof by replacing the linear form off(x)
and the functional norm off into equation (5) to obtain equation (6) in the paper.

Appendix B: Proof of Proposition 2

By noting that for anyf(·) =∑r
j=1 wj ϕ̂j(·) ∈ Hn

a , we have

f(xi) =

r∑

j=1

wj ϕ̂j(xi) = w
⊤
zn(xi), ‖f‖2Hκ

= ‖w‖22,

whereϕ̂j(xi) = zn(xi) follows the equality in (2) in the paper, and the functional norm follows
the fact thatϕ̂j , j = 1, · · · , r are normalized orthonomal eigenfunctions. By replacing these into
equation (10) in the paper, we obtain an equivalent formulation in equation (9) in the paper.

Appendix C: Proof of Theorem 2

To prove Theorem 2. We first prove the following lemma.

Lemma 1. DefineL(f) as

L(f) = λ

2
‖f‖2Hκ

+
1

N

N∑

i=1

ℓ(f(xi), yi).

We have

0 ≤ L(f∗
m)− L(f∗

N ) ≤ C

2Nλ
‖K − K̂r‖2,

1
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whereC is the bound on the gradient of the loss function, i.e.,|∇zℓ(z, y)| ≤ C, ‖ · ‖2 stands for the
spectral norm of a matrix.

Proof. Let ℓ∗(α) denote the Fenchel conjugate ofℓ(z, y) in terms ofz, i.e.,

ℓ∗(α) = sup
α∈Ω

(αz − ℓ(z, y))

whereΩ is the range of the mapping∇zℓ(z, y) : R → R. Using the conjugate ofℓ(z, y), we can
write

L(f∗
N ) = min

f∈HD

λ

2
‖f‖2Hκ

+
1

N

N∑

i=1

ℓ(f(xi), yi),

into an equivalent form

L(f∗
N ) = max

{αi∈Ω}N

i=1

− 1

N

N∑

i=1

ℓ∗(αi)−
1

2λN2
(α ◦ y)⊤K(α ◦ y)

whereα = (α1, · · · , αN )⊤. Similarly, we can cast

L(f∗
m) = min

f∈Ha
n

λ

2
‖f‖2Hκ

+
1

N

N∑

i=1

ℓ(f(xi), yi),

into

L(f∗
m) = max

{αi∈Ω}N

i=1

− 1

N

N∑

i=1

ℓ∗(αi)−
1

2λN2
(α ◦ y)⊤KbK̂

†K⊤
b (α ◦ y).

Then

L(f∗
m) = max

{αi∈Ω}N

i=1

− 1

N

N∑

i=1

ℓ∗(αi)−
1

2λN2
(α ◦ y)⊤K(α ◦ y)

+
1

2λN2
(α ◦ y)⊤(K −KbK̂

†K⊤
b )(α ◦ y)

≤ max
{αi∈Ω}N

i=1

− 1

N

N∑

i=1

ℓ∗(αi)−
1

2λN2
(α ◦ y)⊤K(α ◦ y)

+ max
{αi∈Ω}N

i=1

1

2λN2
(α ◦ y)⊤(K −KbK̂

†K⊤
b )(α ◦ y)

≤ L(f∗
N ) +

1

2λN2
‖α‖22‖K −KbK̂

†K⊤
b ‖2 ≤ LN (f∗

N ) +
C

2λN
‖K − K̂r‖2.

where the last inequality follows|α| ≤ C, ∀α ∈ Ω due to|∇zℓ(z, y)| ≤ C, and the definition of̂Kr

in equation (7) in the paper.

Proof of Theorem 2

Define loss function̄ℓ(f(x), y) = λ
2 ‖f‖2Hκ

+ ℓ(f(x), y). To simplify our notation, we definePN

andP as

PN (ℓ̄ ◦ f) = 1

N

N∑

i=1

ℓ̄(f(xi), yi) = L(f), P (ℓ̄ ◦ f) = E
[
ℓ̄(f(x), y)

]
= F (f).

