
Section 10.9: Taylor Polynomials

Definition: Let f(x) be a function. Recall the Taylor Series for f(x) at x = a is

f(x) =
∞∑
n=0

f (n)(a)

n!
(x − a)n. A partial sum of a Taylor Series is called a Taylor Polynomial. More

specifically, the nth degree Taylor Polynomial for f(x) at x = a is

Tn(x) =
n∑

i=0

f (i)(a)

i!
(x− a)i

where f (i)(a) is the ith derivative of f(x) at x = a.

EXAMPLE 1: Find the first and second degree Taylor Polynomial for f(x) =
√
x at x = 1.



EXAMPLE 2: Find T1(x), T3(x), and T5(x) for f(x) = sin x at x = 0. Notice by viewing the graph
below how the Taylor Polynomials better approximate f(x) at x = 0 as n gets larger.
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EXAMPLE 3: If f(x) = x1/3, find T2(x) at x = 8.



Definition: The Remainder in using Tn(x) to approximate f(x) for x near a is defined to be
Rn(x) = f(x)− Tn(x). Thus it follows that f(x) = Tn(x) +Rn(x).
Below, you will see a graph of the function and the Taylor Polynomial we found in example 3. Note
that the function and the Taylor Polynomial are the same at x = a (where a = 8 in this example),
and as x deviates from x = 8, the Taylor Polynomial deviates from f(x). Thus, the closer we are to
a, the smaller the remainder.
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Taylor’s Inequality: An upper bound on the absolute value of the remainder is

|Rn(x)| ≤
M

(n+ 1)!
|x− a|n+1

where |f (n+1)(x)| ≤ M for x in an interval containing a.

EXAMPLE 4: If f(x) = ln x and n = 3, find Tn(x) at x = 4. Then, use Taylor’s inequality to find
an upper bound on the remainder if 3 ≤ x ≤ 5.



EXAMPLE 5: If f(x) = cosx, n = 2. Find Tn(x) at x =
π

4
. Then use Taylor’s inequality to find an

upper bound on the remainder if
π

6
≤ x ≤ 2π

3
.

EXAMPLE 6: Recall sin x =
∞∑
n=0

(−1)nx2n+1

(2n+ 1)!
is the Maclaurin Series for sin x.

(a) Using the Alternating Series Estimation Theorem, what is the maximum error possible in
using the approximation

sin x ≈ x− x3

3!
+

x5

5!
for |x| < 0.3?

(b) Use sin x ≈ x− x3

3!
+

x5

5!
to approximate sin(1.2◦).

(c) Use the Alternating Series Estimation Theorem to estimate the range of values of x for which
the given approximation is accurate to within the stated error.

sin x ≈ x− x3

3!
+

x5

5!
, error< 0.000001.


