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Chapter 1

The Nature of Mathematical

Economics

Economics is a complex discipline that may appear deceptively simple,

yet it is challenging to learn, comprehend, and master. While students of-

ten express a strong interest in learning about the economy, the primary

task of instructors is to teach economics—a discipline grounded in theo-

ries and models. This distinction is crucial: there is no singular, tangible

entity called “the economy” to observe directly. Instead, economics con-

sists of a system of abstract models and theoretical constructs, which, like

tools, should be evaluated based on their usefulness rather than their fac-

tual accuracy. This makes understanding the true nature of economics

inherently challenging.

Moreover, what are often perceived as “facts” in economics are better

understood as predictive statements embedded within theoretical models,

many of which rely heavily on mathematics—especially in microeconomic

theory. Mastering these technical concepts and their logical implications is

essential for deep understanding, further increasing the intellectual chal-

lenge of learning economics.

1



2 CHAPTER 1. THE NATURE OF MATHEMATICAL ECONOMICS

The purpose of this course is to introduce students to the foundation-

al mathematical tools essential for studying economics. Topics such as

matrix algebra, mathematical analysis, and optimization theory will be

covered. These tools are not only indispensable but also immensely ben-

eficial in effectively learning and mastering economics, particularly eco-

nomic theory.

1.1 Economics and Mathematical Economics

Economics is a social science that studies economic behavior and phe-

nomena, focusing on how rational decision-makers—including consumer-

s, firms, governments, and organizations—make trade-off decisions when

allocating limited resources among competing uses.

Mathematical economics is an analytical approach that employs math-

ematical techniques to study economic problems. In this approach, prob-

lems are formulated using mathematical symbols, and solutions are de-

rived using established mathematical theorems and reasoning.

Although mathematical economics is distinct in method, it does not

differ fundamentally from non-mathematical approaches. The main dis-

tinction lies in the medium of expression: mathematical economics states

assumptions and derives conclusions using mathematical notation and e-

quations, whereas the non-mathematical approach uses verbal language

and prose.

1.2 Advantages of the Mathematical Approach

The mathematical approach to economic analysis offers several important

advantages:
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1. Precision of language and clarity of assumptions: Mathematics al-

lows for a more precise formulation of concepts and assumptions,

reducing ambiguity and preventing disputes that stem from vague

or imprecise definitions.

2. Logical rigor and boundary identification: Mathematical reasoning

enhances logical consistency and enables economists to clearly de-

fine the conditions under which specific conclusions hold. It also

helps delineate the boundaries of a theory’s applicability, reducing

the risk of misapplication.

3. Derivation of non-intuitive results: Mathematics facilitates the dis-

covery of insights and results that may not be evident through intu-

ition alone.

4. Theoretical extension and refinement: Mathematical methods play

a key role in extending and improving existing economic theories.

Nonetheless, it is important to recognize that mathematical skill alone

does not make a good economist. In addition to fluency in mathematical

techniques, one must possess a deep understanding of economic concept-

s, a solid grasp of analytical frameworks and methodologies, and a keen

awareness of real-world economic contexts. Moreover, when studying e-

conomics through the lens of mathematics or geometry, one must strive

to comprehend the economic intuition and the underlying ideas that the

mathematical expressions represent. Misinterpretation of mathematical

symbols or overreliance on formalism should be avoided.

Ultimately, to become a proficient economist, one must aim to combine

mathematical rigor with profound economic insight.
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1.3 Methodology of Scientific Economic Analy-

sis

Scientific economic analysis is essential for studying and addressing com-

plex economic and social problems. A comprehensive approach requires

integrating the three dimensions—theoretical logic, practical knowledge, and

historical perspective—together with the six qualities—scientificity, rigor, prac-

ticality, pertinence, foresight, and intellectual depth.

Relying on only one of the three dimensions is insufficient. Theoreti-

cal logic provides the foundation for reasoning and rigor, serving as the

basis for deriving results. Empirical quantitative analysis is necessary to

test theoretical reasoning and validate logical deductions. Historical ex-

perience also plays a crucial role in revealing fundamental laws, behav-

ioral patterns, and values. However, depending exclusively on historical

lessons may lead to outdated thinking that impedes progress. Thus, main-

taining a balance among deductive reasoning, inductive empirical verifi-

cation, and historical confirmation is essential.

By incorporating the “three dimensions and six qualities” into reason-

ing, testing, and evaluation, decision-making becomes both scientific and

artistic. This comprehensive approach ensures that conclusions and pro-

posed reforms satisfy both intellectual and practical standards. It is par-

ticularly vital when addressing major economic and social challenges.

As the renowned statistician C. Radhakrishna Rao once emphasized:

All knowledge is, in final analysis, history. All sciences are, in the

abstract sense, mathematics. All judgments are, in their rationale,

statistics.

In short, to become a good economist, one must cultivate an original, creative, and

academically grounded mindset of critical thinking.
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It is therefore unsurprising that mathematics and mathematical statistics—

including econometrics—serve as fundamental analytical tools across all

fields of economics. Mastering sufficient mathematical knowledge is es-

sential for anyone who seeks to understand economics thoroughly, con-

duct serious research, and develop into a capable economist.
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Chapter *2

Economic Models

2.1 Ingredients of a Mathematical Model

An economic model is a theoretical framework used to understand the

behavior of economic agents and the functioning of the economy. While

an economic model need not be mathematical, most are indeed formulated

mathematically. Typically, a mathematical economic model consists of a

set of equations that describe relationships among key variables.

These equations are derived from analytical assumptions about the be-

havior of economic agents and institutional settings. By specifying func-

tional forms, these assumptions are given mathematical structure. Economist-

s then apply mathematical methods to derive conclusions that logically

follow from these assumptions.

2.2 The Real Number System

Whole numbers such as 1, 2, 3, . . . are called positive integers, and are

commonly used for counting. Their counterparts, −1,−2,−3, . . ., are called

negative integers. The number 0 (zero) is neither positive nor negative

7



8 CHAPTER *2. ECONOMIC MODELS

and stands uniquely in the middle. Collectively, positive integers, nega-

tive integers, and zero constitute the set of all integers.

However, integers do not exhaust all possible numbers. Between any

two integers lie fractions, such as 2
3 , 5

4 , and 7
3 , as well as their negative

counterparts like −1
2 and −2

5 . All of these numbers are expressible as the

ratio of two integers, and are thus known as rational numbers. (Here, “ra-

tional" derives from “ratio-nal.") Note that every integer n is also a rational

number, since it can be written as n = n
1 .

The set of all integers and fractions together form the set of all rational

numbers.

Beyond rational numbers lie irrational numbers, which cannot be ex-

pressed as the ratio of two integers. Examples include
√

2 ≈ 1.4142 . . .
and π ≈ 3.1415 . . .. Though not expressible as ratios, irrational numbers

also lie on the number line—between rational numbers—thus filling in the

remaining “gaps."

Together, rational and irrational numbers make up the set of all real

numbers, forming a continuous, gapless number line. This continuum is

denoted by the symbol R and is known as the real number system.

2.3 The Concept of Sets

A set is simply a collection of distinct objects. These objects may consist of

numbers or other entities. For example, all students enrolled in a particu-

lar economics course can be considered a set, just as the integers 2, 3, and

4 can form a set. The objects in a set are called the elements of the set.

There are two standard methods for defining a set: by enumeration

and by description. For instance, let S denote the set containing the num-
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bers 2, 3, and 4. Then we can write

S = {2, 3, 4}

by explicitly enumerating its elements. Alternatively, to define the set I of

all positive integers (which cannot be easily enumerated), we use descrip-

tion:

I = {x | x is a positive integer}.

This is read: “I is the set of all x such that x is a positive integer.” Braces

are used in both cases to enclose the set, and the vertical bar “|” (or colon

“:”) separates the variable from its defining property.

A set with a finite number of elements is called a finite set, while one

with infinitely many elements is an infinite set. Finite sets are always

denumerable (or countable), meaning their elements can be listed one by

one in the sequence 1, 2, 3, . . .. Infinite sets may also be denumerable, like

I above, or nondenumerable, such as the set

J = {x | 2 < x < 5}.

Membership in a set is indicated by the symbol ∈ (a stylized epsilon),

which is read as “is an element of.”

If two sets S1 and S2 contain the same elements:

S1 = {1, 2, a, b}, S2 = {2, b, 1, a},

then S1 and S2 are said to be equal, written S1 = S2. Note that the order of

elements in a set is irrelevant.

If T = {1, 2, 5, 7, 9} and S = {2, 5, 9}, then S is a subset of T , because

every element of S is also an element of T . Formally, S ⊆ T (or equiva-

lently, T ⊇ S) means: for all x ∈ S, we also have x ∈ T .
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If two sets are subsets of each other, then they are equal.

If a set has n elements, there are 2n possible subsets. For example, the

set {1, 2} has the following subsets: ∅, {1}, {2}, and {1, 2}.

Two sets are said to be disjoint if they have no elements in common.

The union of two sets A and B is the set of all elements that belong to

A, or to B, or to both. It is denoted by A ∪B.

Example 2.3.1 Let A = {1, 2, 3} and B = {2, 3, 4, 5}. Then:

A ∪B = {1, 2, 3, 4, 5}.

The intersection of two sets A and B is the set of all elements that

belong to both A and B, denoted by A ∩B.

Example 2.3.2 Let A = {1, 2, 3} and B = {4, 5, 6}. Then:

A ∩B = ∅.

In the above context, if the only relevant numbers are the first seven

positive integers, we may refer to this as the universal set U . Given a set

A = {3, 6, 7}, the complement of A, denoted Ā, is the set of all elements in

U that are not in A:

Ā = {1, 2, 4, 5}.

Example 2.3.3 Let U = {5, 6, 7, 8, 9} and A = {5, 6}. Then:

Ā = {7, 8, 9}.
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Properties of Unions and Intersections

A ∪ (B ∪ C) = (A ∪B) ∪ C (Associativity of union)

A ∩ (B ∩ C) = (A ∩B) ∩ C (Associativity of intersection)

A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C) (Distributivity of union over intersection)

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C) (Distributivity of intersection over union)

2.4 Relations and Functions

An ordered pair (a, b) is a pair of mathematical objects in which order

matters: (a, b) ̸= (b, a) unless a = b. In contrast, a set such as {a, b} is an

unordered pair, where {a, b} = {b, a}. Sets with more than two ordered

elements are known as ordered tuples (triples, quadruples, etc.), collec-

tively referred to as ordered sets.

Example 2.4.1 To record the age and weight of students in a class, we can

use ordered pairs (a, w) where a is the age (in years) andw is the weight (in

pounds). Then, (19, 128) and (128, 19) clearly convey different meanings.

Given two sets x = {1, 2} and y = {3, 4}, the set of all ordered pairs

with the first element from x and the second from y is:

x× y = {(1, 3), (1, 4), (2, 3), (2, 4)},

called the Cartesian product of x and y (read “x cross y").

This generalizes: for three sets x, y, and z, their Cartesian product is

x× y × z = {(a, b, c) | a ∈ x, b ∈ y, c ∈ z},

the set of all ordered triples.
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Example 2.4.2 If x, y, and z all consist of real numbers, then x×y×z = R3,

representing all points in three-dimensional space.

Example 2.4.3 The set {(x, y) | y = 2x} is a set of ordered pairs such as

(1, 2), (0, 0), and (−1,−2). This defines a relation, whose graph is the s-

traight line y = 2x.

Example 2.4.4 The set {(x, y) | y ≤ x} contains ordered pairs like (1, 0),
(0, 0), (1, 1), and (1,−4). Graphically, this represents the region on or below

the line y = x.

A special kind of relation is a function: one where each x corresponds

to exactly one y. For example, the relation in Example 2.4.3 is a function,

since each x determines a unique y. We write this as

y = f(x),

which is read “y equals f of x." A function is therefore a set of ordered

pairs with the property that each x in the domain maps to a unique y.

A function is also called a mapping or transformation. In functional

notation,

f : x → y,

the symbol f denotes the rule that maps elements of x to elements of y.

In this context:

• x is the argument or independent variable (also known as an exoge-

nous variable),

• y is the value or dependent variable (also called an endogenous

variable),

• The domain is the set of all permissible x values,
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• The image of x is the corresponding y,

• The range is the set of all such y values.

Thus, the domain pertains to x, and the range pertains to y.

2.5 Types of Functions

A function whose range consists of only one element is known as a con-

stant function.

Example 2.5.1 The function y = f(x) = 7 is a constant function.

The constant function is actually a degenerate case of polynomial func-

tions. A polynomial function of a single variable has the general form:

y = a0 + a1x+ a2x
2 + · · · + anx

n,

where each term contains a coefficient and a nonnegative-integer power

of the variable x.

Depending on the value of the integer n (which specifies the highest

power of x), we have several subclasses of polynomial functions:

Case n = 0 : y = a0 (constant function)

Case n = 1 : y = a0 + a1x (linear function)

Case n = 2 : y = a0 + a1x+ a2x
2 (quadratic function)

Case n = 3 : y = a0 + a1x+ a2x
2 + a3x

3 (cubic function)

A function such as

y = x− 1
x2 + 2x+ 4

,
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where y is expressed as a ratio of two polynomials in x, is known as a

rational function (as in ratio-nal). Thus, any polynomial function is itself

a rational function because it can be written as a ratio over 1.

Any function expressed in terms of polynomials and/or roots (e.g.,

square roots) of polynomials is called an algebraic function. Accordingly,

all the functions discussed so far are algebraic. For instance, the function

y =
√
x2 + 1

is not rational, yet it is algebraic.

However, functions such as

y = bx

in which the independent variable appears in the exponent, are called ex-

ponential functions and are considered nonalgebraic. Closely related are

logarithmic functions, such as

y = logb x,

which are also nonalgebraic.
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Rules of Exponents

Rule 1: xm · xn = xm+n

Rule 2:
xm

xn
= xm−n (x ̸= 0)

Rule 3: x−n = 1
xn

Rule 4: x0 = 1 (x ̸= 0)

Rule 5: x1/n = n
√
x

Rule 6: (xm)n = xmn

Rule 7: xm · ym = (xy)m

2.6 Functions of Two or More Independent Vari-

ables

Thus far, we have considered only functions of a single independent vari-

able, such as y = f(x). However, the concept of a function can be readily

extended to the case of two or more independent variables. For example,

given a function

z = g(x, y),

each given pair (x, y) uniquely determines a value of the dependent vari-

able z. Typical examples include:

z = ax+ by or z = a0 + a1x+ a2x
2 + b1y + b2y

2.

Functions of more than one variable can also be classified into types.
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For instance, a function of the form

y = a1x1 + a2x2 + · · · + anxn

is a linear function, characterized by the fact that every variable is raised

only to the first power.

A quadratic function, on the other hand, includes first and second

powers of the variables, but no term has variables with exponents that

sum to more than two.

Example 2.6.1 The function

y = ax2 + bxy + cy2 + dx+ ey + f

is a quadratic function of the variables x and y.

2.7 Levels of Generality

In discussing various types of functions, we have implicitly introduced

examples that differ in their level of generality. At the most specific level,

we have functions such as:

y = 7, y = 6x+ 4, y = x2 − 3x+ 1.

These are expressed with fixed numerical coefficients and describe specific

forms (constant, linear, or quadratic). Each function produces a unique,

well-defined graph. However, the drawback of this approach is its lack of

generality: if the numerical coefficients change, we must redo the analysis

from the beginning. Thus, results based on specific functions have limited

general applicability.
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At a more general level, we may use parametric functions such as:

y = a, y = bx+ a, y = cx2 + bx+ a.

These expressions involve parameters rather than fixed numbers, repre-

senting a family of functions rather than a single instance. The mathe-

matical results derived from such functions will be expressed in terms of

parameters, and are therefore more general.

To achieve the highest level of generality, we may use functional no-

tation such as y = f(x) or z = g(x, y). In this form, the function is not

restricted to being linear, quadratic, exponential, or any specific type; it

can represent any functional relationship. Thus, conclusions derived from

such general formulations have the broadest applicability.
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Chapter 3

Equilibrium Analysis in

Economics

3.1 The Meaning of Equilibrium

Equilibrium in economics refers to a state in which there is no inherent

tendency for change. Its definition can vary depending on the context, but

generally, it denotes a situation where an available option is chosen from a

set of alternatives based on a given criterion. This kind of analysis is often

referred to as statics.

It is important to note that an equilibrium state is not necessarily desir-

able, optimal, or socially efficient.

This chapter introduces two fundamental examples of equilibrium anal-

ysis that will serve as running examples throughout the course.

• A microeconomic example: market equilibrium, where the equality

of supply and demand determines the price of a commodity.

• A macroeconomic example: equilibrium in the Keynesian national

income model, where the interaction between national consumption

and investment determines the level of income.

19
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3.2 Market Equilibrium Model

In a static equilibrium model, the objective is to determine the values of the

endogenous variables that satisfy the system’s equilibrium conditions.

3.2.1 Partial Market Equilibrium: A Linear Model

The partial-equilibrium market model analyzes the determination of the

price of a single commodity in an isolated market. It involves three vari-

ables:

• Qd: the quantity demanded of the commodity;

• Qs: the quantity supplied of the commodity;

• P : the price of the commodity.

Equilibrium condition: Qd = Qs

The model consists of three equations:

Qd = Qs

Qd = a− bP, a, b > 0

Qs = −c+ dP, c, d > 0

Here:

• −b is the slope of the demand curve;

• a is the vertical intercept of the demand curve;

• d is the slope of the supply curve;

• −c is the vertical intercept of the supply curve.
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Note: Contrary to the usual practice, quantity rather than price has been

plotted vertically in the figure.
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Figure 3.1: A linear market model and its equilibrium.

One way of finding the equilibrium is by successively eliminating vari-

ables and equations through substituting the demand and supply equa-

tions into the equilibrium condition:

a− bP = −c+ dP

(b+ d)P = a+ c

⇒ P̄ = a+ c

b+ d

Given b+ d > 0, the equilibrium price P̄ is well-defined.

Substitute P̄ back into either the demand or supply equation to find

the equilibrium quantity:

Q̄ = Qd = a− b
(
a+ c

b+ d

)
= ad− bc

b+ d

To ensure the model is economically meaningful (i.e., Q̄ > 0), it must

satisfy:

ad > bc
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This condition ensures that the model yields a positive equilibrium

quantity.

