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Abstract

The use of lattices and microstructures in geometric design have been recognized as potentially superior to solid
structures due tothe potentialbene�ts in improvedstrength-to-weight ratios,better control over heat exchange and
heat transfer,and so on.

In this work, we present a construction scheme to create parametric microstructures in aboundary representation
(B-rep) model,M , that are conformal to an arbitrary speci�cation, including the boundary ofM . Given a B-rep
model,M , either a polygonal or trimmed-spline based, a cage,T , is constructed aroundM to guide the synthesis of
the microstructures inM . Micro-elements are synthesized followingT , and veri�ed to be insideM while bridging
tiles are added as necessary. These parametric micro-elements can be heterogeneous in their material content, as well
as locally vary in their geometric properties.

We demonstrate these abilities withexample microstructures synthesizedfrom both polygonal B-rep modelsand
spline-based B-rep solids, including3D printed parts.

1 Introduction

Consider a watertightboundary representation (B-rep)model,M . Existing methods for synthesizing mi-
crostructuresinside B-repsare, for the most part, assuming an axis parallel grid of micro-elements that is
clipped to the shape in hand,M . As a result, micro-elements near the boundary of the model are left clipped
in an arbitrary way. A tiling scheme that is conformal to boundary ofM , mM , while avoiding the need
to clip tiles is highly desired. See Figure 1.When stress tensors or paths of heat �ux of the model are
prescribed, microstructure tiles better be conformal to the boundary ofM , and also possibly follow some
desired directions in the interior.

Clipping based approaches, as shown in Figure 1 (a), are di�cult to optimize as, typically, all tiles are
identical in the initial axis-parallel 3D grid of tiles. If a region inM is found too weak in the analysis stage,
micro-elements in (only) that region should be thickened,but this isa di�cult task if the input is based on a
uniform grid of tiles, clipped tothe boundary ofM , mM . mM is a critical zone inanalyzingthe expected
behavior ofM . The fact that individual tiles are locally clipped in an arbitrary way near and bymM , yields
di�culties in predicting the local physical behaviors, in term of strength, heat transfer, etc., ofM , andmM
in speci�c.

Recent advances in additive manufacturing (AM) technologies have enabled the fabrication of, and
hence increased the demand for lattice based geometries, in design. AM isan enabling technology not
only for manufacturingcomplex lattice structures butalsofor supporting (graded) heterogeneity in material
representations.With AM, individual micro-elements canpresentdi�erent geometries and also potentially
contain di�erent (graded) materials.
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(a) (b)
Figure 1: In (a), an axis parallel grid of micro-elements is being clipped to a macro torus shape of a square

cross section of varying size. In (b), the micro-elements follow the '�ow' of the same macro torus
shape, while no tile is being clipped.

One approach for embedding microstructured geometries inM , while being conform tomM , is based
on volumetric representations [16], or V-reps:A functional composition-based frameworkis proposedto
build microstructures in a given macro volumetric shapeT , de�ned as a trivariate tensor product volume. In
their work,micro-elementtiles, f t8g8, are populating the box domain ofT , only to be functionally composed
into T , asf T ¹ t8ºg8. Figure 1 (b) is exploiting such an approach.

The approach of [16] is limited to a single trivariate based macro shape. In [9], an attempt was made
to support conformal microstructures for V-reps that consist of several(trimmed) trivariate functions that
underwent some Boolean operations. Microstructures are synthesized for each individualtrivariateonly to
be stitched together along common zones.

In this work, we propose a method to create microstructures that are conformal to (the boundary of) a
B-rep modelM while following a prescribed vector �eld/tensor in the interior ofM . A cageT is constructed
aroundM in a similar way to the creation of cages in computer graphics, toward deformations [6]. Herein,
the cage is a volumetric trivariate function that prescribesthe interior vector �eld and guides the synthesis
of microstructureMS . MS will be conformal to the boundaryM and properly stitched to its boundary,
while following the arbitrarily prescribed parametrization ofT . Micro-elements inMS are never clipped
while MS is synthesized using a functional composition-based approach, similar to [16], but over the cage
T . As stated, the cageT is a trivariate function that fully containsM and can be created by an end user,
as in computer graphics [6], following some stress tensors that result from analysis, orby interpolateing a
given (vector) �eld, etc. Finally, being parametric, individual tiles inMS can also be locally controlled and
modi�ed, in their geometric properties but also in their material content.

The rest of this paper is organized as follows. In Section 2, the relevant previous work on designing,
mostly conformal, microstructures is presented. In Section 3, we present our algorithm to conformally
populate a B-rep model with parametric micro-elements. Then, results are presented in Section 4, and in
Section 5, some extensions are discussed. Finally, we conclude this work in Section 6.