Using this notation, we have

Λ(f∗
m)− Λ(f∗

N ) = P (ℓ̄ ◦ f∗
m − ℓ̄ ◦ f∗

N ) = PN (ℓ̄ ◦ f∗
m − ℓ̄ ◦ f∗

N) + (P − PN )(ℓ̄ ◦ f∗
m − ℓ̄ ◦ f∗

N)

≤ PN (ℓ̄ ◦ f∗
m− ℓ̄ ◦ f∗

N)+ max
(f,f ′)∈G

(P − PN )(ℓ̄ ◦ f− ℓ̄ ◦ f ′),

2
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whereG is defined as

G =
{
(f, f ′) ∈ Hκ ×Hκ : ‖f − f ′‖ℓ2 ≤ r, ‖f − f ′‖Hκ

≤ R
}
,

where‖f‖ℓ2 =
√
E[f2(x)] ≤ ‖f‖Hκ

, andr, R are given byr = R = ‖f∗
m − f∗

N‖Hκ
≤ 4/

√
λ.

Using Lemma 9 from [1], we have with a probability1− 2N−3, for anyǫr ≤ eN , ǫ2R ≤ eN ,

sup
(f,f ′)∈G

(P − PN )(ℓ̄ ◦ f ′ − ℓ̄ ◦ f ′) ≤ C0L(rǫ+Rǫ2 + e−N ) ≤ C1L(rǫ + e−N ),

whereC0, C1 are numerical constants, andL is the upper bound of the gradient ofℓ̄ for functions in
G and is given byL ≤

√
λ + C. Sincemax (‖f∗

N‖Hκ
, ‖f∗

m‖Hκ
) ≤ 2/

√
λ and16ǫ2e−2N ≤ λ, we

have the conditionǫr ≤ eN satisfied, and therefore, with a probability1− 2N−3, we have

P (ℓ̄ ◦ f∗
m − ℓ̄ ◦ f∗

N ) ≤ PN (ℓ̄ ◦ f∗
m − ℓ̄ ◦ f∗

N ) + C1(
√
λ+ C)(rǫ + e−N )

≤ C‖K − K̂r‖2
2Nλ

+ C1(
√
λ+ C)(rǫ + e−N ),

where we use the result in Lemma 1. Using the definition ofr, and for any scalers, we have

2rs ≤
λ‖f∗

m − f∗
N‖2Hκ

8
+

8s2

λ
≤ λ

4
‖f∗

m − f∗‖2Hκ
+

λ

4
‖f∗ − f∗

N‖2Hκ
+

8s2

λ

≤ 1

2
P (ℓ̄ ◦ f∗

m − ℓ̄ ◦ f∗) +
1

2
P (ℓ̄ ◦ f∗

N − ℓ̄ ◦ f∗) +
8s2

λ
,

where the last step explores the strong convexity ofℓ̄. Using the bound for2r[C1(
√
λ+C)ǫ/2], we

have

P (ℓ̄ ◦ f∗
m − ℓ̄ ◦ f∗

N)− C1

(√
λ+ C

)
e−N

≤ C‖K − K̂r‖2
2Nλ

+
1

2
P (ℓ̄ ◦ f∗

m − ℓ̄ ◦ f∗) +
1

2
P (ℓ̄ ◦ f∗

N − ℓ̄ ◦ f∗) +
2C2

1 (
√
λ+ C)2

λ
ǫ2.

Using the factΛ(f) = P (ℓ̄ ◦ f − ℓ̄ ◦ f∗), we have

1

2
Λ(f∗

m) ≤ 3

2
Λ(f∗

N) + C1

(√
λ+ C

)
e−N +

C‖K − K̂r‖2
2Nλ

+
2C2

1 (
√
λ+ C)2

λ
ǫ2.

We complete the proof by absorbing the constant terms into a numerical constantC2.

Appendix D: Proof of Theorem 3

To prove Theorem 3, we fist prove the following lemma that relatesHr andĤr to matricesKr and
K̂r, respectively.

Lemma 2. Assumêλr > 0 andλr > 0. We have
[
K̂r

]
i,j

= 〈κ(xi, ·), Ĥrκ(xj , ·)〉Hκ
, [Kr]i,j = 〈κ(xi, ·), Hrκ(xj , ·)〉Hκ

, i, j = 1, . . . , N.