3.2.2 Partial Market Equilibrium: A Nonlinear Model

The partial market equilibrium model can also take a nonlinear form. For

example, consider the following model:

Qd = Qs

Qd = 4 − P 2

Qs = 4P − 1

As before, we substitute the demand and supply functions into the e-

quilibrium condition to solve for the equilibrium price:

4 − P 2 = 4P − 1 ⇒ P 2 + 4P − 5 = 0

This is a standard quadratic equation. In general, for any quadratic

equation of the form

ax2 + bx+ c = 0 (a ̸= 0),

its two roots are given by the quadratic formula:

x̄1,2 = −b±
√
b2 − 4ac

2a
,

where the “+" yields x̄1 and the “−" yields x̄2.

Applying this to our equation P 2 + 4P − 5 = 0, we find the two roots:

P̄1 = 1, P̄2 = −5.
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Since prices cannot be negative, only P̄1 = 1 is economically meaningful.
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Figure 3.2: The nonlinear market model and its equilibrium.

In general, the market model can be highly nonlinear, making it diffi-

cult or even impossible to find an explicit solution. In such cases, the exis-

tence and characterization of equilibrium may rely on the Implicit Func-

tion Theorem, which will be introduced in Chapter 8.

3.2.3 General Market Equilibrium

Thus far, we have focused on an isolated market, where the demand and

supply of a commodity depend only on its own price. However, in reality,

commodities interact—as substitutes or complements—making it neces-

sary to consider the effects not only of the price of the commodity itself

but also of the prices of other related commodities.

A more realistic specification of demand and supply functions includes

the prices of all related commodities. A general market equilibrium in an

n-commodity model is determined by:
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Ei = Qdi −Qsi = 0, for i = 1, 2, . . . , n,

where

Qdi = Qdi(P1, P2, . . . , Pn), Qsi = Qsi(P1, P2, . . . , Pn)

are the demand and supply functions of commodity i, respectively, and

(P1, P2, . . . , Pn) denote the prices of all commodities. Solving the system

Ei(P1, P2, . . . , Pn) = 0, for i = 1, 2, . . . , n,

yields the equilibrium price vector P̄ = (P̄1, P̄2, . . . , P̄n), provided that a

solution exists. Once the equilibrium prices are found, the correspond-

ing equilibrium quantities Q̄i can be derived from either the demand or

supply functions.

Two-Commodity Market Model

To illustrate the general equilibrium problem, consider a two-commodity

market model with linear demand and supply functions. In parametric

form, the model is specified as follows:

Qd1 −Qs1 = 0 (equilibrium condition for commodity 1)

Qd1 = a0 + a1P1 + a2P2 (demand function for commodity 1)

Qs1 = b0 + b1P1 + b2P2 (supply function for commodity 1)

Qd2 −Qs2 = 0 (equilibrium condition for commodity 2)

Qd2 = α0 + α1P1 + α2P2 (demand function for commodity 2)

Qs2 = β0 + β1P1 + β2P2 (supply function for commodity 2)

Substituting the demand and supply functions into their respective e-

quilibrium conditions, we obtain the following system of two linear equa-
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tions in the two unknowns P1 and P2:

(a0 − b0) + (a1 − b1)P1 + (a2 − b2)P2 = 0

(α0 − β0) + (α1 − β1)P1 + (α2 − β2)P2 = 0

Define new parameters:

ci = ai − bi (i = 0, 1, 2), γi = αi − βi (i = 0, 1, 2),

so the system becomes:

c1P1 + c2P2 = −c0

γ1P1 + γ2P2 = −γ0

Solving this system by the method of elimination or substitution yields

the equilibrium prices:

P̄1 = c2γ0 − c0γ2

c1γ2 − c2γ1

P̄2 = c0γ1 − c1γ0

c1γ2 − c2γ1

For these solutions to be economically meaningful, the model must sat-

isfy two key conditions:

• The common denominator must be nonzero: c1γ2 − c2γ1 ̸= 0.

• To ensure positive prices, the numerators and denominator should

have the same sign.
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Numerical Example

Suppose that the demand and supply functions are specified as follows:

Qd1 = 10 − 2P1 + P2,

Qs1 = −2 + 3P1,

Qd2 = 15 + P1 − P2,

Qs2 = −1 + 2P2.

Substituting the demand and supply equations into the equilibrium

conditions Qd1 = Qs1 and Qd2 = Qs2, we obtain the following system of

equations:

5P1 − P2 = 12,

−P1 + 3P2 = 16.

Solving this linear system yields the equilibrium prices:

P̄1 = 52
14
, P̄2 = 92

14
.

Substituting these values into either the demand or supply equations, we

obtain the equilibrium quantities:

Q̄1 = 64
7
, Q̄2 = 85

7
.

For an n-commodity market model, if the demand and supply func-

tions are linear in prices, we obtain a system of n linear equations in n un-

knowns. However, having the same number of equations and unknowns

does not guarantee the existence or uniqueness of a solution.
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Example 3.2.1 (No solution)


x+ y = 8,

x+ y = 9.

Clearly, there is no solution since the two equations contradict each

other.

Example 3.2.2 (Infinitely many solutions)


2x+ y = 12,

4x+ 2y = 24.

These equations are functionally dependent; the second equation is simply

twice the first. Any pair (x̄, ȳ) satisfying y = 12 − 2x solves the system.

Hence, there are infinitely many solutions.

Now consider the case of more equations than unknowns. In general,

there is no solution. However, when the number of unknowns equals the

number of functionally independent equations, a unique solution may exist.

The following example illustrates this case.

Example 3.2.3 (More equations than unknowns, but consistent)


2x+ 3y = 58,

y = 18,

x+ y = 20.

Although this system is overdetermined, the equations are consistent. Sub-

stituting y = 18 into the third equation gives x = 2. Substituting these val-

ues into the first equation yields 2(2) + 3(18) = 4 + 54 = 58, which holds

true. Therefore, the system has a unique solution: x = 2, y = 18.
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In general, for a simultaneous equation model, we require systematic

methods to test whether a unique (or determinate) solution exists. This

will be one of the central tasks in the following chapters.

3.3 Keynesian National-Income Model

Equilibrium analysis is not limited to microeconomic models—it also plays

a central role in macroeconomics. As a simple example, consider the clas-

sical Keynesian national-income model:

Y = C + I0 +G0 (equilibrium condition),

C = a+ bY (consumption function),

where:

• Y : national income (endogenous variable),

• C: consumption expenditure (endogenous variable),

• I0: investment (exogenous variable),

• G0: government spending (exogenous variable),

• a: autonomous consumption,

• b ∈ (0, 1): marginal propensity to consume.

Substituting the consumption function into the equilibrium condition:

Y = a+ bY + I0 +G0,

we solve for Y to obtain the equilibrium level of national income:

Ȳ = a+ I0 +G0

1 − b
.
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Substituting Ȳ back into the consumption function yields the equilib-

rium level of consumption expenditure:

C̄ = a+ bȲ = a+ b(I0 +G0)
1 − b

.
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Chapter 4

Linear Models and Matrix

Algebra

In the previous chapter, we saw that for the one-commodity partial mar-

ket equilibrium model, the solutions for P̄ and Q̄ were relatively simple,

despite the involvement of several parameters. However, as more com-

modities are incorporated into the model, these solution formulas quick-

ly become cumbersome and unwieldy. Therefore, we need new methods

suitable for handling large systems of simultaneous equations. Matrix al-

gebra provides such a method.

Matrix algebra enables us to do many things, including:

• Providing a compact way of writing a system of linear equations,

even when it is extremely large.

• Offering a method to test the existence of a solution without actually

solving the system, using the concept of a determinant—a notion

closely related to that of a matrix.

• Supplying a method to find the solution, if it exists.

Throughout these lecture notes, we use bold lowercase letters (e.g., a)

31
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to denote vectors and bold uppercase letters (e.g., A) to denote matrices.

4.1 Matrices and Vectors

In general, a system ofm linear equations in n variables (x1, x2, . . . , xn) can

be written as:



a11x1 + a12x2 + · · · + a1nxn = d1,

a21x1 + a22x2 + · · · + a2nxn = d2,
...

am1x1 + am2x2 + · · · + amnxn = dm,

(4.1)

where the coefficients aij represent the value in the ith equation associated

with the jth variable xj , and di denotes the constant term on the right-hand

side of the ith equation.

Example 4.1.1 The two-commodity linear market model, after eliminat-

ing the quantity variables, can be expressed as a system of two linear e-

quations:

 c1P1 + c2P2 = −c0,

γ1P1 + γ2P2 = −γ0.

Matrix as Arrays

There are essentially three types of components in the equation system (4.1).

The first is the set of coefficients aij ; the second is the set of variables

x1, x2, . . . , xn; and the third is the set of constant terms d1, d2, . . . , dm. If we

arrange these three sets as rectangular arrays and label them respectively

by bold symbols A, x, and d, then we obtain:
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A =



a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...

am1 am2 · · · amn

 , x =



x1

x2
...

xn

 , d =



d1

d2
...

dm

 . (4.2)

Example 4.1.2 Given the system of linear equations:


6x1 + 3x2 + x3 = 22
x1 + 4x2 − 2x3 = 12
4x1 − x2 + 5x3 = 10

,

We can represent the three types of components in this system using ma-

trix form as follows:

A =


6 3 1
1 4 −2
4 −1 5

 , x =


x1

x2

x3

 , d =


22
12
10

 .

Each of the three arrays above constitutes a matrix.

A matrix is defined as a rectangular array of numbers, parameters, or vari-

ables. As a shorthand notation, the array in matrix A can be written as:

A = [aij]m×n (i = 1, 2, . . . ,m; j = 1, 2, . . . , n).

Vectors as Special Matrices

The number of rows and columns in a matrix defines its dimension. For

instance, matrix A is said to have dimension m × n. In the special case

where m = n, the matrix is called a square matrix, often referred to as a

matrix of order n.
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If a matrix contains only one column (respectively, one row), it is called

a column vector (respectively, row vector). To distinguish between the

two, a row vector is often denoted using a primed symbol. For example:

x′ = [x1, x2, . . . , xn].

Remark 4.1.1 A vector is simply an ordered n-tuple and can be interpret-

ed as a point in n-dimensional space.

Using the matrices defined in (4.2), the linear system (4.1) may be com-

pactly written as:

Ax = d. (4.3)

It so, it raises at least two questions:

1. How do we multiply a matrix A with a vector x?

2. What does it mean for Ax to be equal to d?

Since matrices are blocks of numbers, the familiar algebraic operations for

scalars are not directly applicable. Thus, we require a new set of operation

rules specific to matrices.

4.2 Matrix Operations

Equality of Two Matrices

Two matrices A = [aij] and B = [bij] are equal if and only if:

aij = bij for all i = 1, 2, . . . ,m, j = 1, 2, . . . , n.
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Addition and Subtraction of Matrices

The sum of two matrices of the same dimension is defined as the element-

wise sum:

A + B = [aij] + [bij] = [aij + bij].

Example 4.2.1 4 9
2 1

+

2 0
0 7

 =

6 9
2 8

 .
Example 4.2.2

a11 a12 a13

a21 a22 a23

+

b11 b12 b13

b21 b22 b23

 =

a11 + b11 a12 + b12 a13 + b13

a21 + b21 a22 + b22 a23 + b23

 .
Subtraction of Matrices

The subtraction of two matrices A and B of the same dimension is defined

element-wise:

A − B = [aij] − [bij] = [aij − bij].

Example 4.2.3 19 3
2 0

−

6 8
1 3

 =

13 −5
1 −3

 .
Remark 4.2.1 Two matrices can be added or subtracted if and only if they

have the same dimensions.

Scalar Multiplication

Multiplying a matrix A = [aij] by a scalar λ is defined as:

λA = λ[aij] = [λaij],

that is, every element of the matrix is multiplied by the scalar λ.
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Example 4.2.4

7 ·

3 −1
0 5

 =

21 −7
0 35

 .
Example 4.2.5

−1 ·

a11 a12 a13

a21 a22 a23

 =

−a11 −a12 −a13

−a21 −a22 −a23

 .

Multiplication of Matrices

Given two matrices Am×n and Bp×q, the product AB is defined if and

only if the number of columns in A equals the number of rows in B, i.e.,

n = p. This requirement is known as the conformability condition. When

defined, the resulting matrix C = AB has dimension m× q.

The element in the i-th row and j-th column of the product matrix C is

given by:

cij = ai1b1j + ai2b2j + · · · + ainbnj =
n∑
l=1

ailblj.

Example 4.2.6

a11 a12

a21 a22


b11 b12

b21 b22

 =

a11b11 + a12b21 a11b12 + a12b22

a21b11 + a22b21 a21b12 + a22b22

 .
Example 4.2.7

3 5
4 6


−1 0

4 7

 =

−3 + 20 0 + 35
−4 + 24 0 + 42

 =

17 35
20 42

 .
Example 4.2.8 Let two row vectors be given by

u′ = [u1, u2, . . . , un], v′ = [v1, v2, . . . , vn].
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Then their product is

u′v = u1v1 + u2v2 + · · · + unvn =
n∑
i=1

uivi,

which is known as the inner product of vectors u and v:

u · v = u′v.

In particular, when u = v, the inner product becomes:

u · u = u2
1 + u2

2 + · · · + u2
n,

which is the square of the Euclidean norm (or length) of u.

It is important to distinguish between uv′ and u′v:

• u′v is a 1 × 1 matrix (a scalar),

• uv′ is an n× n matrix.

Example 4.2.9 Given u =

3
2

 and v′ = [1, 4, 5], we compute:

uv′ =

3 × 1 3 × 4 3 × 5
2 × 1 2 × 4 2 × 5

 =

3 12 15
2 8 10

 .
Example 4.2.10 For the linear equation system (4.1), the coefficient matrix

and the variable vector are:

A =



a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...

am1 am2 · · · amn

 , x =



x1

x2
...

xn

 ,
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so the matrix product is:

Ax =



a11x1 + a12x2 + · · · + a1nxn

a21x1 + a22x2 + · · · + a2nxn
...

am1x1 + am2x2 + · · · + amnxn

 .

Thus, the linear system (4.1) can be compactly expressed as:

Ax = d.

4.3 Linear (In)dependence of Vectors

Definition 4.3.1 A set of vectors v1,v2, . . . ,vn is said to be linearly depen-

dent if at least one of them can be expressed as a linear combination of the

others. Equivalently, there exist scalars k1, k2, . . . , kn, not all zero, such that

n∑
i=1

kivi = 0. (4.4)

Otherwise, the vectors are linearly independent, meaning that equation (4.4)

holds if and only if ki = 0 for all i.

In matrix form, this condition can be expressed as:

V k = 0, (4.5)

where

V =



v′
1

v′
2
...

v′
n

 , k =



k1

k2
...

kn

 , 0 =



0
0
...

0

 .
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Here, 0 denotes the zero vector, i.e., a vector with all components equal to

zero.

Note: If there are only two vectors, linear dependence means one is a s-

calar multiple of the other.

Example 4.3.1 Consider the vectors:

v1 =

2
7

 , v2 =

1
8

 , v3 =

4
5

 .
These vectors are linearly dependent because v3 is a linear combination of

v1 and v2:

3v1 − 2v2 =

 6
21

−

 2
16

 =

4
5

 = v3.

Thus,

3v1 − 2v2 − v3 = 0, where 0 =

0
0

 .
Example 4.3.2 Consider the vectors:

v1 =

2
3

 , v2 =

3
1

 , v3 =

1
5

 .
These vectors are also linearly dependent, since:

v1 = 1
2

v2 + 1
2

v3.

Remark: As long as the number of vectors n exceeds the dimension m of

the space to which the vectors belong (i.e., Rm), then the set of vectors is

automatically linearly dependent.

In general, verifying the linear (in)dependence of vectors becomes more

challenging as the dimension increases. However, this process can be sim-
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plified by checking whether the homogeneous system of equations given

by (4.5) admits a nontrivial (i.e., nonzero) solution.

We will introduce a practical approach to check this condition in the

next chapter.

4.4 Commutative, Associative, and Distributive

Laws

The following fundamental laws of matrix operations can often simplify

computations and proofs.

Addition of Matrices

Commutative Law:

A + B = B + A.

Proof:

A + B = [aij] + [bij] = [aij + bij] = [bij + aij] = [bij] + [aij] = B + A.

Associative Law:

(A + B) + C = A + (B + C).
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Proof:

(A + B) + C = ([aij] + [bij]) + [cij] = [aij + bij] + [cij]

= [aij + bij + cij] = [aij + (bij + cij)]

= [aij] + [bij + cij] = [aij] + ([bij] + [cij])

= A + (B + C).

Matrix Multiplication

Matrix multiplication does not generally satisfy the commutative law:

AB ̸= BA.

Even if both products AB and BA are defined, they are usually not

equal.

Example 4.4.1 Let

A =

1 2
3 4

 , B =

0 −1
6 7

 .
Then,

AB =

12 13
24 25

 , BA =

−3 −4
27 40

 .
Clearly, AB ̸= BA.

However, scalar multiplication is commutative:

kA = Ak,

where k is a scalar.

Associative Law:
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Let A be m× n, B be n× p, and C be p× q. Then:

(AB)C = A(BC).

Distributive Laws:

• Left Distributive (Premultiplication):

A(B + C) = AB + AC.

• Right Distributive (Postmultiplication):

(B + C)A = BA + CA.

4.5 Identity Matrices and Null Matrices

Definition 4.5.1 An identity matrix, denoted by I or In (where n indicates

the matrix’s dimension), is a square matrix with ones along the principal

diagonal and zeros elsewhere:

In =



1 0 · · · 0
0 1 · · · 0
...

... . . . ...

0 0 · · · 1

 .

Key Properties of Identity Matrices

The following facts are true:

Fact 1: For any m× n matrix A,

ImA = AIn = A.
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Fact 2: For conformable matrices Am×n and Bn×p,

AInB = (AIn)B = AB.

Fact 3: For any positive integer k,

(In)k = In.

Definition 4.5.2 A matrix A is called idempotent if

A2 = A, or equivalently, AA = A.

Definition 4.5.3 A null matrix (or zero matrix), denoted by 0, is a matrix

in which every entry is zero:

0m×n =


0 0 · · · 0
...

... . . . ...

0 0 · · · 0

 .

It need not be square. Null matrices obey the following rules:

Am×n + 0m×n = Am×n,

Am×n0n×p = 0m×p,

0q×mAm×n = 0q×n.

Remark 4.5.1 It is important to observe the following:

1. The equality CD = CE does not necessarily imply D = E. For

example,

C =

2 3
6 9

 , D =

1 1
1 2

 , E =

−2 1
3 2

 ,
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then

CD = CE =

 5 8
15 24

 ,
even though D ̸= E.

Later, we will see that the implication

CD = CE ⇒ D = E

holds if C is invertible (nonsingular), that is, C is a square matrix

with linearly independent columns (or rows).