2 Previous work

We split the discussion on previous work into two. In Section 2.1, wereviewresults with a similar aim as
this work - the synthesis of conformal (parametric) microstructures over B-rep model. This work employs
cages that are common in computer graphics, toward deformation mostly, and those are brie�y discussed in
Section 2.2.

2.1 Microstructure Construction

Populating the interior of a volumetric object with microstructures (or a set of micro-elements) has become a
common practice in the modeling of 3D geometric object, while exploiting additive manufacturing (AM). One



can control, with �exibility, the geometric properties of the structure while allowing the use of heterogeneous,
possibly graded, materials. Microstructureshave beenadoptedin the design of arti�cial bones, medical
applications, or industrialdesignssuch as airplane wings, heat exchanger, and solid rocket fuel [2]. Further
details regarding the methodologies and challenges in microstructure-based modeling have complied in
several survey papers, including [23, 18, 15].

Handling themicro-elements near the boundaryhas been one of the important issues in modeling
microstructured objects. There are several di�erent strategies to process micro-elements near or across the
boundary shape: the elements can be purged as a whole, partially trimmed, or deformed with respect to the
boundary shape. These strategies are chosen based on various factors in microstructure models, such as the
shape of the micro-element, the representation of the microstructure and the macro (boundary) geometry, or
the method used in populating or deforming the micro-elements to �t within the boundary shape.

Aremu et al. [3]de�ne a voxel-based unit cell as a microstructure. The microstructurein a unit cellis
tessellated with voxels and populated to cover the domain of the macro object. Tessellated microstructures
are then trimmed by applying bitwise Boolean intersection between the microstructures and the macro shape,
which is also voxelized. Each voxel is masked when the micro-element occupies the voxel, or remain void
otherwise. The boundary skin is covered with a net of struts and combined with the interior microstructures
using bitwise Boolean operations on voxels.

Tang et al. [24]constructlattice frames to populate uniform, conformalor random lattice microstructure
in the macro volumetric object. The macro shape is voxelized according to the lattice frame and �lled with
strut-based micro-elements. Microstructures that are conformal to the boundary shape are fabricated by
deforming voxels with respect to the lattice frame which follows the boundary shape.

Topology optimization [5] is one of the major methods in constructing microstructures with (stress)
analysis and numerical optimization. In topology optimization, the microstructure isoften initialized with
uniform grid-like lattice or voxel-based elements. The microstructure is parameterized in terms of the radii
of lattices or material distributions of the voxels, and these parameters are optimized with (stress) analysis
and additional constraints. When topology optimization is used, the micro-elements near the boundary
elements arealigned withthe boundary shape as a result of numerical optimization. For instance, Zhu et
al. [29] executea two-stages optimization to identify the optimal material distributions and topology of the
microstructures that minimize the objective energy function. Arora et al. [4]identify the optimal parameters
of a truss-based lattice which aligns the lattice along the stress �eld of the macro object. Wu et al. [28]
determinethe orientation of each lattice element based on the principal directions of the macro object during
the topology optimization.

Conde-Rodriguez et al. [7] models the shape of the boundary object and heterogeneous material dis-
tributions using Bézier hyper-patches. Instead of de�ning the geometry of the microstructure explicitly, the
microstructureshape is determined bythresholding material distribution functions. Cuto� functions are used
to di�erentiate the core material from the matrix, or separate distributions of multiple materials. Herein, the
shape of the boundary object derives the boundary of microstructures.

Sosin et al. [26] viewed theconstruction process of themicrostructure as a sphere-packing problem,
where the macro object is �lled with contacting spheres. To make the microstructure connected to the
boundary shape, they introduced a special type of �llets to connect the outmost spheres to the boundary
shape.

Some research have proposed adaptive methods to construct a microstructure. They adaptively manip-
ulate either the macro shape or a coarse microstructure to yield a microstructure that is conformal to the
boundary of the macro shape, as much as possible. For instance, Leblanc et al. [14]modela volumetric
object using blocks, which are subdivided hierarchically to �t to the given macro shape. Adaptive Voids [17]
�ll the interior of the mesh adaptively, with tetrahedra, by tessellating the dual mesh of the boundary mesh



and placing the tetrahedra hierarchically. The construction of the microstructure is started from the boundary
shape, and some margins around the boundary mesh are �lled with solid materials, while the interior of the
shape is modeled withanadaptive size of porous cellular structures. Sitharam et al. [22]fill the boundary
mesh with the microstructure of corner-sharing tetrahedra (CoSTs). Starting from the coarse CoSTs, the
structure is re�ned with smaller tetrahedra when further details of the boundary shape must be maintained.
Kambampati et al. [12]adoptfunction-based representation (F-rep) to represent the microstructure in the
macro object, which is adaptively voxelized with di�erent level of sparsity. A level set method is used to
identify active voxels that are part of the shape. TheF-rep based microstructures are �lled in the macro shape
and combined with the macro level surface, just as Pasko et al. [20] do.

