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Recall the Hajós’ conjecture.

Conjecture 1 (Hajós’ conjecture, 1950s) For every positive integer t, if
G is a graph that does not contain Kt+1 as a topological minor, then χ(G) ≤ t.

We have shown that Hajós’ conjecture is false when t is sufficiently large.
There is a similar conjecture, stated in terms of graph minors. A multi-

graph H is a minor of another multigraph G if H is isomorphic to a graph
that can be obtained from a subgraph of G by contracting edges. We also
say G contains H as a minor in this case. In other words, H can be obtained
from G by repeatedly deleting vertices and edges and contracting edges.

Clearly, if G contains H as a topological minor, then G contains H as a
minor. But G contains H as a minor does not imply that G contains H as
a topological minor. For example, let H = K1,4 and G be a graph obtained
from K2 by attaching two leaves to each vertex. Then G contains H as a
minor but not as a topological minor. On the other hand, the following
proposition is a standard exercise. (A multigraph is subcubic if every vertex
has degree at most 3.)

Proposition 2 Let G and H are subcubic multigraphs. Then G contains H
as a minor if and only if G contains H as a topological minor.

Hadwiger proposed the following conjecture.

Conjecture 3 (Hadwiger’s conjecture, 1943) For every positive integer
t, if G is a graph that does not contain Kt+1 as a minor, then χ(G) ≤ t.
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Hadwiger’s conjecture is true when t ≤ 3 (easy, will be shown today),
and also true when t ≤ 5 (hard, likely will be shown/sketched later this
semester, assuming big theorems). The case t ≥ 6 remains open. Hadwiger’s
conjecture is widely considered as one of the most important conjectures in
graph theory due to its fundamentality (i.e. only involves edge-contraction
and vertex/edge-deletion, which are the most fundamental and natural graph
operations) and difficulty. Note that Hajós’ conjecture implies Hadiwger’s
conjecture, and the open cases of Hajós’ conjecture are exactly the hard but
proved cases of Hadwiger’s conjecture.

Now we prove that Hajós’ conjecture (and hence Hadwigers’ conjecture)
holds when t = 3.

Theorem 4 (Dirac) Let G be a (simple) graph with no K4-subdivision.
Then the following hold:

1. G contains a vertex of degree at most 2.

2. If G has at least 2 vertices, then G contains 2 vertices of degree at most
2.

3. If G has at least 4 vertices, then G contains 2 non-adjacent vertices of
degree at most 2.

Proof. We shall prove all statements at once by induction on |V (G)|. When
|V (G)| ≤ 3, the theorem is obvious. So we may assume |V (G)| ≥ 4.

When G has at least 2 components, we can obtain a vertex of degree at
most 2 in each component by the induction hypothesis. So we may assume
that G is connected.

When G is 3-connected, G contains a subdivision of K4 by Menger’s
theorem. (First pick a shortest cycle C in G. Then C is an induced subgraph
of G, so there exists a vertex v of G−V (C). Then Menger’s theorem implies
that there exist 3 paths in G from v to V (C) only sharing v. This gives a
subdivision of K4.)

When G has a cut-vertex v, there exist subgraphs G1, G2 of G such that
G1 ∪ G2 = G, V (G1) ∩ V (G2) = {v}, and V (G1) − V (G2) 6= ∅ 6= V (G2) −
V (G1). By the induction hypothesis, there exist a vertex v1 in G1 − v with
degree at most 2 in G1 and a vertex v2 in G2−v with degree at most 2 in G2.
Note that v1 and v2 also have degree at most 2 in G and are non-adjacent in
G. So we are done.
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Hence we may assume that G is 2-connected but not 3-connected. So
there exist subgraphs G3, G4 of G such that G3∪G4 = G, |V (G3)∩V (G4)| =
2, and V (G3) − V (G4) 6= ∅ 6= V (G4) − V (G3). Let x, y be the vertices in
V (G3) ∩ V (G4). For each i ∈ {3, 4}, let G+

i = Gi + xy, and observe that
there exists a path Pi in G7−i from x to y since G is 2-connected. Hence for
each i ∈ {3, 4}, G contains a subdivision of G+