2. It is possible for two nonzero matrices to multiply to the zero matrix:

A ̸= 0, B ̸= 0, yet AB = 0.

Example 4.5.1 Let

A =

2 4
1 2

 , B =

−2 4
1 −2

 .
Then

AB =

0 0
0 0

 = 0.

However, this phenomenon cannot occur if either A or B is a square

matrix with linearly independent columns (i.e., nonsingular).

4.6 Transposes and Inverses

The transpose of a matrix is obtained by interchanging its rows and column-

s. If A is an m × n matrix, then its transpose, denoted by A′ or AT , is an

n×m matrix.
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Definition 4.6.1 Let A = [aij] be an m × n matrix. The transpose of A is

the n×m matrix B = [bij] such that

bij = aji, for all i = 1, . . . , n and j = 1, . . . ,m.

We write B = A′ or AT .

How to Compute the Transpose

To obtain A′, take the columns of A and make them the rows of A′.

Example 4.6.1 Let

A =

3 8 −9
1 0 4

 .
Then its transpose is:

A′ =


3 1
8 0

−9 4

 .

Therefore, if A is of dimension m× n, then A′ is of dimension n×m.

Example 4.6.2 Let

D =


1 0 4
0 3 7
4 7 2

 .
Then its transpose is:

D′ =


1 0 4
0 3 7
4 7 2

 = D.

Hence, D is symmetric.

Definition 4.6.2 A matrix A is called:
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• Symmetric if A′ = A.

• Anti-symmetric or skew-symmetric if A′ = −A.

• Orthogonal if A′A = I .

Properties of the Transpose

For any conformable matrices A and B, and scalar α, the following prop-

erties hold:

1. (A′)′ = A;

2. (A + B)′ = A′ + B′;

3. (αA)′ = αA′;

4. (AB)′ = B′A′.

Property (d) highlights a key rule: the transpose of a product is the product of

the transposes in reverse order.

Inverses and Their Properties

For a given square matrix A, its transpose A′ always exists, but its inverse

may not.

Definition 4.6.3 A matrix A−1 is called the inverse of a square matrix A if

it satisfies the following conditions:

1. A is a square matrix;

2. AA−1 = A−1A = I .

If such an inverse exists, A is said to be nonsingular. Otherwise, A is

called a singular matrix.
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Properties of Inverse Matrices

1. Not every square matrix has an inverse. Thus, being square is neces-

sary but not sufficient for invertibility.

2. If A is nonsingular, then its inverse is also nonsingular, and

(A−1)−1 = A.

3. If A is an n× n matrix, then so is A−1.

4. The inverse of a matrix is unique.

Proof: Suppose both B and C are inverses of A. Then:

B = BI = B(AC) = (BA)C = IC = C.

5. If AA−1 = I , then it also follows that A−1A = I .

Proof: Suppose BA = I . Post-multiplying both sides by A−1 gives:

BAA−1 = A−1 ⇒ B = A−1.

This property is important: to verify that A−1 is the inverse of A, it

is not necessary to check both equalities AA−1 = I and A−1A = I .

Verifying just one of them is sufficient.

6. Let A and B be nonsingular n× n matrices. Then:

(a) (AB)−1 = B−1A−1

(b) (A′)−1 = (A−1)′

It is important to note that while the transpose of any matrix always exists,

the inverse does not necessarily exist.
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Example 4.6.3 Let

A =

3 1
0 2

 , B = 1
6

2 −1
0 3

 .
Then:

AB = 1
6

3 1
0 2


2 −1
0 3

 = 1
6

6
6

 =

1
1

 .
Thus, B is the inverse of A.

Inverse Matrix and the Solution of Linear Systems

The concept of matrix inverses provides a straightforward method to solve

linear systems of equations. Consider the system:

Ax = d.

If A is nonsingular, we can multiply both sides by A−1:

A−1Ax = A−1d.

This simplifies to

x = A−1d.

Thus, a solution exists whenever A−1 exists, and it is unique because

the inverse A−1 is itself unique.

Methods for determining whether a matrix is invertible and for com-

puting inverses will be discussed in the next chapter.



Chapter 5

Linear Models and Matrix

Algebra (Continued)

In Chapter 4, we showed that a system of linear equations can be written

compactly in matrix form. Moreover, such a system can be solved by com-

puting the inverse of the coefficient matrix, provided the inverse exists. In

this chapter, we focus on how to determine whether an inverse exists, how

to compute it when it does, and how to apply it to solving linear systems.

5.1 Conditions for Nonsingularity of a Matrix

As previously noted, squareness is a necessary but not sufficient condi-

tion for the existence of a matrix inverse A−1. So, what are the precise

conditions under which a square matrix A has an inverse?

Sufficient Conditions for Nonsingularity

Once the squareness condition is met, a sufficient condition for nonsingu-

larity is that the rows (or, equivalently, the columns) of the matrix are linearly

independent. In fact, the necessary and sufficient conditions for a matrix to

49
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be nonsingular are:

• The matrix is square;

• Its rows (or columns) are linearly independent.

An n× n matrix A can be expressed as a collection of row vectors:

A =



a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...

an1 an2 · · · ann

 =



v′
1

v′
2
...

v′
n

 ,

where each row vector is given by v′
i = [ai1, ai2, . . . , ain] for i = 1, 2, . . . , n.

As discussed in the previous chapter, the rows of A are linearly inde-

pendent if the only solution to the equation

n∑
i=1

kivi = 0

is k1 = k2 = · · · = kn = 0. In matrix notation, this is equivalent to saying

that the homogeneous system

Ak = 0

has only the trivial solution k = 0, where k′ = (k1, k2, . . . , kn).

As we will show (using the properties of determinants), the trivial so-

lution (or equivalently, linear independence of rows of A) holds if and

only if A is nonsingular—that is, if A−1 exists.
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Example 5.1.1 Consider the matrix:

A =


3 4 5
0 1 2
6 8 10

 .

Here, the third row satisfies v′
3 = 2v′

1 + 0 · v′
2, so the rows are linearly

dependent. Therefore, A is singular, and its inverse does not exist.

Example 5.1.2 Let

B =

1 2
3 4

 .
Since the rows are not scalar multiples of each other, they are linearly in-

dependent. Thus, B is nonsingular and has an inverse.

Example 5.1.3 Consider

C =

−2 1
6 −3

 .
Since the second row is −3 times the first, the rows are linearly dependent.

Hence, C is singular and does not have an inverse.

Rank of a Matrix

The discussion of row linear independence, although presented in

the context of square matrices, is equally applicable to any m× n matrix.

Definition 5.1.1 A matrix Am×n is said to be of rank γ if the maximum

number of linearly independent rows (or equivalently, columns) in A is γ.

By definition, the rank of an m× n matrix cannot exceed min(m,n).
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In particular, an n× n matrix A is nonsingular if and only if its rank is

n. That is, a square matrix is nonsingular if and only if all of its rows (or

columns) are linearly independent.

5.2 Testing Nonsingularity by the Determinant

Determining whether a square matrix is nonsingular by directly comput-

ing its inverse can be computationally intensive. However, the determi-

nant offers a much simple and efficient test of nonsingularity.

Determinant and Nonsingularity

The determinant of a square matrix A, denoted by |A|, is a scalar

value uniquely associated with the matrix. Determinants are defined only

for square matrices.

For a 2 × 2 matrix

A =

a11 a12

a21 a22

 ,
the determinant is defined as:

|A| =

∣∣∣∣∣∣∣
a11 a12

a21 a22

∣∣∣∣∣∣∣ = a11a22 − a12a21.

This is referred to as a second-order determinant.

Example 5.2.1 Let

A =

10 4
8 5

 , B =

3 5
0 −1

 .
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Then,

|A| =

∣∣∣∣∣∣∣
10 4
8 5

∣∣∣∣∣∣∣ = 10 · 5 − 4 · 8 = 50 − 32 = 18,

|B| =

∣∣∣∣∣∣∣
3 5
0 −1

∣∣∣∣∣∣∣ = 3 · (−1) − 5 · 0 = −3.

This example shows that the value of a determinant can be either pos-

itive or negative. The following example shows that it can also be zero.

Example 5.2.2 Let

A =

2 6
8 24

 .
Then its determinant is:

|A| =

∣∣∣∣∣∣∣
2 6
8 24

∣∣∣∣∣∣∣ = 2 · 24 − 6 · 8 = 48 − 48 = 0.

This example illustrates a key principle: the determinant of a matrix is

zero if and only if its rows (or columns) are linearly dependent.

As we will see, the condition |A| = 0 serves as a criterion for testing the

linear dependence of the rows—hence the singularity—of the matrix A. A

nonzero determinant implies that the matrix is nonsingular and invertible.

Also, the determinant plays a central role in the explicit computation of

A−1, when it exists. Therefore, a determinant value of zero is a useful

diagnostic tool for identifying both singularity and row dependence.

Evaluating a Third-Order Determinant

For a 3 × 3 matrix A, the third-order determinant is given by:
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|A| =

∣∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣∣∣
= a11

∣∣∣∣∣∣∣
a22 a23

a32 a33

∣∣∣∣∣∣∣− a12

∣∣∣∣∣∣∣
a21 a23

a31 a33

∣∣∣∣∣∣∣+ a13

∣∣∣∣∣∣∣
a21 a22

a31 a32

∣∣∣∣∣∣∣
= a11a22a33 − a11a23a32 − a12a21a33 + a12a23a31 + a13a21a32 − a13a22a31.

We can also use the following diagram to visualize the computation of

a third-order determinant:

Figure 5.1: Graphic illustration for calculating a third-order determinant.
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Example 5.2.3

∣∣∣∣∣∣∣∣∣∣
2 1 3
4 5 6
7 8 9

∣∣∣∣∣∣∣∣∣∣
= 2 · 5 · 9 + 1 · 6 · 7 + 4 · 8 · 3

− 3 · 5 · 7 − 1 · 4 · 9 − 6 · 8 · 2

= 90 + 42 + 96 − 105 − 36 − 96 = −9.

Example 5.2.4

∣∣∣∣∣∣∣∣∣∣
0 1 2
3 4 5
6 7 8

∣∣∣∣∣∣∣∣∣∣
= 0 · 4 · 8 + 1 · 5 · 6 + 3 · 7 · 2

− 2 · 4 · 6 − 1 · 3 · 8 − 5 · 7 · 0

= 0 + 30 + 42 − 48 − 24 − 0 = 0.

Example 5.2.5

∣∣∣∣∣∣∣∣∣∣
−1 2 1
0 3 2
1 0 2

∣∣∣∣∣∣∣∣∣∣
= −1 · 3 · 2 + 2 · 2 · 1 + 0 · 0 · 1

− 1 · 3 · 1 − 2 · 0 · 2 − 2 · 0 · (−1)

= −6 + 4 + 0 − 3 − 0 − 0 = −5.

The method of cross-diagonal multiplication provides a convenient way

to evaluate third-order determinants. However, this method does not ex-

tend to higher-order determinants. For those, we may use the method of

Laplace expansion.
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Evaluating an nth-Order Determinant by Laplace Expansion

The minor of an element aij in a determinant |A|, denoted by |Mij|,
is obtained by deleting the ith row and jth column of |A|.

For example, in a third-order determinant, the minors of a11, a12, and

a13 are:

|M11| =

∣∣∣∣∣∣∣
a22 a23

a32 a33

∣∣∣∣∣∣∣ , |M12| =

∣∣∣∣∣∣∣
a21 a23

a31 a33

∣∣∣∣∣∣∣ , |M13| =

∣∣∣∣∣∣∣
a21 a22

a31 a32

∣∣∣∣∣∣∣ .
A closely related concept is that of the cofactor. The cofactor of aij ,

denoted by |Cij|, is defined as:

|Cij| = (−1)i+j|Mij| =


−|Mij| if i+ j is odd,

|Mij| if i+ j is even.

Thus, the cofactor introduces a sign adjustment based on the position

of the element: if the sum of the subscripts i+ j is even, then |Cij| = |Mij|;
if it is odd, then |Cij| = −|Mij|.

Using minors and cofactors, a third-order determinant can be expressed

as:

|A| = a11|M11| − a12|M12| + a13|M13|

= a11|C11| + a12|C12| + a13|C13|.

This formulation reduces the computation of a third-order determinant

to the evaluation of second-order determinants, and serves as a specific

case of the more general Laplace expansion.

Laplace Expansion (General Form):

Let A be an n× n matrix. Then the determinant of A can be evaluated
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by expanding along any row or any column:

|A| =
n∑
j=1

aij|Cij| (expansion along the ith row)

=
n∑
i=1

aij|Cij| (expansion along the jth column).

The Laplace expansion of an nth-order determinant simplifies the e-

valuation by expressing the determinant as a sum of n cofactors, each

of which is a determinant of order (n − 1). Repeated application of this

method ultimately reduces the determinant to a series of second-order

computations, which are straightforward to evaluate.

Although expansion is valid along any row or column, in practice it

is advantageous to select the row or column containing the most zeros or

ones. This reduces the number of nonzero terms in the expansion, thereby

simplifying the computation.

Example 5.2.6 Evaluate the determinant:

|A| =

∣∣∣∣∣∣∣∣∣∣
5 6 1
2 3 0
7 −3 0

∣∣∣∣∣∣∣∣∣∣
.

Since the third column contains two zeros, we expand along it:

|A| = (−1)1+3 · 1 ·

∣∣∣∣∣∣∣
2 3
7 −3

∣∣∣∣∣∣∣ = 1 · (2 · (−3) − 3 · 7) = −6 − 21 = −27.

Example 5.2.7 Evaluate: ∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 1
0 0 2 0
0 3 0 0
4 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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Expanding along the first row:

|A| = (−1)1+4 · 1 ·

∣∣∣∣∣∣∣∣∣∣
0 0 2
0 3 0
4 0 0

∣∣∣∣∣∣∣∣∣∣
= −1 · (−24) = 24.

Triangular Matrices and Their Determinants

A triangular matrix is a special kind of square matrix:

• A matrix is lower triangular if all elements above the main diagonal

are zero.

• A matrix is upper triangular if all elements below the main diagonal

are zero.

Example 5.2.8 (Upper Triangular Determinant) The determinant of an up-

per triangular matrix equals the product of the elements on its main diag-

onal:

∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

0 a22 · · · a2n
...

... . . . ...

0 0 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣
= a11 ·

∣∣∣∣∣∣∣∣∣∣∣∣∣

a22 · · · a2n

0 · · · a3n
... . . . ...

0 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣
= a11 · a22 · · · · · ann.

5.3 Basic Properties of Determinants

Computing a determinant by Laplace expansion is often cumbersome.

The following basic properties of determinants are extremely useful for

both theoretical analysis and practical computation:



5.3. BASIC PROPERTIES OF DETERMINANTS 59

• They provide powerful tools for simplifying determinants by trans-

forming a determinant into a more convenient form. In particular,

adding or subtracting scalar multiples of one row (or column) to an-

other can reduce many entries to zero or to simpler values, making

Laplace expansion much more efficient.

• These properties are essential for verifying the linear dependence or

independence of rows or columns, detecting matrix singularity, and

streamlining determinant calculations by reducing matrices to trian-

gular form.

• More broadly, they facilitate important matrix operations such as

computing inverses through elementary row transformations (to be

discussed later), solving systems of linear equations, and analyzing

matrix rank and nullity.

Property I. The determinant of a matrix A equals the determinant of its

transpose A′:

|A| = |A′|.

Using this property, we will demonstrates that row independence is

equivalent to column independence.

Example 5.3.1 For

|A| =

∣∣∣∣∣∣∣
a b

c d

∣∣∣∣∣∣∣ = ad− bc,

we also have

|A′| =

∣∣∣∣∣∣∣
a c

b d

∣∣∣∣∣∣∣ = ad− bc = |A|.

Property II. Interchanging any two rows (or any two columns) changes the

sign of the determinant but not its absolute value.
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Example 5.3.2 ∣∣∣∣∣∣∣
a b

c d

∣∣∣∣∣∣∣ = ad− bc,

but interchanging the two rows gives

∣∣∣∣∣∣∣
c d

a b

∣∣∣∣∣∣∣ = cb− ad = −(ad− bc).

Property III. Multiplying any single row (or column) of a determinant by a

scalar k multiplies the value of the determinant by k:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n
...

... . . . ...

kai1 kai2 · · · kain
...

... . . . ...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n
...

... . . . ...

ai1 ai2 · · · ain
...

... . . . ...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= k|A|.

By contrast, factoring out a scalar from an entire matrix requires a com-

mon factor in all elements:

k



a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...

an1 an2 · · · ann

 =



ka11 ka12 · · · ka1n

ka21 ka22 · · · ka2n
...

... . . . ...

kan1 kan2 · · · kann

 .

Property IV. Adding or subtracting a scalar multiple of one row (or column)

to or from another row (or column) does not change the value of the determinant.

Remark 5.3.1 Properties II-IV are particularly useful for simplifying the

computation of determinants. They correspond to the elementary trans-

formations of a matrix:

• Interchange: Swapping two rows (Ri ↔ Rj) or two columns (Ci ↔
Cj);
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• Scaling: Multiplying a row (Ri → kRi) or a column (Ci → kCi) by a

nonzero scalar k;

• Replacement: Adding a scalar multiple of one row to another (Rj →
Rj + kRi) or of one column to another (Cj → Cj + kCi).

Example 5.3.3

∣∣∣∣∣∣∣
a b

c+ ka d+ kb

∣∣∣∣∣∣∣ = a(d+ kb) − b(c+ ka) = ad− bc =

∣∣∣∣∣∣∣
a b

c d

∣∣∣∣∣∣∣ .
This illustrates that adding a multiple of one row to another does not

change the determinant.

Example 5.3.4

∣∣∣∣∣∣∣∣∣∣∣∣∣

a b b b

b a b b

b b a b

b b b a

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

a+ 3b b b b

a+ 3b a b b

a+ 3b b a b

a+ 3b b b a

∣∣∣∣∣∣∣∣∣∣∣∣∣
(C1 → C1 + C2 + C3 + C4—column replacement)

= (a+ 3b) ·

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 b b b

1 a b b

1 b a b

1 b b a

∣∣∣∣∣∣∣∣∣∣∣∣∣
(factor (a+ 3b) from C1)

= (a+ 3b) ·

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 b b b

0 a− b 0 0
0 0 a− b 0
0 0 0 a− b

∣∣∣∣∣∣∣∣∣∣∣∣∣
(Rj → Rj −R1, j = 2, 3, 4)

= (a+ 3b)(a− b)3.
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In this computation: Columns C2, C3, C4 were each added to C1 (Property

IV), giving the second determinant. A common factor (a+3b) was factored

out from C1 (Property III), giving the third determinant. The first row

was subtracted from the remaining rows to create zeros below the pivot

(Property IV), yielding an upper triangular matrix.