A di�erent approach tothe construction ofmicrostructures in a given macro shape is to apply a
functional composition-based approach, where a micro-element is de�ned as a function in a unit box domain
of a trivariate function, only to be functionally composed into the trivariate that represents the macro shape [8].
Massarwi et al. [16]proposea method to construct prede�ned or random microstructures in the macro object
formed of trivariate splines, using functional composition. Their functional composition-based approach
allows the construction of nested microstructures by multiple levels of functional compositions. Hong and
Elber [9] extendMassarwi et al. [16] to populate the microstructures in a more general macro shape formed
of trimmed trivariate splines, or V-reps. Toward this end, they construct the microstructures in the untrimmed
trivariates and then, following the respective Boolean operation tree of the macro shape, properly trimmed the
microstructures to the trimmed trivariates. As a �nal step, special bridging tiles are inserted to connect the
existing tiles near the boundaryof one trimmed trivariate to its neighboring tiles in a neighboring trimmed
trivariate.

The above presentedfunctional composition-basedapproaches have advantages in that they guarantee
the microstructures are conformal to the macro shape, while the macro-shape is a V-rep and the resulting
microstructure is parametric. In this work, we assume that the input is a watertight B-rep, and some parametric
trivariate cage. Either a polygonal mesh or B-spline based B-rep is assumed. Yet, the resulting microstructure
is conformal andrepresented as aparametric spline based.To the best of our knowledge, no microstructure
construction method that is arbitrarily parametric, while conformal to the boundary of the macro shape, exists
for B-reps.

2.2 Cage-based Deformation

The idea of embedding geometric objects in space and deforming the objects by deforming their embedding
space, has been introduced in the 80s by Sederberg [21], and has been in a wide use in driving or manipulating
skeletonal or skin based deformation in computer graphics, especially in interactive graphics [6]. The cage
is a coarse net structure surrounding the geometry in hands, and each component in the driven geometry is
associated with the degrees of freedom of the cage, so that high dimensional deformation is prescribed in
terms of the lower dimensional changes in the cage. (A survey paper regarding the early work in cage-based
deformation can be referred [19]).

Research regarding a cage-basedmethodsoften focus on the deformation of surfaces (or polygonal
meshes), but there are also several publications which adopt the cage to deform not only the boundary shape
but also volumetric object or other properties in the embedded model [11, 10, 25]. Our work is di�erent from
this standard usage of cages; we exploit a trivariate cage that is populated with the microstructures' tiles,
while the cage is indirectly associated with the boundary shape, only to purge tiles that are not completely in
the input model.
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Figure 2: The parametric tileusedin this work, consisting of seven trivariates, all di�erently colored. In
(a), the tile is uniform in all direction. However, the tile, being parametric, can, for instance,

have varying arm thicknesses, as can be seen in (b).

3 The algorithm

In order to conformally populate the volume enclosed in a B-rep modelM with micro-elements, we augment
M with a parametric trivariate volumeT , that is arbitrarily parameterized while fully containingM . T
will govern the construction of the micro-element tiles,f t8g8, that will then be validated againstM . the
construction ofT (e.g.,via a GUI in computer graphics) is beyondthe scope ofthis work, while we will
brie�y discuss that, in Section 5.

With the understanding that a tilet8 can be of a variety of geometric types, following [8, 16], herein, for
uniformity, we use the same tile, as in Figure 2, unless otherwise stated. This tile consists of seven trivariate
spline functions that will be functionally composed into the di�erent trivariate cages,T . Being a parametric
tile, its geometric properties can be modi�ed, as is shown, for example, in Figure 2 (b).

To fully support the proposed conformal tiling with microstructures, of a B-rep modelM , this B-rep
must support the following operations:

1. PointInclusion. Denote byM � the interior ofM . Given a point?, is ? 2 M � ?

2. PointProjection. Given a point? 2 M � , what is the closest point to? on mM , the boundary ofM ?

3. BrepIntersection. Given a second B-rep modelN , is mM \ mN = ; ?

See Appendix A, for some explanation how these operations can be evaluated for trimmed surfaces based
B-reps as well as polygonal B-reps.

With the availability of these operations over a B-rep model, Algorithm 1 portrays the top level process.
The input to the whole algorithm is the B-rep modelM , a trivariate cageT that fully enclosesM , and a
parametric tilet to populateT with, following someGHItile-density prescriptions:– <– =. Finally, inputU
represents a shape control over the bridging tiles that will be created in Algorithm 4.Figure 3 demonstrates
each of the steps of Algorithm 1.

