MATHG609-601
Homework #2

September 27, 2012



1. PROBLEMS

This contains a set of possible solutions to all problems of HW-2. Be vigilant since
typos are possible (and inevitable).

(1) Problem 1 (20 pts) For a matrix A € R™*" we define a norm by

14l = max x|/,
where ||z|| is a norm in R". Show that the following is true:
(a) [|A|| > 0 and if ||A|| = 0 then A =0 (here 0 is the zero matrix in R"*");
(b) ||eAl| = |a|||A||, o any real number;
(c) |[A+B| < [JA|| + || B]];
(d) |AB]| < |A|l[|B].
(2) Problem 2 (10 pts) Show that a symmetric n by n matrix with positive ele-
ment that is strictly row-wise diagonally dominant is also positive definite.

(3) Problem 3 (10 pts) Let p(A) be the spectral radius of the matrix A. Show
that for any integer k > 0, p(A*) = (p(A))*.

(4) Problem 4 (10 pts) Prove that ||A|2 < v/n||Al| for any matrix A € R™*"™.

(5) Problem 5 (10 pts) Prove that for any nonsingular matrices A, B € R™",

B~ — A7 1B = Al
———— < cond(A)————
1Bl 1Al
where || - || is a matrix norm and cond(A) is the condition number of A w.r.t

that norm.
(6) Problem 6 (10 pts) Show that any strictly diagonally dominant symmetric
matrix with positive diagonal elements has only positive eigenvalues.

(7) Problem 7 (10 pts) Show that if A is symmetric and positive definite matrix
and B is symmetric then the eigenvalues of AB are real. If in addition B is
positive definite then the eigenvalues of AB are positive.

(8) Problem 8 (20 pts) Show that
@) 1Al = e Dl where el = o b
j:
(b) 1Ay = max > Jayl, where [all = |zil.
i=1

1<j<n
== i=1



2. SOLUTIONS
(1) Problem 1:
Proof. (a) If A =0, then cleary Az = 0,Vx € R", so

| 4]
41 = -

TER™ ,x#0 HIH N
Otherwise 3 a;; # 0,a;; € A. Let e; = [0,---,1,---,0]7, then

A Ae;
Al e 12l el
zerra0 [lzfl T fle
In summary, [|A|| > 0, and ||A|| =0iff A = 0.
(b)

B |aAz| |af || Az
oAl = max = max —pr——
ceRrz20 | z| zeRrz20  ||z||
| Az||
= la] max ——= = [af[|A]
rER" x#£0 ||l'||
(c)
A+ B Ax + B
A Bl = e JAEBE Ao+ Ba
zER™,x#0 HQ?H TER™,x#0 ”LU”
| Az[| + || B|]
— 2ERM 240 |||
] 1Bzl ay -+ 41
~ zeRra#0 ||z| zeRr 220 ||z

(d) According to the definition of the matrix norm, || A|| = max,cgn ||Az|/| 2]
we have ||Az|| < ||A]|||z]|,V = € R". So, V x € R" we have the following

inequalities:
[ABz|| < [[Al[llBx]| < [[ANIBI[]|=]

lABxf . IAlIBl«|

Theref AB|| =
erelore, || || ZER™ 240 HxH ~ xERM,z#0 HIL‘“

(2) Problem 2:

= [[A[lllB]-

Proof. A € R™™ is symmetric, so 3 a real diagonal matrix A and an or-
thonormal matrix @ such that A = QAQT, where the diagonal values of A are
A’s eigenvalues \;, ¢ = 1,--- ,n and the columns of () are the corresponding

eigenvectors.

According to Gerschgorin’s theorem, A’s eigenvalues are located in the

union of disks

di={z€C:|z—a §Z|ai’j|}’ i=1,---,n.
J#i



(5)

Because A is positive and strictly row-wise diagonal dominant, so,
di:{zeC:0<ai’i—Zai7j SZSZCLM}, i=1,---,n
J#i J
Therefore all A’s eigenvalues are positive, then Vo € R™, x # 0 we have,
2T Ar = 2"QAQTx = y" Ay > 0, where y = Q72 # 0.
i.e. A is positive definite. OJ

Problem 3: First, recall that the set of complex numbers o(A) = {\: det(A—

Al) = 0} is called spectrum of A.

Proof. Then, ¥V X\ € o(A), we show that \* € o(A4%). Indeed, let Au = \u
with u # 0.

AFy = MAF 1y = o= Ny,
For any u € o(AF), we have A¥v = pv, v # 0. Since, v belong to the range of
A, 50 at least there exists one eigenvalue A = p!/* s.t.

Av = pt'*v.