Since the final determinant is upper triangular, its value equals the product

of the diagonal entries.

Example 5.3.5 Similarly, we can compute the following determinant:

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 2 3 4
2 3 4 1
3 4 1 2
4 1 2 3

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

10 2 3 4
10 3 4 1
10 4 1 2
10 1 2 3

∣∣∣∣∣∣∣∣∣∣∣∣∣
(add R2, R3, R4 to R1)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

10 2 3 4
0 1 1 −3
0 2 −2 −2
0 −1 −1 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣
(Rj → Rj −R1, j = 2, 3, 4)

= 10 ·

∣∣∣∣∣∣∣∣∣∣
1 1 −3
2 −2 −2

−1 −1 −1

∣∣∣∣∣∣∣∣∣∣
(expand along the first column)

= 10 ·

∣∣∣∣∣∣∣∣∣∣
1 1 −3
0 −4 4
0 0 −4

∣∣∣∣∣∣∣∣∣∣
(row operations)

= 160.
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Example 5.3.6 Compute the determinant:

∣∣∣∣∣∣∣∣∣∣∣∣∣

−2 5 −1 3
1 −9 13 7
3 −1 5 −5
2 8 −7 −10

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

0 −13 25 17
1 −9 13 7
0 26 −34 −26
0 26 −33 −24

∣∣∣∣∣∣∣∣∣∣∣∣∣
(row operations on the first column)

= −

∣∣∣∣∣∣∣∣∣∣
−13 25 17
26 −34 −26
26 −33 −24

∣∣∣∣∣∣∣∣∣∣
(expand along the first column)

= 13 ·

∣∣∣∣∣∣∣∣∣∣
1 25 17

−2 −34 −26
−2 −33 −24

∣∣∣∣∣∣∣∣∣∣
(factor −13 from the first row)

= 13 ·

∣∣∣∣∣∣∣∣∣∣
1 25 17
0 16 8
0 17 10

∣∣∣∣∣∣∣∣∣∣
(row operations)

= 13 ·

∣∣∣∣∣∣∣
16 8
17 10

∣∣∣∣∣∣∣ (expand along the first column)

= 13 · (16 · 10 − 8 · 17)

= 13 · 24 = 312.

Here are the steps taken:

• Row operations are applied to simplify the first column.

• Expansion is performed along the first column.

• −13 is factored from the cofactor expansion.
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• Row operations further simplify the matrix.

• Final expansion reduces to a 2 × 2 determinant.

Property V. If one row (or one column) is a scalar multiple of another row

(or column), then the determinant is zero.

This property highlights that when the rows (or columns) of a matrix

are linearly dependent, then the determinant of the matrix must be zero.

We will prove this in more detail later.

Example 5.3.7 ∣∣∣∣∣∣∣
ka kb

a b

∣∣∣∣∣∣∣ = kab− kab = 0.

Remark 5.3.2 Property V is a direct consequence of Property IV.

Property VI. If A and B are both n× n matrices, then

|AB| = |A| · |B|.

Property VII. If A−1 exists, then

|A−1| = 1
|A|

.

Hence, a matrix is invertible if and only if its determinant is nonzero.

Recipe: How to Calculate a Determinant Efficiently

1. Multiplying a row (or column) by a scalar k multiplies the determi-

nant by k.

2. Interchanging two rows (or columns) changes the sign of the deter-

minant.
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3. Adding or subtracting a multiple of one row (or column) to another

leaves the determinant unchanged.

4. If two rows (or columns) are linearly dependent (i.e., proportional),

then the determinant is zero.

5. The determinant of a triangular matrix equals the product of its di-

agonal elements.

Using these properties, simplify the matrix to produce as many zeros as

possible, and then apply the Laplace expansion to get the determinant.

Determinantal Criterion for Nonsingularity

Our primary concern here is to establish a link between the linear depen-

dence of rows and the vanishing of a determinant. If the row vectors

v′
i = [ai1, ai2, · · · , ain], for i = 1, 2, . . . , n, are linearly dependent, then there

exists a set of scalars ki, not all zero, such that

n∑
i=1

kivi = 0.

By Property VI, we can combine these rows into one row with all zeros,

we conclude that

|A| = 0.

Furthermore, by Property I, which states that |A| = |A′|, it follows that

row independence is equivalent to column independence.

To summarize the key results developed thus far: for the system Ax = d,

where A is an n× n matrix,
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|A| ̸= 0 ⇔ A is row (or column) independent

⇔ rank(A) = n

⇔ A is nonsingular

⇔ A−1 exists

⇔ a unique solution x̃ = A−1d exists.

Thus, the determinant |A| provides a convenient criterion for checking

whether A is nonsingular, and whether Ax = d has a unique solution.

Rank of a Matrix Redefined

The rank of a matrix A was originally defined as the maximum num-

ber of linearly independent rows. In light of our discussion on determi-

nants, we can now provide an equivalent and more precise definition:

Definition 5.3.1 The rank of anm×nmatrix A, denoted γ(A), is the max-

imum order of a nonzero (i.e., nonvanishing) square sub-determinant that

can be formed from the elements of A.

Since determinants are only defined for square matrices, the rank of an

m× n matrix must satisfy:

γ(A) ≤ min{m,n}.

Example 5.3.8 Consider the matrix

A =


1 3 2
2 6 4

−5 7 1

 .
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We compute:

∣∣∣∣∣∣∣∣∣∣
1 3 2
2 6 4

−5 7 1

∣∣∣∣∣∣∣∣∣∣
= 0,

∣∣∣∣∣∣∣
6 4
7 1

∣∣∣∣∣∣∣ = 6 · 1 − 4 · 7 = −22 ̸= 0.

Hence, the rank is γ(A) = 2.

Alternatively, since the first two rows are linearly dependent (row 2 is

a scalar multiple of row 1) and rows 2 and 3 are linearly independent, the

maximum number of linearly independent rows is 2.

Properties of the Rank

1. The row rank and column rank of a matrix are equal.

2. rank(AB) ≤ min{rank(A), rank(B)}.

3. rank(A) = rank(AA′) = rank(A′A).

5.4 Finding the Inverse Matrix

If the matrix A in a linear system Ax = d is nonsingular (i.e., its inverse

A−1 exists), then the unique solution of the system is given by:

x̄ = A−1d.

We have already learned to test the nonsingularity of A using the criterion

|A| ̸= 0. Now we want know how to compute A−1 if A passes this test.
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Expansion of a Determinant by Alien Cofactors

Recall that the value of a determinant |A| of order n can be computed

using Laplace expansion along any row or any column:

|A| =
n∑
j=1

aij|Cij| [expansion by the ith row]

=
n∑
i=1

aij|Cij| [expansion by the jth column].

But what happens if we expand using the entries of one row or column

while using the cofactors of another? That is, what if we replace aij with

ai′j for i ̸= i′, or aij with aij′ for j ̸= j′?

Property VIII. The expansion of a determinant using alien cofactors (i.e., the

cofactors of a different row or column) always results in zero. Specifically:

n∑
j=1

ai′j |Cij | = 0 for i′ ̸= i [expansion of the i′th row using ith-row cofactors],

n∑
i=1

aij′ |Cij | = 0 for j′ ̸= j [expansion of the j′th column using jth-column cofactors].

The reason is that these formulas are equivalent to expanding the deter-

minant of a matrix with two identical rows or columns, which is always

zero.

Example 5.4.1 Consider the determinant:

|A| =

∣∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣∣∣
.

Now construct a new determinant by replacing the second row with the
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first:

|A∗| =

∣∣∣∣∣∣∣∣∣∣
a11 a12 a13

a11 a12 a13

a31 a32 a33

∣∣∣∣∣∣∣∣∣∣
.

Since rows 1 and 2 are identical, we know |A∗| = 0. Expanding this deter-

minant along the second row gives:

0 = |A∗| = a11|C21| + a12|C22| + a13|C23| =
3∑
j=1

a1j|C2j|.

This confirms the result of expansion using alien cofactors.

Property VIII provides a foundation for finding the inverse of a matrix.

Consider an n× n matrix A:

A =



a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...

an1 an2 · · · ann

 .

Since each element aij has a corresponding cofactor |Cij|, we can con-

struct the cofactor matrix C = [|Cij|], which is also n × n. However, for

the purpose of matrix inversion, the transpose of C is of primary interest.

This transpose is known as the adjugate or adjoint of A, denoted by adj A:

adj A = C ′ =



|C11| |C21| · · · |Cn1|
|C12| |C22| · · · |Cn2|

...
... . . . ...

|C1n| |C2n| · · · |Cnn|

 .
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Using Laplace expansion and Property VI, we can verify the identity:

AC ′ =



a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...

an1 an2 · · · ann





|C11| |C21| · · · |Cn1|
|C12| |C22| · · · |Cn2|

...
... . . . ...

|C1n| |C2n| · · · |Cnn|



=



n∑
j=1

a1j|C1j|
n∑
j=1

a1j|C2j| · · ·
n∑
j=1

a1j|Cnj|
n∑
j=1

a2j|C1j|
n∑
j=1

a2j|C2j| · · ·
n∑
j=1

a2j|Cnj|
...

... . . . ...
n∑
j=1

anj|C1j|
n∑
j=1

anj|C2j| · · ·
n∑
j=1

anj|Cnj|



=



|A| 0 · · · 0
0 |A| · · · 0
...

... . . . ...

0 0 · · · |A|

 = |A|In.

Hence, by the uniqueness of the inverse matrix, we conclude:

A−1 = C ′

|A|
= adj A

|A|
.

Remark 5.4.1 Summary of Steps to Find the Inverse of a Square Matrix

A:

1. Compute the determinant |A|. If |A| = 0, then A is singular and not

invertible.

2. Construct the cofactor matrix C = [Cij] by evaluating the cofactor of

each element of A.

3. Take the transpose of the cofactor matrix to form the adjugate matrix:

adj A = CT .
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4. Use the formula: A−1 = 1
|A|

adj A.

5. Verify the result by checking that AA−1 = In.

In particular, for a 2 × 2 matrix A =

a b

c d

, the cofactor matrix is:

C =

|C11| |C12|
|C21| |C22|

 =

 d −c
−b a

 .
Its transpose (adjugate matrix) is:

C ′ =

 d −b
−c a

 .
Therefore, the inverse of A is given by:

A−1 = adj A

|A|

= 1
ad− bc

 d −b
−c a

 ,
which is a very useful formula for 2 × 2 matrices.

Example 5.4.2 Let A =

3 2
1 0

. Then

A−1 = 1
−2

 0 −2
−1 3

 =

0 1
1
2 −3

2

 .

Example 5.4.3 Find the inverse of B =


4 1 −1
0 3 2
3 0 7

.
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Since |B| = 99 ̸= 0, the inverse exists. The cofactor matrix is:

C =


|C11| |C12| |C13|
|C21| |C22| |C23|
|C31| |C32| |C33|



=



∣∣∣∣∣∣∣
3 2
0 7

∣∣∣∣∣∣∣ −

∣∣∣∣∣∣∣
0 2
3 7

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
0 3
3 0

∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣
1 −1
0 7

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
4 −1
3 7

∣∣∣∣∣∣∣ −

∣∣∣∣∣∣∣
4 1
3 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 −1
3 2

∣∣∣∣∣∣∣ −

∣∣∣∣∣∣∣
4 −1
0 2

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
4 1
0 3

∣∣∣∣∣∣∣



=


21 6 −9
−7 31 3

5 −8 12

 .

Thus, the adjugate matrix is:

adj B = C ′ =


21 −7 5
6 31 −8

−9 3 12

 .

Therefore, the inverse of B is:

B−1 = 1
99


21 −7 5
6 31 −8

−9 3 12

 .

Example 5.4.4 Let A =


2 4 5
0 3 0
1 0 1

.
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Since |A| = −9, we compute:

A−1 = −1
9


3 −4 −15
0 −3 0

−3 4 6

 .

Finding the Inverse of a Matrix by Elementary Transformations

Using cofactors to compute the inverse of a matrix often involves tedious

calculations. A more efficient approach is to use elementary row opera-

tions, as mentioned earlier. Denote the ith row byRi. There are three basic

types of row operations:

1. Row Interchange: Swap two rows, denoted by Ri ↔ Rj , meaning

the ith and jth rows are exchanged.

2. Row Scaling: Multiply a row by a nonzero scalar, denoted by Ri →
kRi, where k ̸= 0. For example, R3 → 2R3 means the third row is

multiplied by 2.

3. Row Replacement: Replace a row by the sum of itself and a scalar

multiple of another row, denoted byRj → Rj+kRi, meaning k times

row i is added to row j.

Justification: Each elementary row operation corresponds to multiply-

ing the matrix on the left by an elementary matrix. Let E1, E2, . . . , Ek be the

sequence of elementary matrices used. Then:

EkEk−1 . . . E1A = I.

Post-multiplying both sides by A−1, we obtain:

A−1 = EkEk−1 . . . E1,



74CHAPTER 5. LINEAR MODELS AND MATRIX ALGEBRA (CONTINUED)

so the inverse of A is precisely the product of the corresponding elemen-

tary matrices.

Equivalently, this method can be implemented by applying row oper-

ations to the augmented matrix [A | I], transforming the left block into I

and the right block into A−1.

Elementary row operations have wide applications: they are used to

solve systems of linear equations, compute the rank of a matrix, and more.

In particular, they provide an efficient way to compute the inverse of a

matrix A without resorting to the cumbersome formula

A−1 = adj(A)
|A|

.

Steps to compute A−1 using row operations:

1. Form the augmented matrix [A | I].

2. Use row operations to transform the left block into the identity ma-

trix I .

3. The right block will then become A−1.

Example 5.4.5 Find the inverse of the matrix

A =


−2 1 3
0 −1 1
1 2 0


using elementary row operations.

Solution: Begin with the augmented matrix:

[A | I] =


−2 1 3 1 0 0
0 −1 1 0 1 0
1 2 0 0 0 1





5.4. FINDING THE INVERSE MATRIX 75

Step 1: Swap R1 ↔ R3:


1 2 0 0 0 1
0 −1 1 0 1 0

−2 1 3 1 0 0


Step 2: R3 → R3 + 2R1


1 2 0 0 0 1
0 −1 1 0 1 0
0 5 3 1 0 2


Step 3: Eliminate entries above and below the pivot in column 2:

• R1 → R1 + 2R2

• R3 → R3 + 5R2


1 0 2 0 2 1
0 −1 1 0 1 0
0 0 8 1 5 2


Step 4: Normalize R3 → 1

8R3


1 0 2 0 2 1
0 −1 1 0 1 0
0 0 1 1

8
5
8

1
4


Step 5: Eliminate the entries above the leading 1 in row 3 (column 3):

• R1 → R1 − 2R3

• R2 → R2 −R3
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
1 0 0 −1

4
3
4

1
2

0 −1 0 −1
8

3
8 −1

4

0 0 1 1
8

5
8

1
4


Step 6: Normalize R2 → −R2


1 0 0 −1

4
3
4

1
2

0 1 0 1
8 −3

8
1
4

0 0 1 1
8

5
8

1
4



Now the left side of the augmented matrix is the identity matrix, so the

right side is the inverse of A.

Answer:

A−1 =


−1

4
3
4

1
2

1
8 −3

8
1
4

1
8

5
8

1
4



Example 5.4.6 Find the inverse of the matrix

A =


1 2 3
2 5 7

−2 −4 −5


using elementary row operations.

Begin with the augmented matrix:

[A | I] =


1 2 3 1 0 0
2 5 7 0 1 0

−2 −4 −5 0 0 1


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Applying R2 → R2 − 2R1 and R3 → R3 + 2R3, we have:


1 2 3 1 0 0
0 1 1 −2 1 0
0 0 1 2 0 1


Applying R1 → R1 − 2R2 gives:


1 0 1 5 −2 0
0 1 1 −2 1 0
0 0 1 2 0 1



Applying R1 → R1 −R3 gives:


1 0 0 3 −2 −1
0 1 1 −2 1 0
0 0 1 2 0 1



Applying R2 → R2 −R3, we obtain:


1 0 0 3 −2 −1
0 1 0 −4 1 −1
0 0 1 2 0 1



Hence

A−1 =


3 −2 −1

−4 1 −1
2 0 1





78CHAPTER 5. LINEAR MODELS AND MATRIX ALGEBRA (CONTINUED)

5.5 Cramer’s Rule

The method of matrix inversion enables us to derive a convenient tech-

nique for solving a linear system of equations, known as Cramer’s Rule.

Derivation of Cramer’s Rule

Given the linear system Ax = d, the solution can be expressed as

x̄ = A−1d = 1
|A|

(adj A)d

provided that A is nonsingular. Then,

x̄ = 1
|A|



|C11| |C21| · · · |Cn1|
|C12| |C22| · · · |Cn2|

...
... . . . ...

|C1n| |C2n| · · · |Cnn|





d1

d2
...

dn

 = 1
|A|



∑n
i=1 di|Ci1|∑n
i=1 di|Ci2|

...∑n
i=1 di|Cin|

 .

This gives the individual solution components as:

x̄j = 1
|A|

n∑
i=1

di|Cij|

= 1
|A|

∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 · · · d1 · · · a1n

a21 · · · d2 · · · a2n
...

...
...

an1 · · · dn · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 1

|A|
|Aj|,

where |Aj| is the determinant of the matrix formed by replacing the j-th

column of A with the vector d = (d1, . . . , dn)′.

This is the statement of Cramer’s Rule.
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Example 5.5.1 Solve the system

2 3
4 −1


x1

x2

 =

12
10


using Cramer’s Rule.

Compute:

|A| = −14, |A1| = −42, |A2| = −28,

so

x1 = −42
−14

= 3, x2 = −28
−14

= 2.

Example 5.5.2

5x1 + 3x2 = 30,

6x1 − 2x2 = 8.

Then:

|A| =

∣∣∣∣∣∣∣
5 3
6 −2

∣∣∣∣∣∣∣ = −28,

|A1| =

∣∣∣∣∣∣∣
30 3
8 −2

∣∣∣∣∣∣∣ = −84,

|A2| =

∣∣∣∣∣∣∣
5 30
6 8

∣∣∣∣∣∣∣ = −140.

Hence, by Cramer’s Rule:

x1 = −84
−28

= 3, x2 = −140
−28

= 5.
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Example 5.5.3

x1 + x2 + x3 = 0,

12x1 + 2x2 − 3x3 = 5,

3x1 + 4x2 + x3 = −4.

This system can be written as:

A


x1

x2

x3

 =


0
5

−4

 , where A =


1 1 1
12 2 −3
3 4 1

 .