Proof. By the definition ofĤr and expression of̂ϕj , we have

〈κ(xi, ·), Ĥrκ(xj , ·)〉 =
r∑

k=1

1

λ̂k

〈κ(xi, ·), ϕ̂k〉〈κ(xj , ·), ϕ̂k〉

=

m∑

s,t=1

r∑

k=1

1

λ̂k

V̂s,kV̂t,k〈κ(xi, ·), κ(x̂s, ·)〉〈κ(xj , ·), κ(x̂t, ·)〉

=

m∑

s,t=1

r∑

k=1

V̂s,kV̂t,k

λ̂k

[Kb]i,s[Kb]j,t =

m∑

s,t=1

[Kb]i,sK̂
†
s,t[Kb]j,t = [KbK̂

†K⊤
b ]i,j = [K̂r]i,j

3
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where in the second equality we use equation (2) in the paper for ϕ̂j , and last line useŝK =∑r
k=1

1

λ̂k

v̂kv̂
⊤
k . Similarly, we have

〈κ(xi, ·), Hrκ(xj , ·)〉 =
r∑

k=1

1

λk
〈κ(xi, ·), ϕk〉〈κ(xj , ·), ϕk〉

=

N∑

s,t=1

r∑

k=1

1

λk
Vs,kVt,k〈κ(xi, ·), κ(xs, ·)〉〈κ(xj , ·), κ(xt, ·)〉

=
N∑

s,t=1

r∑

k=1

Vs,kVt,k

λk
[K]i,s[K]j,t =

N∑

s,t=1

[K]i,s[K
−1
r ]s,t[K]j,t = [KK−1

r K⊤]i,j = [Kr]i,j

Proof of Theorem 3

Defineκ̄(xa,xi) = 〈κ(xa, ·),∆Hκ(xi, ·)〉Hκ
. By Lemma 2, we have

[Kr − K̂r]ia = κ̄(xa,xi).

We have

‖Kr − K̂r‖22 = max
‖u‖2≤1

N∑

i,j=1

N∑

a=1

uiuj κ̄(xa,xi)κ̄(xa,xj)

= max
‖u‖2≤1

N∑

i,j=1

N∑

a=1

uiuj〈κ(xa, ·),∆Hκ(xi, ·)〉Hκ
〈κ(xa, ·),∆Hκ(xj , ·)〉Hκ

(1)

Using the definition ofLN in equaiton (1) in the paper and the reproducing property, for anyf, g ∈
Hκ, we can have

N∑

i=1

〈κ(xi, ·), f〉〈κ(xi, ·), g〉 =
N∑

i=1

〈κ(xi, ·), g〉f(xi) = N〈LNf, g〉

Applying the above equality tof = ∆Hκ(xi, ·), g = ∆Hκ(xj , ·), we have
N∑

a=1

〈κ(xa, ·),∆Hκ(xi, ·)〉〈κ(xa, ·),∆Hκ(xj , ·)〉 = N〈LN∆Hκ(xi, ·),∆Hκ(xj , ·)〉

= N〈κ(xi, ·),∆HLN∆Hκ(xj , ·)〉 (2)

Using equality (2) in (1), we have

‖Kr − K̂r‖22 = max
‖u‖2≤1

N

N∑

i,j=1

uiuj〈κ(xi, ·),∆HLN∆Hκ(xj , ·)〉Hκ
.

Definef(·) =∑N
i=1 uiκ(xi, ·). We note thatκ(xi, ·) can be expressed as an eigen-expansion form,

i.e.,

κ(xi, ·) =
N∑

j=1

√
λjVi,jϕj(·), (3)

Using the relationship betweenκ(xi, ·) and eigenfunctionsϕj(·) in equation (3), we have

f(·) =
N∑

i=1

N∑

j=1

ui

√
λiVi,jϕj(·) =

√
NL

1/2
N [g](·),

whereg(·) =
∑N

i,j=1 uiVi,jϕj(·). Since‖u‖2 ≤ 1, we have‖g‖2Hκ
= u

⊤V V ⊤
u ≤ 1, where

V = (v1, . . . ,vN ). We thus have

‖Kr − K̂r‖22 = N2 max
‖g‖Hκ

≤1
〈L1/2

N g,∆HLN∆HL
1/2
N g〉Hκ

= N2 max
‖g‖Hκ

≤1
〈g, L1/2

N ∆HLN∆HL
1/2
N g〉Hκ

= N2‖L1/2
N ∆HLN∆HL

1/2
N ‖2 = N2‖L1/2

N ∆HL
1/2
N ‖22.

