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Notes for April 8, 2003

Last time: We discussed Mallat’s multiresolution analysis (MRA), gave
some examples, and covered Theorem 5.9. We concluded with a formula
for the wavelet, 1. Before reading these notes, you should review what we
covered.

The wavelet. The formula for the wavelet is constructed from the two-scale
relation,

d(x) =) ped(2x — k). (1)

Here, to keep things simple, we will assume that the p.’s are all real, and
that only po, p1, p2, p3 are different from 0. That is, we will assume that

b(z) = 3 P2 — k) = pod(22) + pr6(25 — 1) + pa(2 — 2) + ps(20 — 3)
k=0

If we translate ¢(x) by £ units (right, if ¢ > 0, or left, if ¢ < 0), then translated
function is ¢(x — ¢). These are important because the set {¢(x —¢)}sez is an
orthonormal® basis for the space Vj.

The pi’s are not just random numbers. Theorem 5.9 implies that they
satisfy at least four conditions, which we will explicitly write out for our case.

L. po—2epo + p1-2P1 + Pa—2P2 + P3—20 p3 = dy0, any integer L.
2. pt+ps+ps+pi =2

3. po+p1+p2tps=2

4. po+p2=1and p1 +p3 =1

These conditions are not independent. For example, setting £ = 0 in the first
implies the second. Moreover, since we are assuming p, = 0 for £ < 0 and
k > 3, only ¢/ = +1 results in an equation which isn’t identically 0. In fact,

ITo even use the word “orthonormal” requires an inner product. The one that we are
using here is that of L2(R) for real-valued functions; namely,

(g9,h) = /jo g(x)h(z)dz.



these two values of £ result in the same equation, pops+pi1p3 = 0. Finally, the
fourth condition obviously implies the third. For the present, the conditions
that concern us are

pi+ps+ps+p;=2 and pops+ pips = 0.

Once we know ¢(x), we know an orthonormal basis for all of the spaces
V;. In particular, we know that {v/2¢(27 — k)}4ez is an orthonormal basis
for V;. The wavelet space W, is defined to be all functions in V; that are
orthogonal to the entire space Vj. Symbolically, Wy = {w € Vi:(w, f) =
0 for all f € Vp}. Our aim is to construct a function ¢ (x) such that the set
{t(x —m) }mez is an orthonormal basis for the space . To do this, we use
our basis for 1V to expand 1,

Y(r) =Y qp(2r— k),

keZ

and then we take the inner product of ¥ with

3 20+3
dla—0 = por—k—20) = prod(2x — k)
k=0 k=2¢

and set the result to 0, obtaining
(W(x), o(x — €)) = 2poqae + 2p1Gaes1 + 2p2Gaesn + 2p3gaess = 0. (2)
Let’s look at ¢ = 0. In that case, we have

Pogo + P1g1 + pP2go + p3gs = 0

There is a basic trick to finding ¢;’s that satisfy the equation. Write the py’s
backward and alternate signs. That is,

p’s‘po‘ P1 ‘pﬂ D3
Q’S‘P:a‘—m‘pl‘—po

Taking the inner product of the two vectors amounts to multiplying the
vertical entries and adding the result. Notice there is a cancellation that
occurs among the outer pairs and inner pairs, giving 0 overall. This suggests
that we use qo = p3, (1 = —p2, @2 = p1, g3 = —po, and ¢, = 0 otherwise.



Let’s check the ¢ =1 case. From (2) and our choice of ¢’s, we have

(U(x), d(x — 1)) = 2pop1 + 2p1(—po) + 2p20 + 2p30 = 0

The same reasoning for ¢ = —1 gives us

(W(x), p(x — 1)) = 2po0 4 2p10 + 2paps + 2p3(—p2) =0

The other ¢ all follow because the ¢’s involved are all 0. Thus, if ¢/ has the
form

Y(x) = p3sp(2x) — p2d(20 — 1) + p1d(22 — 2) — pep(22 — 3), (3)

then we know that it is in Wy. It is easy to show that if we translate i (z)
to ¥(x — m), where m € Z, then ¢¥(x — m) is also in Wj. We can say even
more. Using (3) and the orthonormality of {v/2¢(2z — k) }rez, with a little
work one can show that {¢)(z — m)}nez is an orthonormal set for W,. We
leave doing this as an exercise. Showing that it is also a basis for W} is done
in an appendix in the book.

We now return to the general case discussed in the text. Just as for the
Haar wavelet, {1, (7) := 29/%2)(2/2 — k) }rez is an orthonormal basis for the
3t level wavelet space. We again have the decomposition

Vi=Viae W, Vg LW,

There is one other very important fact that we want to mention. The
collection of all of functions {t;.(x) := 29/2)(272 — k) }, rez is an orthonormal
basis for the whole space of signals, L*(R).

We will discuss decomposition and reconstruction in class.