Compute:

|A| = 35, |A3| = 35, ⇒ x3 = 35
35

= 1.

Example 5.5.4

7x1 − x2 − x3 = 0,

10x1 − 2x2 + x3 = 8,

6x1 + 3x2 − 2x3 = 7.

Compute:

|A| = −61, |A1| = −61, |A2| = −183, |A3| = −244.

Then:

x1 = −61
−61

= 1, x2 = −183
−61

= 3, x3 = −244
−61

= 4.
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Note on Homogeneous Linear-Equation Systems

A linear system Ax = d is called a homogeneous system if d = 0, i.e.,

Ax = 0.

If |A| ̸= 0, then the only solution is the trivial solution x̄ = 0, since

x̄ = A−10 = 0.

To obtain a nontrivial solution, it is necessary that |A| = 0, i.e., A is sin-

gular. In such cases, Cramer’s rule is not directly applicable, but solutions

still exist—indeed, infinitely many—because the row vectors of A are lin-

early dependent.

If the rank r(A) = k < n, then n − k dependent equations can be re-

moved. Cramer’s rule can then be applied to any k variables (say, x1, . . . , xk),

whose coefficient matrix has full rank k. The remaining variables (xk+1, . . . , xn)
act as free parameters, and the constant terms on the right-hand side of the

reduced system become:

−(ai,k+1xk+1 + . . .+ ainxn), for each i.

Example 5.5.5 Consider the homogeneous system:

a11x1 + a12x2 = 0,

a21x1 + a22x2 = 0.

If |A| = 0, then the two equations are linearly dependent. Deleting one

(say, the second), we are left with a single equation in two variables. Then:

x̄1 = −a12

a11
x2 if a11 ̸= 0.
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For a general linear system with n variables and m equations, we have

the following result:

Proposition 5.5.1 A necessary and sufficient condition for the existence of a so-

lution to the system Am×nx = d is that the rank of A and the rank of the added

matrix [A; d] are the same:

r(A) = r([A | d]).

Overview of Solution Outcomes for General Linear Systems

The following table summarizes the possible outcomes of the system Ax =
d, depending on the determinant and the right-hand side vector.

|A|

d
d ̸= 0 d = 0

|A| ̸= 0 Unique solution
x̄ ̸= 0

Unique solution
x = 0

|A| = 0
Equations
dependent

Infinitely many
solutions, x̄ ̸= 0

Infinitely many
solutions

Equations
inconsistent No solution [Not Applicable]

Table 5.1: Summary of solutions for the system Ax = d



5.6. APPLICATION TO MARKET AND NATIONAL-INCOME MODELS83

5.6 Application to Market and National-Income

Models

Market Model

The two-commodity model described in Chapter 3 can be written as:

c1P1 + c2P2 = −c0,

γ1P1 + γ2P2 = −γ0.

Then we have:

|A| =

∣∣∣∣∣∣∣
c1 c2

γ1 γ2

∣∣∣∣∣∣∣ = c1γ2 − c2γ1,

|A1| =

∣∣∣∣∣∣∣
−c0 c2

−γ0 γ2

∣∣∣∣∣∣∣ = c2γ0 − c0γ2,

|A2| =

∣∣∣∣∣∣∣
c1 −c0

γ1 −γ0

∣∣∣∣∣∣∣ = c0γ1 − c1γ0.

Therefore, the equilibrium prices are:

P̄1 = |A1|
|A|

= c2γ0 − c0γ2

c1γ2 − c2γ1
,

P̄2 = |A2|
|A|

= c0γ1 − c1γ0

c1γ2 − c2γ1
.



84CHAPTER 5. LINEAR MODELS AND MATRIX ALGEBRA (CONTINUED)

General Market Equilibrium Model

Consider a market with three goods:

Good 1: D1 = 5 − 2P1 + P2 + P3,

S1 = −4 + 3P1 + 2P2;

Good 2: D2 = 6 + 2P1 − 3P2 + P3,

S2 = 3 + 2P2;

Good 3: D3 = 20 + P1 + 2P2 − 4P3,

S3 = 3 + P2 + 3P3.

The equilibrium conditions Di = Si for i = 1, 2, 3 yield the system:

5P1 + P2 − P3 = 9,

−2P1 + 5P2 − P3 = 3,

−P1 − P2 + 7P3 = 17.

Using Cramer’s Rule, we compute:

P̄1 = |A1|
|A|

= 356
178

= 2,

P̄2 = |A2|
|A|

= 356
178

= 2,

P̄3 = |A3|
|A|

= 534
178

= 3.
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National-Income Model

Consider the simple national-income model:

Y = C + I0 +G0,

C = a+ bY with a > 0, 0 < b < 1.

This can be rewritten as:

Y − C = I0 +G0,

−bY + C = a.

The coefficient matrix is:

A =

 1 −1
−b 1

 , with A−1 = 1
1 − b

1 1
b 1

 .

Although Ȳ and C̄ can be solved using Cramer’s rule, we will instead

solve this model by inverting the coefficient matrix:

Ȳ
C̄

 = A−1

I0 +G0

a

 = 1
1−b

1 1
b 1


I0 +G0

a


= 1

1−b

 I0 +G0 + a

b(I0 +G0) + a

 .

5.7 Quadratic Forms

Quadratic forms play an important role in both theoretical and applied

mathematics. They provide a natural language for expressing curvature,

interaction among variables, and second-order behavior in multivariate

functions. In particular, as we will discussed later, quadratic forms are
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fundamental in optimization theory, where they help determine the nature

of critical points—whether a point is a local minimum, local maximum,

or saddle point—through second-order conditions. They also appear in

the analysis of variance, stability analysis in dynamic systems, and many

areas of applied linear algebra.

Quadratic Forms

Definition 5.7.1 A function q of n variables is called a quadratic form if it

has the following expression:

q(u1, u2, · · · , un) = d11u
2
1 + 2d12u1u2 + · · · + 2d1nu1un

+ d22u
2
2 + 2d23u2u3 + · · · + 2d2nu2un

...

+ dnnu
2
n.

This means it is a polynomial that contains only second-order terms, either

as the square of a variable or the product of two different variables.

Assuming symmetry (dij = dji), the quadratic form can be expressed more

compactly as:

q(u1, . . . , un) = d11u
2
1 + d12u1u2 + · · · + d1nu1un

+ d12u2u1 + d22u
2
2 + · · · + d2nu2un

· · ·

+ dn1unu1 + dn2unu2 + · · · + dnnu
2
n

=
n∑
i=1

n∑
j=1

dijuiuj = u′Du,
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where

D =



d11 d12 · · · d1n

d21 d22 · · · d2n
...

... . . . ...

dn1 dn2 · · · dnn


is a symmetric n× n matrix called the matrix of the quadratic form.

Example 5.7.1 For two variables, the quadratic form is:

q = d11u
2
1 + d12u1u2 + d22u

2
2.

The associated symmetric matrix is:

D =

d11
d12
2

d12
2 d22

 .
Then q = u′Du.

Positive and Negative Definiteness

Definition 5.7.2 Let D be a symmetric matrix associated with a quadratic

form q(u) = u′Du. Then:

(a) q is positive definite (PD) if q(u) > 0 for all u ̸= 0;

(b) q is positive semidefinite (PSD) if q(u) ≥ 0 for all u;

(c) q is negative definite (ND) if q(u) < 0 for all u ̸= 0;

(d) q is negative semidefinite (NSD) if q(u) ≤ 0 for all u;

(e) q is indefinite (ID) if it is neither positive semidefinite nor negative

semidefinite.
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We also say that a matrix D is positive definite if its corresponding quadrat-

ic form q(u) = u′Du is positive definite.

Example 5.7.2 Consider the following quadratic forms:

• q = u2
1 + u2

2 is positive definite (PD);

• q = (u1 + u2)2 is positive semidefinite (PSD);

• q = u2
1 − u2

2 is indefinite (ID).

Determinantal Test for Sign Definiteness

We state without proof that for the quadratic form q(u) = u′Du, a

necessary and sufficient condition for positive definiteness is that all the

leading principal minors of D are strictly positive. That is,

|D1| = d11 > 0,

|D2| =

∣∣∣∣∣∣∣
d11 d12

d21 d22

∣∣∣∣∣∣∣ > 0,

...

|Dn| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

d11 d12 · · · d1n

d21 d22 · · · d2n
...

... . . . ...

dn1 dn2 · · · dnn

∣∣∣∣∣∣∣∣∣∣∣∣∣
> 0.

For negative definiteness, the necessary and sufficient condition is that

the leading principal minors alternate in sign:

|D1| < 0, |D2| > 0, |D3| < 0, etc.
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Two-Variable Quadratic Form

Example 5.7.3 Is the quadratic form q = 5u2+3uv+2v2 positive or negative

definite?

The associated symmetric matrix is:

D =

 5 1.5
1.5 2

 .
The leading principal minors are:

|D1| = 5 > 0, |D2| =

∣∣∣∣∣∣∣
5 1.5

1.5 2

∣∣∣∣∣∣∣ = 10 − 2.25 = 7.75 > 0.

Hence, the quadratic form is positive definite.

Three-Variable Quadratic Form

Example 5.7.4 Determine whether

q = u2
1 + 6u2

2 + 3u2
3 − 2u1u2 − 4u2u3

is positive or negative definite.

The corresponding symmetric matrix is:

D =


1 −1 0

−1 6 −2
0 −2 3

 .

Compute the leading principal minors:

|D1| = 1 > 0, |D2| =

∣∣∣∣∣∣∣
1 −1

−1 6

∣∣∣∣∣∣∣ = 6 − 1 = 5 > 0,
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|D3| =

∣∣∣∣∣∣∣∣∣∣
1 −1 0

−1 6 −2
0 −2 3

∣∣∣∣∣∣∣∣∣∣
= 11 > 0.

Since all leading principal minors are positive, the quadratic form is

positive definite.

Example 5.7.5 Determine whether

q = −3u2
1 − 3u2

2 − 5u2
3 − 2u1u2

is positive or negative definite.

The symmetric matrix is:

D =


−3 −1 0
−1 −3 0
0 0 −5

 .

Compute the leading principal minors:

|D1| = −3 < 0, |D2| =

∣∣∣∣∣∣∣
−3 −1
−1 −3

∣∣∣∣∣∣∣ = 9 − 1 = 8 > 0, |D3| = −40 < 0.

Since the signs alternate starting with negative, the quadratic form is

negative definite.

5.8 Eigenvalues and Eigenvectors

Given an n× n matrix D, consider the matrix equation:

Dx = λx.
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Any scalar λ such that the equation Dx = λx has a non-zero solution

x is called an eigenvalue (or characteristic root) of the matrix D. Any

corresponding non-zero vector x is called an eigenvector (or characteristic

vector) of D for the eigenvalue λ.

Recipe — How to calculate eigenvalues:

From Dx = λx, we obtain the equivalent homogeneous system:

(D − λI)x = 0.

Since we seek a nontrivial solution (x ̸= 0), the matrix (D − λI) must

be singular. Therefore, its determinant must be zero:

|D − λI| = 0.

This equation is known as the characteristic equation or the characteristic

polynomial of D. It is a degree-n polynomial in λ and typically has n (real

or complex) roots, which are the eigenvalues of D. For each eigenvalue,

there exists at least one corresponding eigenvector. Moreover, eigenvec-

tors corresponding to distinct eigenvalues are linearly independent.

Example 5.8.1 Let

D =


3 −1 0

−1 3 0
0 0 5

 .
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We compute the determinant:

|D − λI| =

∣∣∣∣∣∣∣∣∣∣
3 − λ −1 0
−1 3 − λ 0
0 0 5 − λ

∣∣∣∣∣∣∣∣∣∣
= (5 − λ)

∣∣∣∣∣∣∣
3 − λ −1
−1 3 − λ

∣∣∣∣∣∣∣
= (5 − λ)

[
(3 − λ)2 − (−1)2

]
= (5 − λ)[(3 − λ)2 − 1]

= (5 − λ)(λ− 2)(λ− 4).

Hence, the eigenvalues are:

λ1 = 2, λ2 = 4, λ3 = 5.

Finding the eigenvectors:

For λ1 = 2, solve (D − 2I)x = 0:


1 −1 0

−1 1 0
0 0 3



x1

x2

x3

 =


0
0
0

 .

This reduces to x1 = x2 and x3 = 0, so an eigenvector is:

v1 = c1


1
1
0

 .
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Similarly, for λ2 = 4, solve (D − 4I)x = 0:


−1 −1 0
−1 −1 0
0 0 1

x = 0,

yielding x1 = −x2, x3 = 0, so

v2 = c2


1

−1
0

 .

For λ3 = 5, solve (D − 5I)x = 0:


−2 −1 0
−1 −2 0
0 0 0

x = 0,

which implies x1 = −2x2, x3 free. Choose x2 = 1, x1 = −2, and x3 = 1 for

simplicity:

v3 = c3


−2
1
1

 .
We can verify that v1, v2, and v3 are linearly independent.

Properties of Eigenvalues

Theorem 5.8.1 Let A be a real symmetric matrix. Then:

(1) A is positive definite if and only if all its eigenvalues λi > 0 for i =
1, 2, . . . , n.

(2) A is negative definite if and only if all its eigenvalues λi < 0 for i =
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1, 2, . . . , n.

(3) A is positive semidefinite if and only if all its eigenvalues λi ≥ 0.

(4) A is negative semidefinite if and only if all its eigenvalues λi ≤ 0.

(5) A is indefinite if it has at least one positive and one negative eigenvalue.

A matrix A is said to be diagonalizable if there exists a nonsingular

matrix P and a diagonal matrix D such that

P −1AP = D.

For real matrices, an orthogonal matrix U satisfies U ′ = U−1, i.e.,

UU ′ = U ′U = I . The term “orthogonal" implies that the columns (and

rows) of U are mutually orthonormal.

Theorem 5.8.2 (Spectral Theorem for Symmetric Matrices) Let A be a re-

al symmetric matrix of order n, with eigenvalues λ1, . . . , λn. Then there exists an

orthogonal matrix U such that

U−1AU =


λ1 0

. . .

0 λn

 ,

or equivalently,

A = U


λ1 0

. . .

0 λn

U ′.

The matrix U is formed by orthonormal eigenvectors of A, normalized

such that U ′U = I .
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Example 5.8.2 Diagonalize the matrix

A =

1 2
2 4

 .

Step 1: Find the eigenvalues.

|A − λI| =

∣∣∣∣∣∣∣
1 − λ 2

2 4 − λ

∣∣∣∣∣∣∣ = (1 − λ)(4 − λ) − 4 = λ2 − 5λ = λ(λ− 5),

so the eigenvalues are λ1 = 0 and λ2 = 5.

Step 2: Find the eigenvectors.

• For λ1 = 0, solve:

1 2
2 4

x = 0 ⇒ x1 = −2x2.

So one eigenvector is v1 = c1(2,−1)′.

• For λ2 = 5, solve:

−4 2
2 −1

x = 0 ⇒ x1 = x2/2.

So one eigenvector is v2 = c2(1, 2)′.

Step 3: Normalize the eigenvectors.

v1 =
(

2√
5
,

−1√
5

)′

, v2 =
(

1√
5
,

2√
5

)′

.



96CHAPTER 5. LINEAR MODELS AND MATRIX ALGEBRA (CONTINUED)

Step 4: Form the orthogonal matrix U .

U =

 2√
5

1√
5

− 1√
5

2√
5

 .
Then

U−1AU =

0 0
0 5

 .
Definition (Trace): The trace of a square matrix A is the sum of its

diagonal entries:

tr(A) =
n∑
i=1

aii.

Properties of the Trace

(1) tr(A) = λ1 + · · · + λn, where λi are the eigenvalues of A;

(2) If A and B have the same dimension, then tr(A + B) =
tr(A) + tr(B);

(3) For any scalar a ∈ R, tr(aA) = a · tr(A);

(4) If AB is square, then tr(AB) = tr(BA);

(5) tr(A′) = tr(A);

(6) tr(A′A) = ∑n
i=1

∑n
j=1 a

2
ij .

*5.9 Vector Spaces

A (real) vector space is a nonempty set V together with an addition oper-

ation + : V × V → V and a scalar multiplication operation · : R × V → V

satisfying the following axioms for all u,v,w ∈ V and a, b ∈ R:

1. (u + v) + w = u + (v + w) (associativity of addition);
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2. u + v = v + u (commutativity of addition);

3. u + 0 = u (the existence of additive identity);

4. u + (−u) = 0 (the existence of additive inverse);

5. a(u + v) = au + av (distributivity over vector addition);

6. (a+ b)u = au + bu (distributivity over scalar addition);

7. a(bu) = (ab)u (compatibility of scalar multiplication);

8. 1 · u = u (identity element of scalar multiplication).

The elements of V are called vectors, and the operations + and · are

known as vector addition and scalar multiplication, respectively. The

element 0 is the zero vector, and −v is the additive inverse of v.

Example 5.9.1 (The n-Dimensional Vector Space Rn) Let u,v ∈ Rn where

u = (u1, . . . , un)′, v = (v1, . . . , vn)′, and a ∈ R. Define:

u + v = (u1 + v1, . . . , un + vn)′, au = (au1, . . . , aun)′.

It is straightforward to verify that Rn with these operations satisfies all

vector space axioms.

Let V be a vector space. An inner product (or scalar product) is a

function s : V × V → R, denoted by s(u,v) = u · v, satisfying:

1. u · v = v · u (symmetry);

2. u · (v + w) = u · v + u · w (linearity in the second argument);

3. a(u · v) = (au) · v = u · (av) (homogeneity);

4. u · u ≥ 0 and u · u = 0 if and only if u = 0 (positive

definiteness).
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Example 5.9.2 Let u,v ∈ Rn with u = (u1, . . . , un)′, v = (v1, . . . , vn)′. Then

the inner product is

u · v = u1v1 + · · · + unvn.

The norm (or magnitude) of a vector v ∈ V is defined as

∥v∥ =
√

v · v.

It satisfies the following properties:

1. ∥au∥ = |a| · ∥u∥;

2. ∥u + v∥ ≤ ∥u∥ + ∥v∥ (triangle inequality);

3. |u · v| ≤ ∥u∥ · ∥v∥ (Cauchy-Schwarz inequality).

Parallel vectors: Nonzero vectors u and v are parallel if there exists

a ∈ R such that u = av.

Orthogonal vectors: Vectors u and v are orthogonal (or perpendicular)

if u · v = 0.

Angle between vectors: The angle θ between vectors u and v is de-

fined by:

θ = arccos
(

u · v

∥u∥ · ∥v∥

)
.

