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Proposition 3.6. Given A x B % C. Then B is the only point common to rays BA and ]ﬁ,

and ﬁ :E.
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Proof. Prove ﬁ = ﬁ

First we shall prove that E C R By the definition of ray, this is equivalent to proving
that
ABU{P|AxB*P} CACU{P|AxCxP}

Let P € AB = ABU {P|A % B x P} Then we have two cases:
e Case 1: Suppose P € AB. Then P € AC by Proposition 3.5, since A « B x C.
e Case 2: Suppose P € {P|A « B« P}. Then we have three cases:
— Case a: Suppose AxP xC. Then P € AC,s0o P € E
— Case b: Suppose P =C. Then P € AC,so P € R

— Case a: Suppose A x C* P. Then P € ﬁ by definition.

Thus, ﬁ - R, and we shall now prove the converse direction, equivalent to
ACU{P|AxCxP} C ABU{P|A xBxP}

. Let Q € AC = ACU {QJA % C % Q}. Then we have two cases:

e Case 1: Suppose Q € AC. Then by Proposition 3.5, we have two cases, since A*BxC:
— Case a: Suppose Q € AB. Then Q € 1@

— Case b: Suppose Q € BC and that Q # B. Then either B * QC or Q = C. In
either case, A * B x Q by Proposition 3.5, so Q € R

e Case 2: Suppose Q € {Q|A *CxQ}. Then A % BxQ by Proposition 3.5, so Q € ﬁ



Thus, ﬁ = R
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