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Properties of the Fourier Transform

Definition: F [f ](ω) :=
∫ ∞

−∞
f(x)e−iωxdx.

• Notation: f̂(ω) := F [f ](ω).

• Linearity: F [af + bg] = aF [f ] + bF [g], where a, b are constants.

• Continuity of the FT: If
∫ ∞
−∞ |f(x)|dx < ∞, then f̂ is continuous in ω.

• Important formulas & facts:

1. Multiplication by xn: F [xnf ] = inf̂ (n).

2. Derivatives: F [f (n)] = (iω)nf̂ .

3. Translations: F [f(x − a)] = e−iωaf̂(ω).

4. Complex conjugates: F [f ](ω) = F [ f ](−ω).

5. Gaussians: F [e−αx2
] =

√
π
αe−ω2/(4α)

Inversion formula:
f(x+) + f(x−)

2
=

1
2π

∫ ∞

−∞
f̂(ω)eiωxdω.

• Notation: F−1[g](x) =
1
2π

∫ ∞

−∞
g(ω)eiωxdω.

• Linearity: F−1[af + bg] = aF−1[f ] + bF−1[g], where a, b are constants.

• Important formulas & facts:

1. Derivatives: F−1[f̂ (n)] = (−ix)nf

2. Multiplication by ωn: F−1[ωnf̂ ] = (−i)nf (n).

3. Multiplication by e−iωa: F−1[e−iωaf̂ ](x) = f(x − a).

4. F−1[g](z) =
1
2π

F [g](−z)

5. Gaussians: F−1[e−αω2
] = 1√

4πα
e−x2/(4α)

Convolution product: H ∗ K(u) :=
∫ ∞

−∞
H(v)K(u − v)dv.

Convolution Theorem:

• F [f ∗ g] = f̂ ĝ and F−1[f̂ ĝ] = f ∗ g.

• F−1[f̂ ∗ ĝ] = 2πfg and F [fg] =
1
2π

f̂ ∗ ĝ.

Parseval’s Formula:
∫ ∞

−∞
f(x)g(x)dx =

1
2π

∫ ∞

−∞
f̂(ω)ĝ(ω)dω.