Thus, we always have that for any || where A*u = pu, u # 0, there exists
a |\ = |u|"* where Au = \u, u # 0; for any |\| where Au = \u, u # 0, there
exists a |u| = |\¥| = |AF where A*u = pu, u # 0. So,

p(A") = max [ = ma A" = (max [A)* = (p(4))"

€o(AF) A€ (A) Aeo(A)
Il
Problem 4:
Proof. Tt follows from the obvious string of inequalities
4l = e 14l = s, (525
=1 j=1
< max 22)1/? Schwartz inequalit
= e 121]21 lJZ q y
= (Zza?j)m < (Z(Z Jaig])*) 2
i=1 j=1 =1 j=1
< maxD% 2 < (| A2 = Vil Al
O
Problem 5:
Proof. Assume the norm || - || satisfies the submultiplicative property, i.e.
I|AB]| < ||A]|||B]| (subordinate matrix norms have this property).
|B=' = AT = A7 =BTl = BB - A)A™

< BB — Al A~



A, B are nonsingular matrices, divide |B~!|| on both sides,

B~ — A7 -1 1B = AJ[IA~ Al
<[[B-AllA™] =
1B=1]] HH%H A
= cond(A)"=—— 1
1Al

(6) Problem 6:

Proof. For any symmetrix matrix A, all its eigenvalues are real.
According to Gerschgorin’s theorem, A’s eigenvalues are located in the
union of disks

diz{zeC:|z—ai’i|§2|ai’j|}’ i=1,--,n.

J#
le.,
di={2€C:a; _Z|ai»j| <z< ai7i+2|ai7]~|}, i=1,---.,n.
J#i J#i
Because A’s diagonal elements are positive and A is strictly diagonal dom-
inant, so,

@iy — Zj;éi |ai ;| = lai;| — Zj;éi |ai ;| >0

@i+ Zj;éi |ai | = laii| + Zj;éi laijl >0, i=1,--,n.
So, all this disks are located at the right side of the y-axis in the complex
plane, so all eigenvales of A are positive. O

(7) Problem T7:

Proof. First possible solution:

(1) Consider an eigenvalue A and its eigenvector ¢ of the matrix AB, that is
AB1 = \p. We do not know whether A and 1) are real, so we assume that
they are complex. Recal that the inner product of two complex vectors ¢
and ¢ is defined as (¢,v) = >, ¢; 1;, where 9 is the complex conjugate
to 1. Recall, that (¢,v) = (1, ¢). For the inner product of the complex
vectors ABv and v we get

ABY =X = BABY = AByY, = (BABY,Y) = \B,).
Now using the symmetry of A and B we get

(BABY, ¢) = (¢, BABY) = (BABY, 1)),

which means that the complex number (BAB1, 1) is equal to its complex
conjugate, i.e. the number is real. In the same way we prove that (B, ¢)
is reas as well, from where we conclude that A is real. Then we conclude
that 1 is real as well.

(2) If A and B are positive definite, then (Bw,v) > 0 and (BAB,v) > 0,
therefore from (BABv, ) = A\(B, ) it follows that A > 0.
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Another possible solution (for those with more advanced knowlegde in linear
algebra):
(1) A is SPD, its square root exists A2 which is SPD, then

AB ~ ATV2ABAY? = AM2BAY?
Because both A'/? and B are symmetric, then
(AV2BAY2)T — (AV2)T BT(AY2YT — A2 BAV?,

so AY2BA'Y? is symmetric, and the eigenvalues of AY2BA'Y? are real.
AB ~ AY2BA'Y2 they have the same spectrum, so all eigenvalues of AB
are real.

(2) If B is also SPD, we can show that A'/2BA'/? is SPD. The symmetry
is shown in (1). Now show positive definite. Vx € R",xz # 0 with
y = AY2z % 0 we have

(A'?BAY?z, x) = (BAV?z, AV?z) = (By,y) > 0.

So AY2BAY?is SPD, and all its eigenvalues are positive. AB ~ AY2BAY?
they have the same spectrum, so all eigenvalues of AB are positive.
O

we show (b) as well
(8) Problem 8:

Proof. We prove (a). First we show that [|Af| < max; ) [a;;|. Indeed,

[Allc = max [[Az|lw
lefleo=1

n
= max max| E a;; x|
[#llo=1 ¢ <
J=1
n

IN

max maxZ\ainxj]
lello=1 ¢ 4

IN

n
max maxmax|xj|2|aij|
lalle=1" ¢ s

n
= max Y _|ay|
% =

Next we show aslo that max; > |a; ;| < [[Alle. Assume that for some integer

k € [1,n] we have
n n
> laws| = m?XZ|az‘j|~
=1

j=1
By choosing a vector y s.t.,

o 1, for ay; > 0;
Yi = —1, for agj < 0;



Then, ||y]lc =1 and
1Alo = sup [ Azlloo > [[Aylloc = Y largl = max Y ail.
J J

ZER™,||z||co=1

Thus, from the inequalities max; Y |a; ;| < [[Alloe < max; Y |a; ], it follows
that
Al = max Y|
j

The inequality (b) is shown in a similar way. O