4
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Appendix E: Proof of Theorem 4

To prove Theorem 4, we first prove the following lemma.

Lemma 3. Assume∆ = (λr − λr+1)/N > 3‖LN − Lm‖HS , where‖ · ‖HS stands for the
Hilbert Schmidt norm of an integral operator. LetΘ = (ϕ̂1, . . . , ϕ̂r) ,Φ = (ϕ1, . . . , ϕr) ,Φ =
(ϕr+1, . . . , ϕN ) . Then, there exists a matrixP ∈ R

(N−r)×r satisfying

‖P‖F ≤ 2‖LN − Lm‖HS

∆− ‖LN − Lm‖HS
.

such thatΘ = (Φ + ΦP )(I + P⊤P )−1/2.

Proof of Lemma 3.we need the following perturbation result [3]1.

Lemma 4. (Theorem 2.7 of Chapter 6 [3]) Let(λi,vi), i ∈ [n] be the eigenvalues and eigen-
vectors of a symmetric matrixA ∈ R

n×n ranked in the descending order of eigenvalues. Set
X = (v1, . . . ,vr) andY = (vr+1, . . . ,vn). Given a symmetric perturbation matrixE, let

Ê = (X,Y )⊤E(X,Y ) =

(
Ê11 Ê12

Ê21 Ê22

)
.

Let‖ · ‖ represent a consistent family of norms and set

γ = ‖Ê21‖, δ = λr − λr+1 − ‖Ê11‖ − ‖Ê22‖.
If δ > 0 and2γ < δ, then there exists a unique matrixP ∈ R

(n−r)×r satisfying‖P‖ < 2γ
δ such

that

X ′ = (X + Y P )(I + P⊤P )−1/2,

Y ′ = (Y −XP⊤)(I + PP⊤)−1/2,

are the eigenvectors ofA+ E.

Define matrixB as

Bi,j =
1

m

m∑

k=1

λ̂k〈ϕ̂k, ϕi〉〈ϕ̂k, ϕj〉.

Let zi be the eigenvector ofB corresponding to eigenvaluêλi/m. It is straightforward to show that

zi = (〈ϕ1, ϕ̂i〉Hκ
, . . . , 〈ϕN , ϕ̂i〉Hκ

)⊤, i ∈ [m],

and therefore we have

ϕ̂i =

N∑

k=1

zi,kϕk, i ∈ [m], orΘ = (Φ,Φ)Z,

whereZ = (z1, · · · , zr). To decide the relationship between{ϕ̂i}ri=1 and{ϕi}Ni=1, we need to
determine matrixZ. We define matrixD = diag(λ1/N, . . . , λN/N) and matrixE = B −D, i.e.

Ei,j = Bi,j − λiδi,j/N = 〈ϕi, (Lm − LN)ϕj〉Hκ
.

Following the notation of Lemma 4, we defineX = (e1, . . . , er) andY = (er+1, . . . , eN ), where
e1, . . . , eN are the canonical bases ofR

N , which are also eigenvectors ofD (which corresponds to
matrix A in Lemma 4). Defineδ andγ as follows

γ =

√√√√
r∑

i=1

N∑

j=r+1

〈ϕi, (LN − Lm)ϕj〉2Hκ
,

δ = ∆−

√√√√
r∑

i,j=1

〈ϕi, (LN − Lm)ϕj〉2Hκ
−

√√√√
N∑

i,j=r+1

〈ϕi, (LN − Lm)ϕj〉2Hκ
.

1We simplify the statement to make it better fit with our objective

5
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It is easy to verify thatγ, δ are defined with respect to the Frobenius norm ofÊ in Lemma 4. In
order to apply the result in Lemma 4, we need to showδ > 0 andγ < δ/2. To this end, we need to
provide the lower and upper bounds forγ andδ, respectively. We first boundδ as

δ −∆ ≥ −

√√√√
N∑

i,j=1

〈ϕi, (LN − Lm)ϕj〉2Hκ
= −‖LN − Lm‖HS .

We then boundγ as

γ =

√√√√
r∑

i=1

N∑

j=r+1

〈ϕi, (LN − Lm)ϕj〉2Hκ

≤

√√√√
N∑

i=1

N∑

j=1

〈ϕi, (LN − Lm)ϕj〉2Hκ
= ‖LN − Lm‖HS .