Following [8], we build microstructureMS T insideT using tilet, in Line 1 of Algorithm 1. Then, in
Lines 2 and 3 of the algorithm, we handle two types of tiles:

1. Tiles inMS T that are fully contained inM are assigned toMS F , in Line 2, calling Algorithm 2.

2. New bridging tiles tomM are built between tiles inMS F that are close tomM , and mM , and
accumulated inMS B , in Line 3, calling Algorithm 3.

Then,in Line 4 of Algorithm 1, these two sets are merged into the �nal microstructure,MS M .

Algorithm 2 �lters out tiles inMS T that are not fully contained inM . Toward this end, we exploit
two operations over our B-rep:BrepIntersection andPointInclusion. Each tile,t8, is tested, in Line 3 of
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Figure 3: An example of microstructures tiled in a B-rep trimmed surfaces model. In (a), A B-rep modelM
is drawn in gray, with a cage trivariateT drawn in a red wireframe. In (b), microstructure tiles
in MS T are drawn in cyan. In (c), we show one layer of the tiles fromMS T (the opaque tiles in
(b)). In (d), the tiles in (c) are �ltered, and yellow and green tiles are included inMS F . In (e),

yellow tiles are joined to the boundary modelmM using bridging tiles (in blue).

Algorithm 1 Microstructure tiling algorithm of M .
Input :
M : a B-rep model;
T ¹D– E– Fº: a trivariate volumetric cage, containingM ;
t: a parametric tile to populateT (andM ) with;
:– <– =: controls over tiling density oft in T , in DEF;
U: ashape control over the created bridging tiles;
Output :
MS M : a microstructure tiling ofM , using tilet, and following the '�ow' of T ;
Algorithm :

1: MS T := a microstructure tiling ofT , using tilet and controls=– <– :, following [8];
2: MS F := FilterTilesToM (M , MS T ); // Alg. 2.
3: MS B := BridgeTilesToM (M , MS T , MS F , U); // Alg. 3.
4: MS M := MS F [ MS B ;
5: return MS M ;

Algorithm 2, for a full containment inM . First, we (via BrepIntersection) examine ifmt8 \ mM < ; , in
which caset8 intersectsM and is purged. Otherwise, ift8 andM do not intersect, a single point? on t8 is
selected, only to (via PointInclusion) test ? for inclusion inM . Only if t8 passes both tests, it is added to
MS F as a fully contained tile insideM .

Having the subset of tiles inMS T that are inM , asMS F , in Algorithm 3, a bridging tile tomM is
constructed for each tile inMS F that is close tomM . We start by identifying the tiles inMS F that are close
to mM , in Line 4 of Algorithm 3. Considera tile t8 that is fully contained inM , being inMS F , while t8 has



Algorithm 2 FilterTilesTo M : Filtering stage to isolate all microstructure tiles that are fully insideM .
Input :
M : a B-rep model;
MS T : a microstructure formed using a trivariate that fullycontainsM ;
Output :
MS F : a �ltered microstructure ofMS T , with tiles completely insideM ;
Algorithm :

1: MS F := ; ;
2: for each tilet8 2 MS T do
3: if t8 � M then
4: MS F := MS F [ f t8g;
5: end if
6: end for
7: return MS F ;

an adjacent tilet=1A that is not completely inM . In other words,t=1A 8 MS F .

Detecting a tilet8 close tomM , that shares a boundary surface witht=1A that is not inMS F , we create
a bridging tile fromt8 to mM . Further, this bridging tile will be created from the face oft8 that is shared with
t=1A. This bridging tile is constructed in Algorithm 4.ThefunctionNeighborhoodin Line 3, Algorithm 3,
computes all the immediate neighbors(or adjacent tiles sharing a face)of a given tile inMS T , a function
that exploits the known topology of all tiles inMS T .

Algorithm 3 BridgeTilesToM : Builds bridging tiles fromMS F to the boundary ofM .
Input :
M : a B-rep model;
MS T : a microstructure of volumeT fully containingM ;
MS F : a �ltered microstructure ofMS T , completely insideM ;
U: ashape control over the created bridging tiles;
Output :
MS B : a set of bridging tiles from tiles inMS F , to mM ;
Algorithm :

1: MS B := ; ;
2: for each tilet8 2 MS F do
3: for each tilet=1A 2 Neighborhood¹t8–MS T º do // All tiles adjacent tot8, in MS T .
4: if t=1A 8 MS F then
5: // t8 is fully in M while a neighbort=1A is not. Create a bridging tile fromt8 to mM .
6: 1 := BuildBridgeTile ¹t8–t=1A–M – Uº; // Alg. 4.
7: if TileVerify ¹1º then // Make sure neither deformed nor singular.
8: MS B := MS B [ f 1g;
9: end if

10: end if
11: end for
12: end for
13: return MS B ;

Finally, Algorithm 4 presents one approachto creatingthe bridging tiles. Bridging tiles join the
outermost faces of the �ltered tiles inMS F to the boundary ofM and enable to maintain the conformality



between the microstructures and the macro object.The shared face betweent8 andt=1A is identi�ed as� , in
Line 1, and a central point?� in � and an outgoing normal are computed, in Lines 2 and 3. In Line 4, we
estimate the distancefrom ?� to the boundary (exploiting the B-repPointProjection operation) and employ
the shape controlU to compute point@, only to project@on M to �nd the closest location to@on M , as
locationA. ?� , @, andAare employed as the control points of a quadratic Bézier axis curve,� , through which
a sweep trivariatebridging tileis derived, sweeping� through� , in Lines 8 and 9, that is� 1 continuous to
t8.