i , so G+
i does not contain a

subdivision of K4, and hence there exists a vertex vi in G+
i with degree at

most 2 in G+
i by the induction hypothesis. Note that for each i ∈ {3, 4}, if

|V (G+
i )| ≤ 3, then vi can be chosen so that vi 6∈ {x, y}; if |V (G+

i )| ≥ 4, then
since x, y are adjacent in G+

i , vi can be chosen so that vi 6∈ {x, y}. Therefore,
there exist a vertex v3 in G3−{x, y} with degree at most 2 in G3 and a vertex
v4 in G4 − {x, y} with degree at most 2 in G4. Since vi 6∈ {x, y}, v3 and v4
also have degree at most 2 in G and are non-adjacent in G. This proves the
theorem.

Corollary 5 If G is a (simple) graph with δ(G) ≥ 3, then G contains K4 as
a topological minor. Equivalently, if G has no K4-topological minor, then G
is 2-degenerate (so χ(G) ≤ 3).

Proof. It immediately follows from Theorem 4.

Now we want to consider the case t = 4 of Hajós’ conjecture. But it is
significantly more difficult and actually remains open. We consider a special
case.

A graph is planar if it can be drawn in the plane without crossing. Planar
graphs are special cases of K5-topological minor free graphs, as shown by the
following Kuratowski’s theorem (or by other more directed arguments).

Theorem 6 (Kuratowski) A multigraph is planar if and only if it does not
contain a subdivision of K5 or K3,3.

Kuratowski’s theorem has been proved in MATH 613, so we do not repeat
it here. As planar graphs are special cases of K5-topological minor free
graphs, we expect that they are 4-colorable. And it is indeed the case, which
is known as the Four Color Theorem.

Theorem 7 (Four Color Theorem) If G is a planar graph, then χ(G) ≤
4.
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The Four Color Theorem was first proposed as an open question by
Guthrie in 1852. Numerous “false proofs” have been given since then. The
first “correct” proof was given by Appel and Haken in 1970s. The proof
of Appel and Haken shows significant breakthrough, but it is not fully ac-
ceptable due to 2 reasons: part of the proof uses a computer and cannot be
verified by hand, and the part supposed to be verified by hand is very compli-
cated so that it is unknown whether someone really checked the correctness
entirely. Some errors in the proof were reported and they provided some fixes,
but the correctness is still unclear. A much simpler, though still computer-
assisted, proof was given by Robertson, Sanders, Seymour and Thomas in
1990s. This proof is widely acceptable because the computer part has been
independently verified by different groups of people, and the hand-check part
was also verified.

We will try to sketch a proof of the Four Color Theorem.
We first review some basic properties of planar graphs. A multigraph is

plane if it is a planar graph and a plane drawing is given. A face of a plane
multigraph G is a maximal connected component of R2 −G. We denote the
set of faces of a plane multigraph G by F (G). The length of a face of G is the
smallest number of edges of a closed walk in G containing all edges incident
with this face. We denote the length of a face f by deg(f).

Theorem 8 (Euler’s formula) If G is a connected plane multigraph, then
|V (G)| − |E(G)|+ |F (G)| = 2.

Euler’s formula has been proved in MATH 613, so we do not repeat it
here.

Corollary 9 If G is a (simple) planar graph on at least 3 vertices, then
|E(G)| ≤ 3|V (G)| − 6.

Proof. It suffices to prove the case that G is connected. Since G is simple,
connected and has at least 3 vertices, every face has length at least 3. By dou-
ble counting,

∑
f∈F (G) deg(f) = 2|E(G)|. So 2|E(G)| =

∑
f∈F (G) deg(f) ≥

3|F (G)|. Hence |F (G)| ≤ 2
3
|E(G)|. By Euler’s formula, 2 = |V (G)| −

|E(G)| + |F (G)| ≤ |V (G)| − |E(G)| + 2
3
|E(G)| = |V (G)| − 1

3
|E(G)|. Hence

|E(G)| ≤ 3|V (G)| − 6.

Corollary 10 Every planar graph is 5-degenerate.
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Proof. Since every subgraph of a planar graph is also planar, it suffices to
show that every planar graph G has a vertex of degree at most 5. Since∑

v∈V (G) deg(v) = 2|E(G)| ≤ 6|V (G)| − 12, there exists a vertex of degree at
most 5.
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