APPLIED ANALYSIS/NUMERICAL ANALYSIS QUALIFIER
Numerical Analysis Part, 2 hours
August 8, 2018

Problem 1. Let Q:= (0,1)% and u € Hy(Q) := {u € H'(Q) : [,u =0} be such that

a(u,v) := / Vu- Vv = / fv=:L(v), Y e H#(Q),
Q Q
where f € L?(2) is a given function satisfying Jo f = 0. Accept as a fact that there exists a unique
weak solution u € H#(Q)

The goal of this exercise is to analyze a non-conforming finite element method relaxing the vanishing
mean value condition.

(1) Consider the approximate problem: Given 0 < € < 1, seek u¢ € H!() such that
ac(us,v) :—/ Vu“Vv—i—e/uev—L(v), Yo e HY(Q).
Q Q

(i) Show that the above problem has a unique solution; (ii) show that [, u® =0, i.e. u¢ e H#(Q),
(iii) Show that there exists a constant C' independent of € such that

IV (u = u)| < Cel fllL2(e)-

Hint: You can use (without proof) the following inequality: There exist a constant ¢ such that
for all v € H#(Q) there holds

[0l[L20) < el VollL2 (o)
(2) Let V3, be the finite element space
Vii={v, €C%Q) : vlr eP, VI eT,},

where Tj, is a subdivision of {2 made of triangles of diameters h > 0.
Consider the discrete problem of finding uj € V} such that

ac(up,vp) = L(vp),  Vop € Vp.
(i) Show that uj exists and is unique in Vj,; (ii) Prove the following error estimate
4
IV (uf = uf) 72 + ellu® = ufll o) < ¢ (B + eh)u iz ),

where ¢ is a constant independent of h and e.
Hint: you can use standard interpolation results without proof.

(3) Assume that |u‘|p2(q) < C|/f]l2(q) for a constant C independent of e and derive an error
estimate for ||V(u — uf)||z2(q). What is the optimal choice for €?

Problem 2. Let T be the unit triangle in R?, with vertices v; = (0,0), v2 = (1,0), and v3 = (0,1) and
edges e; = vv2, €2 = vovg and ez = v3vy. Let RTp = {(a + cz,b+ cy) : a,b,c € R} (so that members
of RTy are vector functions over T, and [Po]?> € RTy < [P1]?). Finally, let o;(@) = fei @ - 11;, where 7i; is
the outward pointing unit normal vector to T" on e;, and let ¥ = {01, 02, 03}.

(a) Show that (T, RTy,Y) is unisolvent.

(b) Find a basis {71, @2, g3} for RTp that is dual to X, i.e. 04(F;) = ;5 with §;; = 1if i = j and 6;; =0
otherwise.

(c) Let (TI@)(z) = Y20, 03(@)Fi(x), x € T and @ € [H'(T)]?. Show that
G — i) 1 (7y2 < Clulzriryz, u € [H(T)).
1



Note: You may use standard analysis results such as trace and Poincaré inequalities without proof, but
specify carefully which inequalities you are using.

Problem 3. Let Q C R? be a polygonal domain, 7 > 0 be a given final time and b be a given smooth
vector valued function satisfying
div(b(z,t)) =0 (z,t) € 2x[0,7] and b(z,t)=0 (x,t) € I x[0,T].
Consider the time-dependent problem
?;:(:c,t) + b(x,t) - Vu(z,t) =0, (x,t) € Q2 x (0,T)
together with the initial condition u(z,0) = ug, z € Q.

Let 73 be a subdivision of 2 made of triangles and
Vi, = {Uh S Co(ﬁ) : Uh’K eP; VK € T}

Choose an integer N > 2, set k := T/N and t, := nk. Let “2 € Vi be a given approximation of wuyg.
For 1 <mn < N define u} € Vj, recursively by the relations

1 _
% /Q(UZ(J:) —up @) (x) dx + /Q (b(z,tyn) - Vup (z))vp(z) de =0, Yoy, € V.
e Prove that given uj € V}, the above finite dimensional system has a unique solution uﬁ“ € V.
e Prove that for 1 <n <N
0
lunllz2) < llupllrz(q)-
e Is the matrix representing the finite dimensional system symmetric 7 Justify your answer.