Hence, when∆ > 3‖LN −Lm‖HS , we haveδ > 2γ > 0, which satisfies the condition specified in
Lemma 4. Thus, according to Lemma 4, there exists aP ∈ R

(N−r)×r satisfying‖P‖ < 2γ/δ, such
that

Z = (z1, . . . , zr) = (X + Y P )(I + P⊤P )−1/2 = (X,Y )

(
Ir×r

P

)
(I + P⊤P )−1/2.

implying

Θ = (Φ,Φ)Z = (Φ,Φ)(X,Y )

(
Ir×r

P

)
(I + P⊤P )−1/2 = (Φ + ΦP )(I + P⊤P )−1/2,

where we use(X,Y ) = I.

Proof of Theorem 4

Since
‖L1/2

N ∆HL
1/2
N ‖2 = max

‖f‖Hκ
≤1

〈f, L1/2
N ∆HL

1/2
N f〉Hκ

,

we need to bound〈f, L1/2
N ∆HL

1/2
N f〉Hκ

. To this end, we writef(·) =
∑N

i=1 uiϕi(·), where∑N
i=1 u

2
i = 1, and have

〈f, L1/2
N ĤrL

1/2
N f〉Hκ

=

N∑

i,j=1

uiuj〈ϕi, L
1/2
N ĤrL

1/2
N ϕj〉Hκ

=
1

N

N∑

i,j=1

uiuj

√
λiλj〈ϕi, Ĥrϕj〉Hκ

= u
⊤DA2Du,

whereu = (u1, . . . , uN )⊤, D = diag(
√
λ1/N, . . . ,

√
λN/N) andA = [〈ϕi, ϕ̂j〉Hκ

]N×r =

(Φ,Φ)⊤Θ. Since∆ > 3‖LN−Lm‖HS , according to Lemma 3, there exists a matrixP ∈ R
(N−r)×r

satisfying

‖P‖F ≤ 2‖LN − Lm‖HS

∆− ‖LN − Lm‖HS
,

such thatΘ =
(
Φ+ ΦP

)
(I + P⊤P )−1/2. Using the expression ofΘ, we computeA as

A = (Φ,Φ)⊤Θ = (Φ,Φ)⊤
(
Φ+ ΦP

)
(I + P⊤P )−1/2

=

(
I
P

)
(I + P⊤P )−1/2.

Thus, we have

〈f, L1/2
N ∆HL

1/2
N f〉Hκ

= u
⊤D

((
I 0
0 0

)
−AA⊤

)
Du

= u
⊤DBDu,

6
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368

369

370

371

372

373

374

375

376

377

whereB is given by

B =

(
I − (I + P⊤P )−1 (I + P⊤P )−1P⊤

P (I + P⊤P )−1 P (I + P⊤P )−1P⊤

)

=

(
P (I + P⊤P )−1P⊤ (I + P⊤P )−1P⊤

P (I + P⊤P )−1 P (I + P⊤P )−1P⊤

)
.

Rewriteu = (ua,ub) whereua ∈ R
r includes the firstr entries inu andub includes the rest of the

entries inu. DefineDa = diag(
√

λ1/N, . . . ,
√
λr/N) andDb = diag(

√
λr+1/N, . . . ,

√
λN/N).

LetQ = (I + P⊤P )−1. We have

u
⊤DBDu ≤ ‖ua‖2‖DaPQP⊤Da‖2 + ‖ub‖2‖DbPQP⊤Db‖2 + 2‖ua‖‖ub‖‖DaQP⊤Db‖2

≤ (‖ua‖+ ‖ub‖)2max

(
λ1

N
‖P‖22,

√
λ1λr+1

N
‖P‖2

)
≤ 2max

(
‖P‖22,

√
λr+1/N‖P‖2

)
,

where we use the following facts
∥∥PQP⊤

∥∥
2
≤ ‖P‖22, ‖QP⊤‖2 =

√
‖PQ2P⊤‖2 ≤ ‖P‖2, and

λ1 ≤ N . We complete the proof by using the fact

‖L1/2
N ∆HL

1/2
N ‖2 = max

‖f‖Hκ
≤1

〈f, L1/2
N ∆HL

1/2
N f〉Hκ

= max
‖u‖2≤1

u
⊤DBDu.

and the bound on‖P‖2 in Lemma 3.
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