Algorithm 4 shows that the bridging tiles are independently constructed by joining� 's to the closest
boundary surfaces ofM . Similar to the bridging tiles constructed in [9], the bridging tiles herein can also
su�er from collisions between tiles. As a post-process of constructing the bridging tiles, we detect possible
collisions between bridging tiles by computing the smallest distance between the axis curves. Two bridging
tiles are declared too close if the sum of the radii of the shared faces is larger than the minimum distance
between the axis curves. We attempt to resolve such collisions, by moving away the end point of the axis
curves (Ain Algorithm 4)onmM . When the distance3 in Line 5 in Algorithm 4 is too small, (e.g.,3 becomes
almost zero when the �ltered tile nearly contacts the boundary ofM , the resulting bridging tile is almost �at.
The bridging tile, in addition, can be highly distorted, or even self-intersecting, if®=� deviates too much from
the surface normal ofmM at pointA. SeeTileVerify in Algorithm 3, Line 7 - we do not include the bridging
tiles in these extreme cases.

Algorithm 4 BuildBridgeTile : Builds a bridging tile fromt8 along shared boundary with tilet=1A, to mM .
Input :
M : a B-rep model;
t8: a tile fully insideM ;
t=1A: a tile adjacent tot8, and intersecting/out-ofM ;
U: ashape control over the created bridging tile;
Output :
b: a bridging tile fromt8, from its adjacent face with tilet=1A, to mM ;
Algorithm :

1: � := shared face oft8 andt=1A;
2: ?� := center location of� ;
3: ®=� := outgoing unit normal of� at ?� ;
4: ?M := closest point onmM to ?� , calculated viaB-repPointProjection;
5: 3 := 38BC¹?� – ?M º;
6: @:= ?� ¸ U3®=� ;
7: A:= closest point onmM to @, calculated viaB-repPointProjection;
8: � := quadratic Bézier curve, using?� , @, andAas its control points.
9: b := sweep volume of surface� along curve� ;

10: return b;

4 Results

Unless otherwise stated, tiles used in this section are trivariates, typically tricubic. Clearly, tiles consisting
of surfaces will be faster to process and more so for curves, etc. We will demonstrate that, in this section as
well. We start, in Figure 4, witha simple trimmed surfaces based B-rep modelthat is a union of a sphere
and a cylinder. The original cage trivariates and the original set of micro-elementsMS T , are presented in
Figure 4 (i), while the �nal set of conforming micro-element tiles is presented in (ii) to (iv). The �ltered
(interior toM ) tiles,MS F , are drawn in green and yellow, with the yellow tiles are those from which bridging



tiles tomM are formed. Finally, the bridging tiles themselves,MS B , are painted in blue. A low-resolution
(recall :– <– =in Algorithm 1) tiling is presented in (a) whereas (b) presents a higher resolution version of
(a) in all three axis, using the same cage trivariate. Finally, in (c), a high resolution tiling is shown, with a
di�erent, radial, cage trivariate function,T .

(a)

(b)

(c)
(i) (ii) (iii) (iv)

Figure 4: Three examples of microstructures, tiled in a B-rep trimmed surfaces model. (a) shows a fairly
low resolution microstructure whereas (b) presents twicehigherthe resolution compared to (a),
in all three ¹D– E– Fº axes. In (c), a high resolution version, similar to (b), is presented but with a
di�erent cage trivariate �eld, being radial. The columns, left to right, depict (i) the original cage
trivariate with the full set of tiles,MS T , in cyan, (ii) the model with the �nal set of tiles,MS M ,

in the B-rep model (transparent), and the cage (red wireframe), (iii) the �nal microstructure
MS M , and (iv) a zoom-in on a portion of the microstructure in (iii). The �ltered (interior toM )
tiles,MS F , are drawn in green and yellow, with the yellow tiles are those from which bridging

tiles tomM are formed. Finally, the bridging tiles themselves,MS B , are painted in blue.