Subspace: A nonempty subset S ⊆ V is a subspace of V if for any

u,v ∈ S and a ∈ R, we have:

u + v ∈ S and au ∈ S.

Example 5.9.3 The vector space V is a subspace of itself. The set {0} is also

a subspace of V , and it is known as the trivial subspace. Any subspace of

V that is not equal to V is called a proper subspace.
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Example 5.9.4 The set L = {(x, y) | y = mx + n}, where m,n ∈ R and

m ̸= 0, is not a subspace of R2 unless n = 0. This is because the zero vector

(0, 0) must be included in any subspace. If n ̸= 0, then L is not closed

under scalar multiplication.

Let u1,u2, . . . ,uk be vectors in a vector space V . The set of all linear

combinations of these vectors,

S = {a1u1 + a2u2 + · · · + akuk | a1, . . . , ak ∈ R},

is called the subspace spanned (or generated) by the vectors u1, . . . ,uk,

and is denoted as span(u1, . . . ,uk). One can show that S is indeed a sub-

space of V .

Example 5.9.5 Let u1 = (2,−1, 1)′, u2 = (3, 4, 0)′. Then the subspace of R3

generated by u1 and u2 is:

span(u1,u2) = {(2a+ 3b,−a+ 4b, a)′ | a, b ∈ R}.

A set of vectors {u1, . . . ,uk} in a vector space V is linearly dependent

if there exist scalars a1, . . . , ak, not all zero, such that:

a1u1 + a2u2 + · · · + akuk = 0.

In other words, the set is linearly dependent if at least one vector can be

written as a linear combination of the others. Otherwise, the set is said to

be linearly independent.

Equivalent Conditions for Linear Independence in Rn:

Let {u1, . . . ,un} be n vectors in Rn. Then the following are equivalent:

1. The vectors are linearly independent.

2. The matrix formed by using these vectors as columns is nonsingular.
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3. The vectors span Rn.

A set of vectors {u1, . . . ,uk} in V is a basis of V if it spans V and is

linearly independent.

Example 5.9.6 Consider the vectors ei = (0, . . . , 0, 1, 0, . . . , 0)′ in Rn, where

the 1 is in the i-th position. The set En = {e1, e2, . . . , en} forms a basis for

Rn and is called the standard basis.

Let V be a vector space, and let B = {u1, . . . ,un} be a basis for V . Then

for any u ∈ V , there exist unique scalars x1, . . . , xn such that:

u = x1u1 + · · · + xnun.

The column vector x = (x1, . . . , xn)′ is called the coordinate vector of u

with respect to the basis B.

Example 5.9.7 In Rn with the standard basisEn, any vector u = (u1, . . . , un)′

can be expressed as:

u = u1e1 + · · · + unen.

Hence, (u1, . . . , un)′ is the coordinate vector of u with respect to En.

Example 5.9.8 In R2, find the coordinate vector of u = (−1, 2)′ with re-

spect to the basis B = {(1, 1)′, (2,−3)′}.

We solve for a, b ∈ R such that:

(−1, 2)′ = a(1, 1)′ + b(2,−3)′.

This yields the system:


a+ 2b = −1,

a− 3b = 2.
⇒ a = 1

5
, b = −3

5
.
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Thus, the coordinate vector is:

(−1, 2)′
B =

(1
5
,−3

5

)′
.

The dimension of a vector space V , denoted dim(V ), is the number of

elements in any basis of V .

Example 5.9.9 The dimension of Rn with its standard basis is n.

Let U and V be vector spaces. A linear transformation from U to V is

a mapping T : U → V such that for all u,v ∈ U and a, b ∈ R,

T (au + bv) = aT (u) + bT (v).

Example 5.9.10 Let A be an m×n real matrix. The mapping T : Rn → Rm

defined by T (u) = Au is a linear transformation.

Properties of Linear Transformations:

Let U and V be vector spaces, with bases B = (b1, . . . , bn) for U and C =
(c1, . . . , cm) for V .

1. Any linear transformation T : U → V can be represented by anm×n

matrix AT , where the ith column of AT is the coordinate vector of

T (bi) relative to the basis C.

2. If x = (x1, . . . , xn)′ is the coordinate vector of u ∈ U relative to B,

and y = (y1, . . . , ym)′ is the coordinate vector of T (u) relative to C,

then the transformation of coordinates is:

y = ATx, for all u ∈ U.

The matrix AT is called the matrix representation of T with respect to

bases B and C.
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Remark 5.9.1 Any linear transformation is uniquely determined by its ma-

trix representation with respect to given bases.

Example 5.9.11 Consider the linear transformation T : R3 → R2 defined

by

T ((x, y, z)′) = (x− 2y, x+ z)′,

and the bases

B = {(1, 1, 1)′, (1, 1, 0)′, (1, 0, 0)′} for R3, C = {(1, 1)′, (1, 0)′} for R2.

We compute:

T ((1, 1, 1)′) = (−1, 2)′, T ((1, 1, 0)′) = (−1, 1)′, T ((1, 0, 0)′) = (1, 1)′.

To construct AT , we express each T (bi) in coordinates relative to C.

Using methods as in Example 5.9.8, we obtain:

AT =

 2 1 1
−3 −2 0

 .
Let V be a vector space of dimension n, and let B and C be two bases

of V . Let I : V → V denote the identity transformation, i.e., I(v) = v for

all v ∈ V . The change-of-basis matrix D from B to C is defined as the

matrix representation of I with respect to B and C.

Example 5.9.12 Let u ∈ V have coordinate vector x = (x1, . . . , xn)′ with

respect to basis B and coordinate vector y = (y1, . . . , yn)′ with respect to

basis C. If D is the change-of-basis matrix from B to C, then:

y = Dx.

The change-of-basis matrix from C to B is D−1.
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Example 5.9.13 Given the bases for R2:

B = {(1, 1)′, (1, 0)′}, C = {(0, 1)′, (1, 1)′},

find the change-of-basis matrix D from B to C.

We compute the coordinates of each vector in B with respect to C us-

ing the method in Example 5.9.8:

(1, 1)′ = 1 · (0, 1)′ + 1 · (1, 1)′ ⇒ (1, 1)′
C = (0, 1)′,

(1, 0)′ = −1 · (0, 1)′ + 1 · (1, 1)′ ⇒ (1, 0)′
C = (−1, 1)′.

Thus, the matrix D is:

D =

0 −1
1 1

 .



104CHAPTER 5. LINEAR MODELS AND MATRIX ALGEBRA (CONTINUED)



Chapter 6

Comparative Statics and the

Concept of Derivative

6.1 The Nature of Comparative Statics

Comparative statics is concerned with comparing different equilibrium s-

tates that are associated with varying sets of values for parameters and

exogenous variables. When the value of a parameter or exogenous vari-

able associated with an initial equilibrium changes, a new equilibrium e-

merges. The fundamental question in comparative-static analysis is: How

does the new equilibrium compare to the old?

In comparative-static analysis, the focus is not on the process of adjust-

ment itself. Instead, it strictly compares the initial (pre-change) equilibri-

um state with the new (post-change) equilibrium state. The possibility of

disequilibrium or instability is not considered; it is assumed that a new

equilibrium is always attainable.

At its core, comparative statics seeks to determine a rate of change:

specifically, the rate at which the equilibrium value of an endogenous

variable changes in response to changes in a parameter or an exogenous

105
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variable. As a result, the mathematical concept of the derivative becomes

central to comparative-static analysis.

6.2 Rate of Change and the Derivative

In the context of comparative statics, we study the rate of change of a vari-

able y in response to changes in another variable x, where the relationship

between them is given by a function:

y = f(x).

Here, y typically represents the equilibrium value of an endogenous

variable, while x is a parameter or exogenous variable.

6.2.1 The Difference Quotient

We use the symbol ∆ to denote a change in a variable. Suppose x changes

from an initial value x0 to a new value x1 = x0 +∆x (so that ∆x = x1 −x0).

Then, the function value changes from f(x0) to f(x0 + ∆x). The change in

y per unit change in x is given by the difference quotient:

∆y
∆x

= f(x0 + ∆x) − f(x0)
∆x

.

Example 6.2.1 Let y = f(x) = 3x2 − 4. Then,

f(x0) = 3x2
0 − 4, f(x0 + ∆x) = 3(x0 + ∆x)2 − 4.
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Thus, the difference quotient becomes:

∆y
∆x

= f(x0 + ∆x) − f(x0)
∆x

= 3(x0 + ∆x)2 − 4 − (3x2
0 − 4)

∆x

= 3(x2
0 + 2x0∆x+ (∆x)2) − 3x2

0
∆x

= 6x0∆x+ 3(∆x)2

∆x
= 6x0 + 3∆x.

The Derivative

Frequently, we are interested in the rate of change of y when ∆x is very

small. In particular, we want to know the rate ∆y/∆x as ∆x approaches

zero. If, as ∆x → 0, the limit of the difference quotient ∆y/∆x exists, that

limit is called the derivative of the function y = f(x), denoted by:

dy

dx
≡ y′ ≡ f ′(x) ≡ lim

∆x→0

∆y
∆x

.

Remark 6.2.1 It is important to note the following about the derivative:

1. The derivative is a function of x0 only, whereas the difference quo-

tient depends on both x0 and ∆x.

2. The derivative, being the limit of the difference quotient, measures

an instantaneous rate of change at a specific point.

Example 6.2.2 Let y = f(x) = 3x2 − 4. From the previous result:

∆y
∆x

= 6x+ 3∆x,

we conclude that:
dy

dx
= lim

∆x→0
(6x+ 3∆x) = 6x.
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6.3 The Derivative and the Slope of a Curve

In economics, the marginal cost MC of a total cost function C = f(Q),
where C is the total cost and Q is the quantity of output, is defined as:

MC = ∆C
∆Q

,

with ∆Q considered to be infinitesimally small. Thus, MC is essentially a

continuous variable.

The slope of the total cost curve is a geometric interpretation of MC.

More precisely, it is the limit of the ratio ∆C/∆Q as ∆Q → 0. Hence, the

slope of a curve corresponds directly to the concept of the derivative.

Figure 6.1: Graphical illustration of the slope of the total cost curve and
marginal cost.
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6.4 The Concept of Limit

In the previous section, we defined the derivative of a function y = f(x) as

the limit of ∆y/∆x as ∆x → 0. We now turn to the foundational concept

of the limit.

Let q = q(v) be a function. The limit investigates the value that q ap-

proaches as v approaches a particular value N :

lim
v→N

q(v).

Here, N may be any number, including 0, +∞, or −∞.

As v approaches N , it may do so from either side:

• If q approaches a finite number L as v → N from values less than N ,

then L is called the left-hand limit, denoted limv→N− q(v).

• If q approaches a finite number L as v → N from values greater than

N , then L is called the right-hand limit, denoted limv→N+ q(v).

The limit of q at N exists if and only if both one-sided limits exist and are

equal:

lim
v→N−

q(v) = lim
v→N+

q(v) = L,

in which case we write:

lim
v→N

q(v) = L.

If this condition is not met, then q has no limit at N . If q(v) → ∞
or q(v) → −∞, we say the function has an infinite limit, which is not

considered a proper (finite) limit.

Remark 6.4.1 It is important to note that the symbol ∞ is not a number

and cannot be manipulated using standard arithmetic operations.
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Graphical Illustrations

There are several possible situations regarding the limit of a function.

These are illustrated in the following diagrams:

Figure 6.2: Possible situations regarding the limit of a function q = g(v).

Evaluation of a Limit

We now illustrate how to evaluate the limit of a function q = g(v) alge-

braically.

Example 6.4.1 Given q = 2 + v2, find lim
v→0

q.
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We observe that:

lim
v→0−

q = 2 and lim
v→0+

q = 2,

since v2 → 0 as v → 0. Thus, we conclude:

lim
v→0

q = 2.

Note: In evaluating limv→N q, we allow v to approach N , but do not evalu-

ate q at v = N itself. In fact, N may not even lie in the domain of q.

Example 6.4.2 Consider the function:

q = 1 − v2

1 − v
, v ̸= 1.

Here, v = 1 is not in the domain of q since it causes division by zero.

However, we can simplify the expression:

q = 1 − v2

1 − v
= (1 − v)(1 + v)

1 − v
= 1 + v, for v ̸= 1.

As v → 1, we have 1 + v → 2. Therefore,

lim
v→1

q = 2.

Example 6.4.3 Find lim
v→∞

2v + 5
v + 1

.

We rewrite the expression:

2v + 5
v + 1

= 2(v + 1) + 3
v + 1

= 2 + 3
v + 1

.
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As v → ∞, the term 3
v+1 → 0, so:

lim
v→∞

2v + 5
v + 1

= 2.

Formal View of the Limit Concept

Definition 6.4.1 A number L is said to be the limit of q = g(v) as v ap-

proaches N if, for every neighborhood of L in the image of q, there exists

a corresponding neighborhood of N (excluding the point v = N ) in the

domain of q such that, for all v ∈ N , g(v) lies within the L-neighborhood.

Formally, a neighborhood of L is an open interval defined by:

(L− a1, L+ a2) = {q | L− a1 < q < L+ a2}, for a1 > 0, a2 > 0.

Figure 6.3: Graphical representation of a limit defined in terms of neigh-
borhoods.
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6.5 Inequality and Absolute Values

Rules of Inequalities

Transitivity:

• If a > b and b > c, then a > c.

• If a ≥ b and b ≥ c, then a ≥ c.

Addition and Subtraction:

• If a > b, then a± k > b± k.

• If a ≥ b, then a± k ≥ b± k.

Multiplication and Division:

• If a > b and k > 0, then ka > kb.

• If a > b and k < 0, then ka < kb.

Squaring:

• If a > b and b ≥ 0, then a2 > b2.

Absolute Values and Inequalities

For any real number n, the absolute value of n is defined as:

|n| =


n if n > 0,

−n if n < 0,

0 if n = 0.

Some useful equivalences involving absolute values:

• |x| < n if and only if −n < x < n (n > 0),
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• |x| ≤ n if and only if −n ≤ x ≤ n (n > 0).

Basic Properties of Absolute Values:

1. |m| + |n| ≥ |m+ n| (Triangle Inequality),

2. |m| · |n| = |mn|,

3.
|m|
|n|

=
∣∣∣∣mn

∣∣∣∣, provided n ̸= 0.

Solution of an Inequality

Example 6.5.1 Find the solution of the inequality 3x− 3 > x+ 1.

Subtract x from both sides:

3x− 3 − x > x+ 1 − x ⇒ 2x− 3 > 1.

Add 3 to both sides:

2x > 4 ⇒ x > 2.

Example 6.5.2 Solve the inequality |1 − x| ≤ 3.

This inequality is equivalent to:

−3 ≤ 1 − x ≤ 3.

Subtract 1 throughout:

−4 ≤ −x ≤ 2.

Multiply through by −1 and reverse the inequalities:

4 ≥ x ≥ −2 ⇒ −2 ≤ x ≤ 4.
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6.6 Limit Theorems

Theorems Involving a Single Equation

Theorem I. If q = av + b, then

lim
v→N

q = aN + b.

Theorem II. If q = g(v) = b (a constant function), then

lim
v→N

q = b.

Theorem III. For any integer k ≥ 0,

lim
v→N

vk = Nk.

In fact, Theorem III holds for any real exponent k.

Example 6.6.1 Given q = 5v + 7, by Theorem I we have

lim
v→2

q = 5 · 2 + 7 = 17.

Example 6.6.2 Let q = v3. Then, by Theorem III,

lim
v→2

q = 23 = 8.

Theorems Involving Two Functions

Let q1 = g(v) and q2 = h(v) be two functions such that

lim
v→N

q1 = L1, lim
v→N

q2 = L2.

Then the following properties hold:
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Theorem IV.

lim
v→N

(q1 + q2) = L1 + L2.

Theorem V.

lim
v→N

(q1 · q2) = L1 · L2.

Theorem VI.

lim
v→N

q1

q2
= L1

L2
provided L2 ̸= 0.

Remark 6.6.1 These theorems apply only when both L1 and L2 are finite.

If either limit does not exist or is infinite, the theorems above are not valid.

Example 6.6.3 Evaluate:

lim
v→0

1 + v

2 + v
.

We know:

lim
v→0

(1 + v) = 1, lim
v→0

(2 + v) = 2.

Therefore:

lim
v→0

1 + v

2 + v
= 1

2
.

Limit of a Polynomial Function

Let

p(v) = a0 + a1v + a2v
2 + · · · + anv

n

be a polynomial function. Then,

lim
v→N

p(v) = a0 + a1N + a2N
2 + · · · + anN

n.
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6.7 Continuity and Differentiability of a Func-

tion

Continuity of a Function

Definition 6.7.1 A function q = g(v) is said to be continuous at a point N

if limv→N q exists and

lim
v→N

g(v) = g(N).

Thus, the term “continuous" at a point N requires three essential con-

ditions:

1. N is in the domain of g;

2. limv→N g(v) exists;

3. limv→N g(v) = g(N).

Remark 6.7.1 When discussing limits, the value of the function at the point

(N,L) is not considered. However, for continuity at N , the value g(N)
must exist and match the limit. That is, the point (N, g(N)) must lie on the

graph of the function.

Polynomial and Rational Functions

From our earlier discussion on polynomial limits, we know that a polyno-

mial function q = a0 + a1v + · · · + anv
n satisfies:

lim
v→N

q = q(N).

Since every N in the domain of a polynomial satisfies this property, we

conclude that any polynomial function is continuous everywhere on its

domain.
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Moreover, by applying the limit theorems for sums, products, and quo-

tients (where the denominator is non-zero), any rational function is also

continuous on its domain.

Example 6.7.1 Consider the function

q = 4v2

v2 + 1
.

Then the function is continuous for all v ∈ R since the denominator is

never zero. Specifically, we have:

lim
v→N

4v2

v2 + 1
= limv→N 4v2

limv→N(v2 + 1)
= 4N2

N2 + 1
.

Example 6.7.2 Consider the rational function

q = v3 + v2 − 4v − 4
v2 − 4

.

This function is undefined at v = 2 and v = −2, where the denominator

becomes zero. Therefore, q is discontinuous at those points, despite the

limit existing at v = 2 and v = −2. We can simplify the expression:

q = v3 + v2 − 4v − 4
v2 − 4

= v(v2 − 4) + v2 − 4
v2 − 4

= (v + 1)(v2 − 4)
v2 − 4

= v + 1 for v ̸= 2,−2.

