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1 Equivalent formulation of 4CT

The Four Color Theorem (4CT) can be proved by discharging method, but
it is too complicated to give details in this class, so we will not provide a
proof here. Instead of proving 4CT, we will show the deepness of 4CT by
giving several equivalent formulations of 4CT. There are more than 30 such
reformulations in the literature. Even though many of them can be derived
straightforwardly, some of them are surprising and stated in ways that are
completely unrelated to graph theory. However, the only known proof is the
purely graph theoretical one that uses the discharging method.

1.1 Face coloring

We have done this one last time.

Proposition 1 The following are equivalent.

1. Every planar loopless multigraph is 4-colorable.

2. Every triangulation is 4-colorable.

3. Every plane graph whose dual graph is a cubic loopless multigraph is
4-colorable.

4. Every 2-edge-connected cubic plane graph is 4-face-colorable.
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1.2 Edge coloring

A proper k-edge-coloring of a multigraph G is a function f : E(G) → [k]
such that f(x) 6= f(y) for any two edges x, y sharing at least one end. The
chromatic index χ′(G) of G is the minimum k such that G has a proper k-
edge-coloring. Vizing’s theorem shows that there are only two possibilities
for the chromatic index.

Theorem 2 (Vizing) For every graph G, ∆(G) ≤ χ′(G) ≤ ∆(G) + 1.

Proposition 3 Let d ≥ 2 be an integer. If G is a d-regular graph with a
cut-edge, then χ′(G) = d+ 1.

Proof. By Vizing’s theorem, it suffices to show that χ′(G) ≥ d + 1. Sup-
pose χ′(G) = d. Then E(G) is a disjoint union of d perfect matchings
M1,M2, ...,Md. Let e be a cut-edge of G. We may assume e ∈M1. Let C be
a component of G − e, and let v be the end of e contained in C. Note that
M1− e contains a perfect matching of C−v, so |V (C)| is odd. Since e 6∈M2,
M2 contains a perfect matching of C, so |V (C)| is even, a contradiction.

4CT is equivalent to saying that the converse statement is true for planar
cubic graphs.

Theorem 4 (Tait) Let G be a 2-edge-connected cubic plane graph. Then G
is 4-face-colorable if and only if G is 3-edge-colorable.

Proof. (⇒) Let φ be a proper 4-face-coloring of G. We may assume that the
4 colors are (0, 0), (0, 1), (1, 0) and (1, 1). We view those colors are elements
in Z2×Z2. For each edge e, define c(e) = φ(x)−φ(y) (computed in Z2×Z2),
where x, y are the two faces incident with e. Since φ is a proper face-coloring,
the image of c is a subset of Z2 × Z2 − {(0, 0)}. Since G is 2-edge-connected
and cubic, for each vertex v, there are exactly 3 faces incident with v, and
those 3 faces are pairwise adjacent, so the 3 edges incident with v receive
different colors in c. Hence c is a proper 3-edge-coloring of G.

(⇐) Let ψ be a proper 3-edge-coloring of G. We may assume that the
colors used in ψ are the elements in Z2 × Z2 − {(0, 0)}. For every edge e of
G∗, we denote the edge of G corresponding to e by ē. Let f0 be a face of G.
Define c : F (G) → Z2 × Z2 such that for every x ∈ F (G), if W is a walk in
G∗ from f0 to x, then c(x) =

∑
e∈E(W ) ψ(ē) (computed in Z2×Z2). (Here we
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treat E(W ) as a multiset.) We shall show that c is well-defined. Note that
it is clear that c is a proper 4-face-coloring, as long as c is well-defined.

Now we show c is well-defined.
Claim 1: If C is a cycle in G∗, then

∑
e∈E(C) ψ(ē) = (0, 0).

Proof of Claim 1: Let X = {ē : e ∈ E(C)}. Since C is a cycle, V (G)
can be partitioned into non-empty sets A,B such that X is the set of edges
between A and B. For every vertex v of G, let δ(v) be the set of edges of G
incident with v. Then

∑
v∈A
∑

e∈δ(v) ψ(e) = 2
∑

e∈E(G[A]) ψ(e)+
∑

e∈X ψ(e) =

(0, 0)+
∑

e∈E(C) ψ(ē). Since ψ is a proper 3-edge-coloring, for each v ∈ V (G),

the 3 edges incident with v uses each color (1, 0), (0, 1), (1, 1) exactly once,
so
∑

e∈δ(v) ψ(e) = (0, 0). Therefore,
∑

e∈E(C) ψ(ē) =
∑

v∈A(0, 0) = (0, 0). �
Claim 2: If W is a closed walk in G∗, then

∑
e∈E(W ) ψ(ē) = (0, 0).

