Math 658-600 (Fall 2012) Name 1

Midterm

Take-home part. This take-home part of the midterm is due Friday,
10/19/2012. You may consult any written or online source. You may not
consult anyone, except your instructor

1. (25 pts.) Prove this: Let m > 0. If f is 2mw-periodic and f("™)
piecewise smooth and ¢, is the r*" Fourier coefficient for f, then, for
all r # 0,

ler| < Cpr|~ Y, (1)

where C' is a constant independent of r.

2. Let f(z) be a continuous 27-period function, with its N th partial sum
being Sy (x) = Zé\]:_ ~ o€, Finally, let F, be the discrete Fourier
transform on S,,. In addition, for a given function g let

n—1 .
2T\ _ip
Fnlgle = g<>w]
e =X 0~
(a) (5 pts.) Show that L7, [Sn]i = ¢, provided N <(n-1)/2.
(b) (10 pts.) Show that |c; — LF.f fle| < 1S|(n=1)2] = flloo, if
[k < (n—1)/2.
(c) (10 pts.) Use part 2b above and equation (1) to show that if
f is 2m-periodic and f("™ is piecewise smooth, then there is a
constant C' that is independent of k£ and n such that

1
|k — E]:n[f]k‘ <Cn™™, for [k| < (n—1)/2.

3. (25 pts.) Prove this version of the sampling theorem: Let Q > 0,
X > 1, and suppose that f,g € L? are band-limited, with supp f C
[—,Q] and supp g C [-AQ, A\Q]. If §(w) € C(R) satisfies g(w) =1 on
[—Q,Q], then

nm
S

4. (25 pts.) Consider the inner product for the Sobolev space H(R),

g = /]R (f'd + fg)da

where f, g, f’,¢" are all in L?(R). Show that H'(R) C Cy(R), and that
if k(z) = e 1*1/2, then f(z) = (f, k(z — ) 1.