This shows that the limit exists and equals v+1 at the excluded points, but

since q(2) and q(−2) are undefined, the function is not continuous there.
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Differentiability Implies Continuity

By the definition of the derivative of a function y = f(x), we say that

f ′(x0) exists at x0 if the limit of the difference quotient exists as ∆x → 0,

i.e.,

f ′(x0) = lim
∆x→0

∆y
∆x

= lim
∆x→0

f(x0 + ∆x) − f(x0)
∆x

(differentiability condition).

On the other hand, the function y = f(x) is continuous at x0 if and only

if

lim
x→x0

f(x) = f(x0) (continuity condition).

We now exam the relationship between differentiability and continuity.

Specifically, we show that continuity is a necessary condition for differentiability—

meaning a function must be continuous at a point to be differentiable

there—but continuity alone does not guarantee differentiability.

Since x → x0 implies x ̸= x0, it follows that x − x0 is nonzero, and we

can write:

f(x) − f(x0) = f(x) − f(x0)
x− x0

(x− x0).

Taking the limit of both sides as x → x0 gives:

LHS = lim
x→x0

(f(x) − f(x0)) = lim
x→x0

f(x) − f(x0),

RHS = lim
x→x0

(
f(x) − f(x0)

x− x0

)
· lim
x→x0

(x− x0)

= f ′(x0) · 0 = 0.
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Thus,

lim
x→x0

f(x) − f(x0) = 0 ⇒ lim
x→x0

f(x) = f(x0),

which confirms that f(x) is continuous at x = x0.

Although differentiability implies continuity, the converse may not be

true. That is, a function can be continuous at a point but not differentiable

there. The following example illustrates this.

Example 6.7.3 Let f(x) = |x|. This function is clearly continuous at x = 0.

Now we show that it is not differentiable at x = 0.

We examine the derivative using the limit definition:

lim
x→0+

f(x) − f(0)
x− 0

= lim
x→0+

x

x
= 1,

lim
x→0−

f(x) − f(0)
x− 0

= lim
x→0−

−x
x

= −1.

Since the left-hand and right-hand limits are not equal, the limit does

not exist. Therefore, f(x) = |x| is not differentiable at x = 0.



Chapter 7

Rules of Differentiation and Their

Use in Comparative Statics

The central problem in comparative-static analysis involves determining

the rate of change of a function y = f(x) in response to a small change in x,

which aligns with determining the derivative of the function. To begin our

discussion of comparative-static models, we present several fundamental

rules of differentiation.

7.1 Rules of Differentiation for a Function of One

Variable

Constant-Function Rule

If y = f(x) = c, where c is a constant, then

dy

dx
≡ y′ ≡ f ′ = 0.

121
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Proof.

dy

dx
= lim

x′→x

f(x′) − f(x)
x′ − x

= lim
x′→x

c− c

x′ − x
= lim

x′→x

0
x′ − x

= 0.

We can also write dy
dx

= df
dx

as

d

dx
y = d

dx
f,

treating d
dx

as an operator.

Power-Function Rule

If y = f(x) = xa where a is any real number (−∞ < a < ∞), then

d

dx
f(x) = axa−1.

Remark 7.1.1 Special cases include:

(i) If a = 0, then d
dx
x0 = d

dx
1 = 0.

(ii) If a = 1, then y = x, so dx
dx

= 1.

Proof (for positive integer a = n). We use the identity:

xn − xn0 = (x− x0)(xn−1 + x0x
n−2 + x2

0x
n−3 + · · · + xn−1

0 ).

Then,
xn − xn0
x− x0

= xn−1 + x0x
n−2 + x2

0x
n−3 + · · · + xn−1

0 .
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Taking the limit as x → x0:

f ′(x0) = lim
x→x0

f(x) − f(x0)
x− x0

= lim
x→x0

xn − xn0
x− x0

= lim
x→x0

(
xn−1 + x0x

n−2 + x2
0x

n−3 + · · · + xn−1
0

)
= nxn−1

0 .

Example 7.1.1 Let y = f(x) = x−3. Then y′ = −3x−4.

Example 7.1.2 Let y = f(x) =
√
x = x1/2. Then

y′ = 1
2
x−1/2.

In particular, f ′(2) = 1
2 · 2−1/2 =

√
2

4 .

Power-Function Rule (Generalized)

If the function is given by y = cxa, where c and a are constants, then

dy

dx
= df

dx
= acxa−1.

Example 7.1.3 Let y = 2x. Then

dy

dx
= 2x0 = 2.

Example 7.1.4 Let y = 4x3. Then

dy

dx
= 4 · 3x3−1 = 12x2.

Example 7.1.5 Let y = 3x−2. Then

dy

dx
= 3 · (−2)x−3 = −6x−3.
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Common Differentiation Rules

f(x) = constant ⇒ f ′(x) = 0;

f(x) = xa ⇒ f ′(x) = axa−1;

f(x) = ex ⇒ f ′(x) = ex;

f(x) = ax (a > 0) ⇒ f ′(x) = ax ln a;

f(x) = ln x ⇒ f ′(x) = 1
x

;

f(x) = loga x (a > 0, a ̸= 1) ⇒ f ′(x) = 1
x ln a

;

f(x) = sin x ⇒ f ′(x) = cos x;

f(x) = cosx ⇒ f ′(x) = − sin x;

f(x) = tan x ⇒ f ′(x) = 1
cos2 x

;

f(x) = cot x ⇒ f ′(x) = − 1
sin2 x

;

f(x) = arcsin x ⇒ f ′(x) = 1√
1 − x2

;

f(x) = arccos x ⇒ f ′(x) = − 1√
1 − x2

;

f(x) = arctan x ⇒ f ′(x) = 1
1 + x2 ;

f(x) = arccotx ⇒ f ′(x) = − 1
1 + x2 .

7.2 Rules of Differentiation Involving Two or More

Functions of the Same Variable

Let f(x) and g(x) be two differentiable functions. We have the following

rules:
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Sum-Difference Rule

d

dx
[f(x) ± g(x)] = d

dx
f(x) ± d

dx
g(x) = f ′(x) ± g′(x).

This rule extends to any finite sum:

d

dx

[
n∑
i=1

fi(x)
]

=
n∑
i=1

d

dx
fi(x) =

n∑
i=1

f ′
i(x).

Example 7.2.1 Let f(x) = ax2 + bx+ c. Then,

d

dx
(ax2 + bx+ c) = 2ax+ b.

Example 7.2.2 Suppose the short-run total cost function is given by C =
Q3 − 4Q2 + 10Q+ 75. The marginal cost function is defined as the limit of

the difference quotient ∆C
∆Q and thus the derivative of the cost function:

dC

dQ
= 3Q2 − 8Q+ 10.

In general, if y = f(x) represents a total function, then dy
dx

represents its

marginal function. Since the derivative gives the slope of the curve, the

marginal function shows the slope of the total function at each point.

L’Hôpital’s Rule

L’Hôpital’s Rule provides a systematic method for evaluating limits of

functions that result in the indeterminate forms 0
0 or ∞

∞ .

Theorem 7.2.1 (L’Hôpital’s Rule) Let f(x) and g(x) be differentiable on an

open interval (a, b) containing a point c, except possibly at c itself. If

lim
x→c

f(x) = lim
x→c

g(x) = 0 or lim
x→c

f(x) = lim
x→c

g(x) = ±∞,
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and g′(x) ̸= 0 in some neighborhood of c, and if the limit lim
x→c

f ′(x)
g′(x)

exists (finite

or infinite), then

lim
x→c

f(x)
g(x)

= lim
x→c

f ′(x)
g′(x)

.

Example 7.2.3 (Example 6.7.2 continued) Evaluate

lim
v→2

v3 + v2 − 4v − 4
v2 − 4

.

Since both the numerator and the denominator approach 0 as v → 2, we

apply L’Hôpital’s Rule:

lim
v→2

v3 + v2 − 4v − 4
v2 − 4

= lim
v→2

d
dv

(v3 + v2 − 4v − 4)
d
dv

(v2 − 4)

= lim
v→2

3v2 + 2v − 4
2v

= 3.

Example 7.2.4 Evaluate:

lim
v→∞

4v + 5
v2 + 2v − 3

.

Since both numerator and denominator approach ∞, apply L’Hôpital’s

Rule:

lim
v→∞

4v + 5
v2 + 2v − 3

= lim
v→∞

d
dv

(4v + 5)
d
dv

(v2 + 2v − 3)

= lim
v→∞

4
2v + 2

= 0.

Product Rule

d

dx
[f(x)g(x)] = f(x)g′(x) + g(x)f ′(x).
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Proof.

d

dx
[f(x0)g(x0)] = lim

x→x0

f(x)g(x) − f(x0)g(x0)
x− x0

= lim
x→x0

f(x)g(x) − f(x)g(x0) + f(x)g(x0) − f(x0)g(x0)
x− x0

= lim
x→x0

f(x)[g(x) − g(x0)] + g(x0)[f(x) − f(x0)]
x− x0

= lim
x→x0

f(x)g(x) − g(x0)
x− x0

+ g(x0) lim
x→x0

f(x) − f(x0)
x− x0

= f(x0)g′(x0) + g(x0)f ′(x0).

Since this is true for any x = x0, this proves the rule.

Example 7.2.5 Suppose y = (2x+3)(3x2). Let f(x) = 2x+3 and g(x) = 3x2.

Then f ′(x) = 2, g′(x) = 6x. Hence,

d

dx
[(2x+ 3)(3x2)] = (2x+ 3)6x+ 3x2 · 2

= 12x2 + 18x+ 6x2

= 18x2 + 18x.

For the product of three functions:

d

dx
[f(x)g(x)h(x)] = f ′(x)g(x)h(x) + f(x)g′(x)h(x) + f(x)g(x)h′(x).

Finding the Marginal-Revenue Function from the Average-Revenue Func-

tion

Suppose the average-revenue (AR) function is given by

AR = 15 −Q.
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Then the total-revenue (TR) function is

TR ≡ AR ·Q = 15Q−Q2.

Taking the derivative, the marginal-revenue (MR) function is:

MR ≡ d

dQ
TR = 15 − 2Q.

More generally, if AR = f(Q), then

TR = Qf(Q),

and

MR ≡ d

dQ
TR = f(Q) +Qf ′(Q).

This expression reveals the relationship between marginal revenue (M-

R) and average revenue (AR). Since

MR − AR = Qf ′(Q),

the difference between MR and AR depends on the sign and magnitude of

Qf ′(Q).
Also, since

AR ≡ TR

Q
= PQ

Q
= P,

the average revenue can be interpreted as the inverse demand function

faced by the firm.

• Under perfect competition, the price is constant, and the demand

curve facing the firm is horizontal: P = f(Q) = const. Hence,

f ′(Q) = 0 and MR = AR.

• Under imperfect competition, the demand curve is downward slop-
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ing, so f ′(Q) < 0, which implies MR < AR.

Quotient Rule

d

dx

[
f(x)
g(x)

]
= f ′(x)g(x) − f(x)g′(x)

[g(x)]2
.

We will return to the proof of this rule after introducing the chain rule.

Example 7.2.6

d

dx

[2x− 3
x+ 1

]
= (2)(x+ 1) − (2x− 3)(1)

(x+ 1)2 = 5
(x+ 1)2 ,

d

dx

[ 5x
x2 + 1

]
= 5(x2 + 1) − 5x(2x)

(x2 + 1)2 = 5(1 − x2)
(x2 + 1)2 ,

d

dx

[
ax2 + b

cx

]
= (2ax)(cx) − (ax2 + b)c

(cx)2 = c(ax2 − b)
(cx)2 = ax2 − b

cx2 .

Relationship Between Marginal-Cost and Average-Cost Functions

As an economic application of the quotient rule, we examine the relation-

ship between the marginal-cost and average-cost functions by considering

how the average cost changes with respect to output.

Let the total cost function be C = C(Q). Then the average-cost (AC)

and marginal-cost (MC) functions are defined as:

AC(Q) ≡ C(Q)
Q

, MC(Q) ≡ C ′(Q).
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Figure 7.1: Graphical relationship between marginal-cost and average-cost

functions.

Differentiating the average-cost function with respect to Q gives:

d

dQ
AC(Q) = d

dQ

[
C(Q)
Q

]

= C ′(Q)Q− C(Q)
Q2

= 1
Q

[MC(Q) − AC(Q)] .

From this expression, we can conclude:

d

dQ
AC(Q) > 0 if and only if MC(Q) > AC(Q),

d

dQ
AC(Q) = 0 if and only if MC(Q) = AC(Q),

d

dQ
AC(Q) < 0 if and only if MC(Q) < AC(Q).
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Thus, the marginal-cost curve intersects the average-cost curve at its min-

imum point.

7.3 Rules of Differentiation Involving Functions

of Different Variables

We now consider cases where there are two or more differentiable func-

tions, each depending on a distinct independent variable.

Chain Rule

Suppose we have a function z = f(y), where y itself depends on another

variable x, that is, y = g(x). Then the derivative of z with respect to x is

given by the chain rule:

dz

dx
= dz

dy
· dy
dx

= f ′(y) · g′(x).

This rule describes how a change in x affects z through the intermediate

variable y: a change ∆x induces a change ∆y, which in turn leads to a

change ∆z.

Proof. Observe that

dz

dx
= lim

∆x→0

∆z
∆x

= lim
∆x→0

(
∆z
∆y

· ∆y
∆x

)
.

As ∆x → 0, we have ∆y → 0, and consequently ∆z → 0. Therefore,

dz

dx
= dz

dy
· dy
dx

= f ′(y) · g′(x). Q.E.D.

By substitution, we may write z = f(g(x)), in which case z is called a
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composite function. Accordingly, the chain rule is also referred to as the

composite function rule.

More generally, if z = f(y), y = g(x), and x = h(w), then

dz

dw
= f ′(y) · g′(x) · h′(w).

Example 7.3.1 (Proving the Quotient Rule via the Chain Rule) Let z = 1
g(x) .

Define y = g(x) so that z = y−1. Then,

dz

dx
= dz

dy
· dy
dx

= − 1
y2 · g′(x) = − g′(x)

[g(x)]2
.

Using this result, the derivative of a quotient becomes:

d

dx

[
f(x)
g(x)

]
= d

dx

[
f(x) · g(x)−1

]

= f ′(x) · g(x)−1 + f(x) ·
(

− g′(x)
[g(x)]2

)

= f ′(x)g(x) − f(x)g′(x)
[g(x)]2

. Q.E.D.

Example 7.3.2 If z = 3y2 and y = 2x+ 5, then

dz

dx
= dz

dy
· dy
dx

= 6y · 2 = 12y = 12(2x+ 5).

Example 7.3.3 If z = y − 3 and y = x3, then

dz

dx
= dz

dy
· dy
dx

= 1 · 3x2 = 3x2.

The usefulness of the chain rule becomes apparent when differentiat-

ing composite functions such as the following.

Example 7.3.4 Let z = (x2 + 3x − 2)17. Define y = x2 + 3x − 2, so that
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z = y17. Then,

dz

dx
= dz

dy
· dy
dx

= 17y16 · (2x+ 3)

= 17(x2 + 3x− 2)16(2x+ 3).

Once familiar with the chain rule, it is often unnecessary to introduce

intermediate variables explicitly.

A general function may contain several composite parts; in such cases,

apply the chain rule to each component as needed.

Example 7.3.5 Let z = [(x3 − 2x+ 1)3 + 3x]−2. Applying the power rule

and the chain rule together:

dz

dx
= −2

[
(x3 − 2x+ 1)3 + 3x

]−3
·
[
3(x3 − 2x+ 1)2(3x2 − 2) + 3

]
.

Example 7.3.6 (Deriving the Labor Demand Function) To derive the de-

mand for an input, we first determine its marginal revenue product. Sup-

pose total revenue depends on output, TR = f(Q), and output depends

on labor input, Q = g(L).

By the chain rule, the marginal revenue product of labor (MRPL) is:

MRPL = d(TR)
dL

= d(TR)
dQ

· dQ
dL

= f ′(Q) · g′(L) = MR ·MPL,

whereMR denotes marginal revenue andMPL denotes the marginal prod-

uct of labor.

Accordingly, the labor demand function is determined by the equality

between the value of the marginal product and the wage rate:

DL : w = MR ·MPL.
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Inverse-Function Rule

Assume y = f(x) is a one-to-one mapping, meaning each value of x yields

a unique value of y, and no two distinct values of x give the same y. Then

the function f has an inverse function, denoted by x = f−1(y). Here, f−1

is a function symbol indicating the inverse of f—not the reciprocal of f(x).
When x and y refer to real numbers, one-to-one mappings correspond

to the class of monotonic functions.

Definition 7.3.1 A function f is said to be:

• monotonically (or strictly) increasing if, for any x1, x2 in its domain,

x1 > x2 implies f(x1) > f(x2);

• monotonically (or strictly) decreasing if, for any x1, x2 in its domain,

x1 > x2 implies f(x1) < f(x2).

In either case, an inverse function f−1 exists.

A practical way to verify monotonicity is to examine whether the deriva-

tive f ′(x) maintains a consistent sign over the domain. Geometrically, this

implies that the graph of the function has a slope that is either always pos-

itive (increasing) or always negative (decreasing).

Example 7.3.7 Suppose y = 5x+ 25. Since y′ = 5 > 0 for all x, the function

is monotonic and has an inverse. Solving for x, we get:

x = 1
5

(y − 25).

If f−1 exists, then f is the inverse of f−1, and both must be monotonic.

Even if we cannot explicitly express f−1, we can still compute its deriva-

tive using the inverse-function rule:

dx

dy
= 1

dy
dx

.
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Proof. Since y = f(x) is differentiable and one-to-one:

dx

dy
= lim

∆y→0

∆x
∆y

= lim
∆x→0

1
∆y
∆x

= 1
dy
dx

.

Example 7.3.8 Let y = x5 + x. Then:

dx

dy
= 1

dy
dx

= 1
5x4 + 1

.

Example 7.3.9 Given y = ln x, its inverse is x = ey. Then:

dx

dy
= 1

dy
dx

= 1
1
x

= x = ey.

*7.4 Integration (The Case of One Variable)

Let f(x) be a continuous function. The indefinite integral of f (denoted

by
∫
f(x) dx) is defined as

∫
f(x) dx = F (x) + C,

where F (x) is a function such that F ′(x) = f(x), and C is an arbitrary

constant.

Rules of Integration

• Linearity:
∫

[af(x) + bg(x)] dx = a
∫
f(x) dx + b

∫
g(x) dx, where a

and b are constants.

• Integration by Parts:
∫
f ′(x)g(x) dx = f(x)g(x) −

∫
f(x)g′(x) dx.