The polygonal model of a bone1 has been �tted with three trivariate cages, shown in (a) to (c)in
Figure 5. Figure 6 presents the placement of conforming microstructures into another polygonal B-rep model
- the Stanford Bunny2 3. The tiling density (Recall:– <– =in Algorithm 1) is similar in all three cases.
Three di�erent cages are presented, two of which, in (b) and (c), have a� � 1 discontinuity that allows the
cages to split into two, near the ears of the Bunny.Thetrivariate cagein (c) is the tightest among the three,
with respect to the bunny, and the result is clearly visible near the ears, as shown in the zoom-in, in (iii). In
both the (a) and (b) cases, the ears can not be completely populated with tiles, and further, some tiles in the
ear are �oating and are disconnected from the rest of the microstructure.

Finally, in Figure 7, a B-rep model of a duck, formed out of trimmed surfaces is presented. Two trivariate
cages were created for this model and the di�erences are mostly visible in the area of the head.The shape

1from https://www.turbosquid.com/3d-models/3d-cartoon-bone-1614756
2see http://graphics.stanford.edu/data/3Dscanrep
3downloaded from https://www.thingiverse.com/thing:3731/�les



(a) (b) (c)
Figure 5: A polygonal B-rep modelM of a bone (4252 polygons) tiled with microstructures. Three

di�erent cages are shown, from (a) to (c), each of which with two images - the cage in red
wireframe and the bone model transparent on the left and the �nal microstructureMS M on the
right. The �ltered (interior toM ) tiles,MS F , are drawn in green and yellow, with the yellow

tiles are those from which bridging tiles tomM are formed. Finally, the bridging tiles themselves,
MS B , are painted in blue.

and the size of the individual microstructure depend on the Jacobian of the cage where the microstructure
occupies, which is determined by geometry, parametrization of the trivariate cage, and the prescribed tiling
parameters:– <– =. When the cage contains regions close to being singular, as shown near the tail of the duck
in Figure 7, we can adjust:– <– =to yield less distorted tiles in near-singular areas. Alternatively, bifurcation
tiles can be employed as is done in [16].

The most expensive step in these computations, especially for trimmed surfaces based B-rep, is the
intersection test. Table 1 presents the computation time for some of these examples. All experimental results
are measured on an Intel Core i7-7700K 4.2GHz PC with 32 GB RAM and eight cores. Construction (Line
1 in Alg. 1) and �ltering (Alg. 2) computations are parallelized using eight threads, for each tilet i , whereas,
bridging tiles (Alg. 3 and Alg. 4) are computed on a single thread, due to the collision detectionbetween
di�erent bridging tiles.

Some results, as seeing in Table 1, should be discussed. The tiles' construction time of Figure 5 (b) is
far longer compared to Figure 5 (a) and (c) due to the higher order of the cage trivariate,which is linear in
DandEin (a) and (c) and cubic in (b).The same results are also observed in the Bunny model (Figure 6),
in which the construction time is slower in (a) due to the higher order of the cage trivariate in (a). Filtering
of polygonal B-reps is much faster due tothe usage of BVH, compared with �ltering of spline based B-reps
that requires the computation of surface-surface intersections.Further, while we mostly employed trivariate
tiles in these examples, tiles consisting of surfaces are faster to process and more so for curves based tiles.
Table 1 also shows the functional composition computation times for the same tile shapes but with surfaces,
which are clearly faster, mostly due to the lower dimensions of the composed results.

5 Extensions

The presented approach can be extended in several ways. To begin with, the input enclosing trivariateT can
be prescribed directly but it can also be de�ned by �ttingT to any input �eld (or tensor). Such a �eld can
come, for example, from stress analysis over the geometry that will identify the principle stress directions
that must be re-enforced. Further, the same analysis can also control the local shapes or material content



(a)

(b)

(c)

(i) (ii) (iii)
Figure 6: Three examples of microstructures tiled in the polygonal B-rep model of the Stanford Bunny

(66848 polygons). (a) to (c) show three di�erent trivariate cages, with (c) being the tightest. The
cages are depicted transparent in (i) and using wire-frames in (ii) and (iii). Note the trivariate

cages in (b) and (c) have a� � 1 discontinuity that allows its split near the ears of the bunny. The
tiling density in all three examples is similar.

of individual tiles. For example, thin tiles in low stress (or minimal heat transfer) zones and thick tiles in
locations where the identi�ed stresses are signi�cant (or the required heat �ux is considerable).

The geometry of a tile in the �nal result is a�ectednot only bythe shape of the tile in the domain of the
cage trivariateT , but alsoby the local Jacobian ofT . While we have little control over (the Jacobian of)
T , we have full control over the shape of individual tiles, as they are parametric. As long as the geometry
preserves the desired continuity, any global speci�cation can be employed here, e.g., direct prescription by
the end user as a function of Euclidean coordinates in' 3 or trivariate parametric coe�cientsDEF, due to
stress or heat transfer analyses, etc.



