REAL ANALYSIS MATH 607 HOMEWORK 3

Problem 1 (5 points). Show that if an algebra of C P (X) is stable under countable disjoint unions then <
is a o-algebra.

Problem 2 (10 points (Problem 11/Page 27.)). Assume u is finitely additive on a o-algebra M. Show the
following assertions.

(a) p is continuous from below = u is o-additive.
(b) Assume u(X) < co. Then u is continuous from above — u is o-additive.

Problem 3 (15 points). Let iminf iy Ej € US| Nusi Ey and limsup;_,o E; S N2 Upsi En. For (Ej)js1
M, show that
(a)
u(liminf E;) < liminf u(E ;)
Jj—ooo j—ooo
(b)

pu(limsup E) > limsupu(E)),

]—)(X) ]—)00

provided that p(U7 | Ej) < 00

Problem 4 (20 points). Suppose (X, M,u) is a measure space. We call

N, € 1Acx:ABe M Ac Band u(B) =0}

the nullset of (X, M, ) whose elements are called nullsets. We will now show how to extend u to the o-
algebra generated by M and the nullsets.
(a) (10 points) Show that

Mdgf{AUN:AGMandNGNﬂ}

is a o-algebra.
(b) (10 points) Show that

i: M—[0,00], AUN 5 u(A), ifAe M,N €N,
is well-defined and a measure.
The space (X, m,ﬁ) is called the completion of (X, M, ).

Problem 5 (20 points). Assume that the algebra A generates the o-algebra M and assume that u is a finite
measure on M. Show that for any € > 0 and any A € M there is an A € A so that u(AAA) < e.

Problem 6 ((30 points) Halmos monotone class theorem). Let X be a nonempty set. A class € ¢ P (X) is

monotone if
1



(1) (Anz1 CC, Ay CApsy foralln>1 = UY (A, €.
(2) (Anz1 CC, Ay 2Ap4 foralln>1 = N7 A, €.

(a) (5 points) Show that for any € C P (X) there exists a smallest monotone class, denoted mon(€), that
contains €.

(b) (10 points) Show that a monotone algebra (i.e. an algebra that is monotone) is a o-algebra.

(c) (15 points) Show that if <f is an algebra, then mon(/) = M().

Hint: Find inspiration in the proof of Dynkin theorem.