Proof of Claim 2: Induction on the length of W . Since G is 2-edge-
connected, G∗ is loopless, so the length of W is at least 2. When the
length of W equals 2, only 1 edge appears in W and it appears twice, so∑

e∈E(W ) ψ(ē) = (0, 0). This establishes the induction basis. When W is a
cycle, then this claim follows from Claim 1. So may assume that W is not a
cycle. Hence we may shift W such that the starting vertex of W , say v, is
also an internal vertex of W . So W can be written as a union of two closed
walks W1 and W2, each starting at v and having lengths at least 2, such
that W can be obtained by concatenating W1 and W2. By the induction
hypothesis,

∑
e∈E(W ) ψ(ē) =

∑
e∈E(W1)

ψ(ē) +
∑

e∈E(W2)
ψ(ē) = (0, 0). �

Hence if x ∈ F (G) and P1, P2 are two walks in G∗ each from f0 to x, then
P1 ∪ P2 forms a closed walk in G∗, so

∑
e∈E(P1)

ψ(ē) +
∑

e∈E(P2)
ψ(ē) = (0, 0)

by Claim 2, and hence
∑

e∈E(P1)
ψ(ē) =

∑
e∈E(P2)

ψ(ē). This shows that c is
well-defined.

Corollary 5 4CT⇔ every 2-edge-connected planar graph is properly 3-edge-
colorable.

Proof. 4CT is equivalent to Statement 1 of Proposition 1. The right-hand-
side is equivalent to Statement 4 of Proposition 1 by Theorem 4.
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2 Other reformulations

2.1 Using cross products

Denote the cross product of vectors in R3 by×. Note that cross product is not
associative. So given k vectors v1, v2, ..., vk in R3, to compute v1×v2× ...×vk,
we have to insert k− 2 pairs of parentheses. An association is an expression
of v1 × v2 × ... × vk with k − 2 pairs of parentheses inserted. The value of
an association is the value that we do the computation based on the inserted
parentheses.

Given two associations, can we substitute each vi by one of {i, j,k} such
that the values of these two association are equal? The answer is yes since
we can assign all vi’s the same vector to make the values 0. Can we avoid
making 0?

Theorem 6 (Kauffman) The following statements are equivalent.

1. 4CT.

2. For any two associations of v1×v2×...×vn, there exists a way to assign
each vi one of {i, j,k} such that the values of these two associations are
equal and nonzero.

2.2 Using number theory

Theorem 7 (Matiyasevich) There exist linear functions Ak, Bk, Ck, Dk (for
k ∈ [986]) of 21 variables such that the following are equivalent:

1. 4CT.

2. For any two positive integer n,m, there exist nonnegative integers c1, c2, ..., c20
such that

986∏
k=1

(
Ak(m, c1, c2, ..., c20) + 7nBk(m, c1, c2, ..., c20)

Ck(m, c1, c2, ..., c20) + 7nDk(m, c1, c2, ..., c20)

)
is not divisible by 7.
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2.3 Using Lie algebra

Let N ≥ 2 be a positive integer. Let L be the Lie algebra sl(N) (i.e. the
vector space of all real N ×N matrices with trace 0 and with the operation
[·, ·] defined by [A,B] = AB −BA. Let {Ai} be a basis of L.

Let G be a cubic graph. For each v ∈ V (G), let πv be a cyclic ordering of
the three edges incident with v. Now we split each edge of G into 2 half-edges.
For a function λ that assigns each half-edge a number in [dim(L)],

• for each v ∈ V (G), we define λv = tr(Ai[Aj, Ak]), where λ maps the
3 half-edges incident with v to i, j, k, respectively, listed in the order
based on πv,

• for each e ∈ E(G), we define λe = tr(AiAj), where λ maps the 2
half-edges corresponding to e to i and j, respectively,

• define π(λ) = Πv∈V (G)λv/Πe∈E(G)λe.

Define WL(G) to be |
∑

λ π(λ)| among all such functions λ. It can be shown
that WL(G) is independent with the choice of the cyclic orderings πv’s and
the choice of the basis of L, so WL(G) only depends on G and N . It can also
be shown that WL(G) is a polynomial in N with degree at most 1

2
|V (G)|+2.

We define W top
L (G) to be the coefficient of N

1
2
|V (G)|+2 in WL(G).

Theorem 8 (Bar-Natan) The following are equivalent.

1. 4CT.

2. For every connected cubic graph G, if Wsl(2)(G) = 0, then W top
sl(N)(G) =

0.
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