(a)

(b)

Figure 7: A trimmed surfaces based B-rep model of a duck tiled with microstructures. Two di�erent cages
are shown, in (a) and (b), each of which with three images. The cage trivariate is shown in a red
wireframe, the B-rep model is presented transparent, and the �nal microstructure in yellow, green
(for "( � ) and blue ("( � ). The zoom-in, on the area of the head, on the right, clearly depicts

the di�erences in the outcome.

Time (secs.) No. of tiles
Construction Filtering Bridging

Figure (eight threads) (eight threads) (one thread) jMS T j jMS F j jMS B j
Trivariate tiles Surface tiles

4 (a) 456.484 1.609 258.281 6.439 576 188 272
4 (b) 1854.469 5.937 946.63 24.26 2304 916 770
4 (c) 214.735 2.921 739.912 23.05 2304 1468 692
5 (a) 10.344 1.047 1.93 7.675 1480 531 728
5 (b) 1534.844 5.063 1.78 5.314 1920 387 510
5 (c) 12.281 1.641 3.565 10.734 2240 939 836
6 (a) 6963.937 22.328 50.667 261.711 8448 1706 1519
6 (b) 1307.093 13.141 58.611 352.709 10368 2315 2066
6 (c) 1054.328 12.906 63.94 412.034 10368 2786 2407
7 (a) 237.5 3.75 10400.717 32.138 2541 889 852
7 (b) 328.25 4.516 10783.349 46.006 3549 1287 983

Table 1: Statistics of the test cases shown in this section.jMS T j and jMS F j represent the number of unit
trivariate tiles before and after �ltering, andjMS B j represents the number of bridging tiles

connected toM . The number of polygons in the Bunny model (Figure 6) is 66848, and 4252 in the
bone model (Figure 5), respectively. While we employ trivariate tiles throughout, the construction

times for surface-based tiles are much faster and are shown for comparison.

Figure 8 presents a few examples of the same modelM and the same cage trivariate, as in Figure 4, while
the thicknesses of individual tiles are locally modi�ed, herein following some globally speci�ed functions in
' 3.

Clearly, any property in a tile can be similarly controlled and modi�ed and thethicknessof individual
tiles is merely one example. This includes the geometry, topology and even material content of a tile. This,
while typically the proper connectivity to neighboring tiles (andmM ) is maintained. A careful reexamination



(a) (b) (c)

Figure 8: Several examples of variable thickness tiles in a B-rep model are shown. In (a), the tiles are
thinned at the center, in the central sphere zone, in (b), the tiles are thinned toward the bases of
the cylinder, and in (c), the thicknesses are modulated to follow some sine functions. Compare

with Figure 4.

(a)

(b) (c)

Figure 9: The tile in (a), consisting of three periodic freeform curves in a unit cube (cube is not part of the
tile), is used to tile the B-rep polygonal bone model from Figure 5, in (b), and the B-rep trimmed
surfaces based model, similar to the model in Figure 4, in (c). Interior tiles are drawn in green

and bridging curves are in blue.

of Figure 8 will reveal that a single tile can possess di�erent properties on its di�erent (six) boundaries,
herein di�erent thicknesses, ensuring a� 0 continuity.

Further, following [16], the geometry in these tiles can consist of univariate curves and polylines,
polygonal meshes, freeform (trimmed) surfaces and solids, and (trimmed) trivariates. Figure 9 demonstrates
this ability for tiles formed out of freeform curves. The three operations ofPointInclusion, PointProjection,
andBrepIntersection must be supported between the B-rep model and the speci�c type of geometry in the
tile. Herein, for a curves-based tile and a B-rep model, a test for curve-model intersection must be supported
as well. For curve-based tiles, the computation is even faster than trivariate- or surface-based tiles. The
curves tiles in Figure 9 (b) were computed in 0.188 Sec, whereas those in Figure 9 (c) were computed in 0.25
Sec.

Finally, Figure 10 shows the duck and the Bunny 3D printed. The duck was printed as a skeletal
microstructure whereas the Bunny was printed (in two sizes) in a translucent body. Some surfaces of the
microstructure of the Bunnywerepainted with blue dots, demonstrating the ability to prescribe heterogeneous



Figure 10: 3D printed versions of the Bunny (in two sizes) from Figure 6 and the duck from Figure 7. The
Bunny was printed in a translucent body while for the duck, only the microstructure has been

3D printed. Printed on a J55 printer of Stratasys.

properties in tiles in the microstructure.Following [16], the heterogeneity of the tiles in the microstructure
can be re�ected not only in their material properties but also in their topological and/or geometric shape.
All models were printed on a J55 printer4 of Stratasys, with water-soluble supporting structure. A single
polygonal �le (in STL or OBJ �le format) has been created for all the B-rep tiles in the microstructure, only
to be sent to the printer.

6 Conclusions and Future Work

In this work, we have presented a constructive approach topopulatingB-rep models, polygonal or spline-
based, with microstructure tiles, alongan arbitrarilyspeci�ed �eld. This aim has been accomplished using
a user-de�ned trivariate cage that encompasses the B-rep model. One potential bene�t to be explored is the
exploitation of the presented approach inplacementof tiles along desired directions, like stress tensors or
gradients of heat.

While tiles in this work were composed of either curves or surfaces/trivariate B-splines, nothing in this
work prevents one from employing a single tile with mixed geometry type, including other geometric types,
such as polygonal meshes and polylines. Yet, considering such a tile as a whole, wouldstill entail the support
of the three operations over B-reps, as discussed in Section 3.

There is also a clear room for further development. The presented scheme assumes the bridges are built
from faces in tiles that are close to the boundaryof M (Face� in Algorithm 4). Face� is typically almost
planar but not exactly planar. Further, the location where the bridge contactsM is typically also non planar.
Hence, the bridge typically contactsM in a non tangential way and can penetrate the boundary, instead of
being precisely tangent to it. While in a minute amount, a better bridging scheme to ensure proper tangency
contact might be desired.For example, ifmM is a shell of somen thickness and thatn is larger than the
non-planarity of� , Boolean operations can be employed between the shellmM andMS B . Further,M can
have� 1 discontinuities (e.g., along intersection curves of two surfaces), which will require either moving
the contact point of the bridge onM (A in Algorithm 4) away from the discontinuity, or mimicking the

4https://www.stratasys.com/en/3d-printers/printer-catalog/polyjet/j55-prime



discontinuity in the bridge.

In addition, the cageT and tiling parameters such as tiling density should be prescribed by the end user, in
the proposed method. Providing a cage and tiling parameters that are satisfying physical boundary conditions
and/or additive manufacturing constraints is another future work of the proposed method, incorporating
analysis and optimization tools into the design loop.

The topology of a B-rep model can be arbitrary complex and herein we only employed a single caging
trivariate for the entire modelM . M can have arbitrary number of handles coming out or have a large genus.
A generalized cage based approach that is similar to polycubes [27] and/or trimmed trivariate V-reps [9],
might be of value here, for a complex modelM , and needs to be further explored.
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A. B-rep queries

In this appendix, we brie�y discuss how are the three key operations ofPointInclusion, PointProjection,
andBrepIntersection, evaluated, over trimmed surfaces based B-reps as well as polygonal B-reps. In both
cases, we assume a water-tight model.

Having M as a trimmed surfaces based solids, thePointInclusion test for point? can be reduced to
shooting a ray from? until it is outside the bounding box ofM and counting the number of intersections
- odd if ? 2 M and even if? 8 M . This ray-shooting approach can be unstable if cracks or black holes
exist along the trimmed area and an alternative and more robust approach can be used, that employs winding
numbers - see [13].

ThePointProjection query can be reduced to the closest point onM to ?, which means the minimum
between the closest point-surface tests against the trimmed surfaces inM , closest point-curve tests against
the trimming curves inM , and closest point-point test against the intersection locations of the trimming
curves. By assuming that the trimmed surfaces and trimming curves are� 1, the minimal distance queries
could be reduced to algebraic constraints and solved.

The �nal BrepIntersection test can be resolved by using Boolean operation computation where we only
seek to �nd if the given two B-reps intersect or not.

To accelerate B-rep queries on a polygonal meshM , we start by building a Bounding Volume Hierarchy
(BVH) structure [1] forM . An internal node in the BVH is an axis-aligned bounding box (AABB), and the
leaf node contains one polygon.

For thePointInclusion test of a point? with respect to the polygonal meshM , we take the ray-shooting
approach which is similar toPointInclusion test of the trimmed surface based model. However, the ray-
shooting test is now executed while traversing the hierarchy of the BVH; We test the intersection between the
ray and one AABB node on BVH structure. If the ray does not intersect the current AABB node, we do not
investigate the subtree under the box anymore; if the ray does intersect with the node, then we test further for
the intersection between the ray and all the children AABB's, of the current AABB.

For computing the closest point on the polygonal model to an arbitrary query point (thePointProjection
test), we traverse the BVH by comparing the distance between AABB and the query point. After the traversal
algorithm reaches a leaf node of BVH, we do point-projection to the polygon and get the closest point.

For computing the intersection between a polygonal model and a given tile surface (as part of the B-rep
tile), we �rst make AABB for the surface and search for intersecting leaf nodes of the BVH ofM , via an
hierarchical traversal, of the BVH. Internal nodes of the BVH that do not intersect with the AABB of the
surface are excluded, and hence we can signi�cantly accelerate the algorithm. We complete the algorithm by
examining for intersections between the identi�ed polygons (leaf nodes of the BVH) and the surface.