• Substitution Rule:
∫
f(u(t))du

dt
dt =

∫
f(u) du.
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Some Special Rules of Integration

∫ f ′(x)
f(x)

dx = ln |f(x)| + C;∫ 1
x
dx = ln |x| + C;∫

ex dx = ex + C;∫
f ′(x)ef(x) dx = ef(x) + C;∫
xa dx = xa+1

a+ 1
+ C, a ̸= −1;∫

ax dx = ax

ln a
+ C, a > 0.

Example 7.4.1

∫ x2 + 2x+ 1
x

dx =
∫
x dx+

∫
2 dx+

∫ 1
x
dx = x2

2
+ 2x+ ln |x| + C.

Example 7.4.2

∫
xe−x2

dx = −1
2

∫
(−2x)e−x2

dx = −1
2

∫
e−z dz = −e−x2

2
+ C.

Example 7.4.3

∫
xex dx = xex −

∫
ex dx = xex − ex + C.

Definition 7.4.1 (The Newton–Leibniz Formula) The definite integral of

a continuous function f over [a, b] is given by

∫ b

a
f(x) dx = F (b) − F (a),

where F (x) is any antiderivative of f , that is, F ′(x) = f(x).
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Remark 7.4.1 The indefinite integral is a function (with an arbitrary con-

stant), while the definite integral is a specific number.

Properties of Definite Integrals

∫ b

a
[αf(x) + βg(x)] dx = α

∫ b

a
f(x) dx+ β

∫ b

a
g(x) dx;∫ b

a
f(x) dx = −

∫ a

b
f(x) dx;∫ a

a
f(x) dx = 0;∫ b

a
f(x) dx =

∫ c

a
f(x) dx+

∫ b

c
f(x) dx;∣∣∣∣∣

∫ b

a
f(x) dx

∣∣∣∣∣ ≤
∫ b

a
|f(x)| dx;

∫ b

a
f(x)g′(x) dx =

∫ g(b)

g(a)
f(u) du (change of variable);∫ b

a
f ′(x)g(x) dx = f(x)g(x)

∣∣∣b
a

−
∫ b

a
f(x)g′(x) dx.

Here, a, b, c, α, and β are real numbers.

Some More Useful Results

d

dλ

∫ b(λ)

a(λ)
f(x) dx = f(b(λ))b′(λ) − f(a(λ))a′(λ).

Example 7.4.4
d

dx

∫ x

a
f(t) dt = f(x).

7.5 Partial Differentiation

So far, we have considered only derivatives of functions with a single in-

dependent variable. However, in many economic models, several exoge-
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nous variables or parameters appear, and the equilibrium value of each

endogenous variable may depend on more than one of these variables or

parameters. Therefore, we now explore the derivative of functions of mul-

tiple variables.

Partial Derivatives

Consider a function

y = f(x1, x2, . . . , xn),

where the variables xi (i = 1, 2, . . . , n) are all independent, meaning each

can vary without affecting the others. If only xi changes by ∆xi while all

other variables remain fixed, then the resulting change in y is denoted ∆y.

The difference quotient is:

∆y
∆xi

= f(x1, . . . , xi−1, xi + ∆xi, xi+1, . . . , xn) − f(x1, x2, . . . , xn)
∆xi

.

Taking the limit as ∆xi → 0, we obtain the partial derivative of y with

respect to xi:
∂y

∂xi
= lim

∆xi→0

∆y
∆xi

.

This process is called partial differentiation. We may also denote this

as fi, or if the function is written in terms of variables like u, v, or w, then

fu, fv, or fw.

Unlike ordinary differentiation, partial differentiation requires that all

variables except the one being differentiated be held constant. This iso-

lates the marginal effect of one variable, making it particularly useful in

economic models where multiple inputs affect outcomes.

Example 7.5.1 Let y = f(x1, x2) = 3x2
1 + x1x2 + 4x2

2. Then:

∂y

∂x1
= 6x1 + x2,

∂y

∂x2
= x1 + 8x2.
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Example 7.5.2 For y = f(u, v) = (u+ 4)(3u+ 2v), we compute:

∂y

∂u
= (3u+ 2v) + 3(u+ 4) = 6u+ 2v + 12,

∂y

∂v
= 2(u+ 4).

When u = 2 and v = 1, we find fu(2, 1) = 26 and fv(2, 1) = 12.

Example 7.5.3 Let y = 3u− 2v
u2 + 3v

. Then:

∂y

∂u
= 3(u2 + 3v) − (3u− 2v)(2u)

(u2 + 3v)2 = −3u2 + 4uv + 9v
(u2 + 3v)2 ,

∂y

∂v
= −2(u2 + 3v) − (3u− 2v)(3)

(u2 + 3v)2 = −u(2u+ 9)
(u2 + 3v)2 .

Example 7.5.4 Given a Cobb-Douglas utility function u = xayb with a > 0
and b > 0, compute marginal utilities and the marginal rate of substitution

(MRS):

MUx = ∂u

∂x
= axa−1yb, MUy = ∂u

∂y
= bxayb−1,

MRSxy = MUx
MUy

= axa−1yb

bxayb−1 = ay

bx
.

7.6 Applications to Comparative-Static Analysis

Having developed the rules of differentiation, we are now equipped to ad-

dress a central question of comparative statics: How do changes in exogenous

variables or parameters affect the equilibrium value of an endogenous variable?
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Market Model

Consider a one-commodity market with linear demand and supply func-

tions:

Qd = a− bp, (a, b > 0),

Qs = −c+ dp, (c, d > 0),

where Qd and Qs denote the quantities demanded and supplied, respec-

tively, and p is the price.

Equilibrium requiresQd = Qs, giving the equilibrium price p̄ and quan-

tity Q̄:

p̄ = a+ c

b+ d
,

Q̄ = ad− bc

b+ d
.

These expressions constitute the reduced form of the model, in which

the endogenous variables p̄ and Q̄ are written explicitly as functions of the

exogenous parameters a, b, c, and d.

To examine the effect of small parameter changes, we compute the

corresponding comparative-static derivatives—that is, the partial deriva-

tives of p̄ or Q̄ with respect to each parameter. Determining only the sign

of a derivative yields a qualitative result, while computing its numerical

value gives a quantitative result.

It is important to distinguish between the reduced form and the struc-

tural form. For example, ∂Q̄/∂a is a reduced-form derivative, reflecting

equilibrium effects and capturing the interaction between demand and

supply. In contrast, ∂Qd/∂a is a structural-form derivative, referring solely

to the demand function and independent of the supply side.
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Figure 7.2: Comparative statics in the market model: (a) increase in a; (b)

increase in b; (c) increase in c; (d) increase in d.

The comparative-static derivatives of the equilibrium price are:

∂p̄

∂a
= 1
b+ d

> 0,

∂p̄

∂b
= − a+ c

(b+ d)2 < 0,

∂p̄

∂c
= 1
b+ d

> 0,

∂p̄

∂d
= − a+ c

(b+ d)2 < 0.
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National-Income Model

Consider a simple Keynesian model of national income determination:

Y = C + I0 +G0, (equilibrium condition)

C = α+ β(Y − T ), (α > 0, 0 < β < 1),

T = γ + δY, (γ > 0, 0 < δ < 1),

where Y is national income,C is consumption, T is taxes, and I0,G0 denote

autonomous investment and government expenditure.

Solving for equilibrium income yields:

Ȳ = α− βγ + I0 +G0

1 − β + βδ
.

The comparative-static derivatives are:

∂Ȳ

∂G0
= 1

1 − β + βδ
> 0 (government-expenditure multiplier),

∂Ȳ

∂γ
= −β

1 − β + βδ
< 0,

∂Ȳ

∂δ
= −β(α− βγ + I0 +G0)

(1 − β + βδ)2 = −βȲ
1 − β + βδ

< 0.

These results illustrate how equilibrium income responds to changes in

fiscal parameters—specifically, government spending, autonomous taxes,

and the marginal tax rate.

7.7 Note on Jacobian Determinants

Partial derivatives can also allow us to examine whether a set of n func-

tions in n variables are functionally independent. This leads to the concept

of the Jacobian determinant.
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Suppose we have n differentiable functions:

y1 = f 1(x1, x2, . . . , xn),

y2 = f 2(x1, x2, . . . , xn),
...

yn = fn(x1, x2, . . . , xn),

where f i denotes the i-th function. Each function is differentiated partially

with respect to each variable xj , yielding n2 partial derivatives:

∂yi
∂xj

, i, j = 1, 2, . . . , n.

These derivatives form the Jacobian matrix J :

J =



∂y1
∂x1

∂y1
∂x2

· · · ∂y1
∂xn

∂y2
∂x1

∂y2
∂x2

· · · ∂y2
∂xn

...
... . . . ...

∂yn

∂x1

∂yn

∂x2
· · · ∂yn

∂xn

 .

The Jacobian determinant is denoted by

|J | =
∣∣∣∣∣ ∂(y1, y2, . . . , yn)
∂(x1, x2, . . . , xn)

∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣∣∣

∂y1
∂x1

∂y1
∂x2

· · · ∂y1
∂xn

∂y2
∂x1

∂y2
∂x2

· · · ∂y2
∂xn

...
... . . . ...

∂yn

∂x1

∂yn

∂x2
· · · ∂yn

∂xn

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

A useful criterion for determining functional dependence among a set of

n functions is based on the Jacobian determinant. The following theorem

formalizes this idea.

Theorem 7.7.1 The n functions f 1, f 2, . . . , fn are functionally dependent (ei-
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ther linearly or nonlinearly) if and only if the Jacobian determinant |J | is identi-

cally zero for all x = (x1, x2, . . . , xn).

This means that if the Jacobian determinant is nonzero for at least one

point x, then the functions f 1, f 2, . . . , fn are functionally independent.

Conversely, if the determinant is identically zero for all x, the functions

are functionally dependent throughout their domain.

Example 7.7.1 Let

y1 = 2x1 + 3x2, y2 = 4x2
1 + 12x1x2 + 9x2

2.

Then

∂y1

∂x1
= 2, ∂y1

∂x2
= 3,

∂y2

∂x1
= 8x1 + 12x2,

∂y2

∂x2
= 12x1 + 18x2.

Hence the Jacobian determinant is

|J | =

∣∣∣∣∣∣∣
2 3

8x1 + 12x2 12x1 + 18x2

∣∣∣∣∣∣∣ = 2(12x1 + 18x2) − 3(8x1 + 12x2) ≡ 0,

which implies that y1 and y2 are functionally dependent. Indeed, y2 = y2
1 .

Now consider a special case involving linear functions. Suppose we are

given the system of linear equations:

a11x1 + a12x2 + · · · + a1nxn = d1,

a21x1 + a22x2 + · · · + a2nxn = d2, (7.1)
...

...

an1x1 + an2x2 + · · · + annxn = dn,
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with coefficient matrix A = [aij].
From linear algebra, we know that the rows of A are linearly depen-

dent if and only if |A| = 0. This classical result is a special case of the

Jacobian criterion for functional dependence.

To see this, define yi as the left-hand side of the i-th equation in (7.1).

Each yi is a linear function of x1, x2, . . . , xn, and thus

∂yi
∂xj

= aij.

The Jacobian matrix J formed from these partial derivatives is exactly the

coefficient matrix A, so that

|J | = |A|.

Therefore, the Jacobian criterion for functional dependence among the

functions y1, y2, . . . , yn coincides with the condition |A| = 0 in the case

of linear systems.
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Chapter 8

Comparative-Static Analysis of

General Functions

In the preceding chapter, the study of partial derivatives enabled us to

analyze simple comparative-static problems in which the equilibrium so-

lution can be expressed explicitly in reduced form. It is important to recall

that the definition of a partial derivative presupposes the independence of

the variables with respect to which differentiation is performed.

Applied to comparative statics, this implies that the parameters and

exogenous variables appearing in a reduced-form equation must be mu-

tually independent. However, such analytical convenience is not always

available. When a model contains general functional relationships, the equi-

librium solution may no longer be expressed explicitly. In these cases,

comparative-static results must be derived directly from the original sys-

tem of structural equations.

This leads to a fundamental question: under what conditions can the e-

quilibrium be determined implicitly, and how can we perform comparative-

static analysis without knowing its explicit form? In this chapter, we ad-

dress these questions by introducing the implicit-function theorem and

147
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the concept of total differentiation.

To illustrate, consider a simple national-income model with two endoge-

nous variables, Y and C:

Y = C + I0 +G0 (equilibrium condition),

C = C(Y, T0) (T0: exogenous taxes).

Substituting the second equation into the first yields a single equilibrium

condition:

Y = C(Y, T0) + I0 +G0.

For a general functional form of C, however, an explicit reduced-form so-

lution for Y may not exist. In such cases, we must derive the comparative-

static derivatives directly from this implicit relationship.

Assume that an equilibrium solution Ȳ exists. Then it may be regarded

as a function of the exogenous variables I0, G0, and T0:

Ȳ = Ȳ (I0, G0, T0),

even if its explicit form remains unknown. In a neighborhood of Ȳ , the

equilibrium condition can be written as

Ȳ ≡ C(Ȳ , T0) + I0 +G0,

where C depends on both Ȳ and T0. Because Ȳ itself depends on T0, the

two arguments of C are not independent. Consequently, a change in T0

affects C both directly and indirectly through its influence on Ȳ .

In such circumstances, partial differentiation is no longer adequate. In-

stead, we employ total differentiation, leading to the concept of the total

derivative, which allows us to analyze functions whose arguments are in-
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terdependent.

8.1 Differentials

Previously, we treated the symbol dy/dx as a single entity. We now rein-

terpret it as a ratio of two quantities, dy and dx.

Given a function y = f(x), the difference quotient ∆y/∆x represents

the rate of change of y with respect to x. We write:

∆y ≡
(

∆y
∆x

)
∆x. (8.1)

When ∆x is infinitesimal, we denote it by dx, and the corresponding

change in y is denoted dy. Then (8.1) becomes:

dy ≡
(
dy

dx

)
dx = f ′(x)dx. (8.2)

The quantities dy and dx are called the differentials of y and x, respec-

tively.

Dividing both sides of (8.2) by dx gives:

[dy]
[dx]

= f ′(x) = dy

dx
.

Thus, the derivative dy/dx can be interpreted as the quotient of the

differentials dy and dx. Once f ′(x) is known, dy is immediately given by

dy = f ′(x)dx. The derivative f ′(x) serves as a converter from a small change

dx into the corresponding change dy.

Example 8.1.1 Given y = 3x2 + 7x− 5, find the differential dy.

We compute:

f ′(x) = 6x+ 7,
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so the differential is

dy = (6x+ 7)dx.

Remark 8.1.1 The process of computing the differential dy is called dif-

ferentiation. Note that we have also used the term “differentiation” as

a synonym for computing a derivative. To avoid ambiguity, we may say

“differentiation with respect to x” when referring to computing dy/dx.

Differentials and Point Elasticity

As an illustration of the application of differentials in economics, con-

sider the concept of elasticity. For a demand function Q = f(P ), the price

elasticity of demand is defined as the ratio of the percentage change in

quantity demanded to the percentage change in price:

ϵd ≡ ∆Q/Q
∆P/P

.

When ∆P → 0, the finite changes ∆P and ∆Q become infinitesimal,

and we replace them with dP and dQ. Thus, the elasticity becomes:

ϵd ≡ dQ/Q

dP/P
= dQ/dP

Q/P
= marginal demand function

average demand function
.

In general, for a differentiable function y = f(x), the point elasticity of

y with respect to x is defined as:

ϵyx = dy/dx

y/x
= dy

dx
· x
y

= marginal function
average function

.

Example 8.1.2 Suppose the demand function is given by Q = 100 − 2P .

We wish to find the price elasticity of demand, ϵd.

We have:
dQ

dP
= −2, and

Q

P
= 100 − 2P

P
.
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Therefore,

ϵd = −2
(100 − 2P )/P

= −2P
100 − 2P

.

Thus, demand is:

• inelastic (|ϵd| < 1) for 0 < P < 25,

• unit elastic (|ϵd| = 1) at P = 25,

• elastic (|ϵd| > 1) for 25 < P < 50.

8.2 Total Differentials

The concept of differentials extends naturally to functions of two or more

independent variables. For instance, consider a savings function:

S = S(Y, i),

where S is savings, Y is national income, and i is the interest rate. If S is

continuously differentiable, its total differential is given by:

dS = ∂S

∂Y
dY + ∂S

∂i
di,

which represents the infinitesimal change in S resulting from infinitesimal

changes in Y and i.

Remark 8.2.1 If the interest rate i remains constant, the total differential

reduces to the partial derivative:

∂S

∂Y
=
(
dS

dY

)
holding i constant

.
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In general, for a differentiable function of n variables, y = f(x1, x2, . . . , xn),
the total differential is:

df = ∂f

∂x1
dx1 + ∂f

∂x2
dx2 + · · · + ∂f

∂xn
dxn =

n∑
i=1

fi dxi,

where fi = ∂f
∂xi

.

Correspondingly, the point (partial) elasticities of f with respect to each

variable xi are given by:

ϵfxi
= ∂f

∂xi
· xi
f
, for i = 1, 2, . . . , n.

8.3 Rules of Differentials

Let c be a constant and u and v be functions of the variables x1, x2, . . . , xn.

The following differential rules hold:

Rule I: d(c) = 0;

Rule II: d(cua) = caua−1 du;

Rule III: d(u± v) = du± dv;

Rule IV: d(uv) = v du+ u dv;

Rule V: d
(
u
v

)
= v du−u dv

v2 .

Example 8.3.1 Find dy for the function y = 5x2
1 + 3x2.

Method 1 (Using partial derivatives):

∂f

∂x1
= 10x1,

∂f

∂x2
= 3,

so

dy = f1 dx1 + f2 dx2 = 10x1 dx1 + 3 dx2.
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Method 2 (Using differential rules): Let u = 5x2
1, v = 3x2, then

dy = d(5x2
1) + d(3x2) (by Rule III)

= 10x1 dx1 + 3 dx2 (by Rule II).

Example 8.3.2 Find dy for the function y = 3x2
1 + x1x

2
2.

Using partial derivatives:

f1 = 6x1 + x2
2, f2 = 2x1x2,

so

dy = (6x1 + x2
2) dx1 + 2x1x2 dx2.

Using differential rules:

dy = d(3x2
1) + d(x1x

2
2)

= 6x1 dx1 + x2
2 dx1 + 2x1x2 dx2

= (6x1 + x2
2) dx1 + 2x1x2 dx2.

Example 8.3.3 For the function

y = x1 + x2

2x2
1

,

we compute the partial derivatives:

f1 = −(x1 + 2x2)
2x3

1
, f2 = 1

2x2
1
,

thus,

dy = −(x1 + 2x2)
2x3

1
dx1 + 1

2x2
1
dx2.
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Alternatively, using Rule V:

dy = d

(
x1 + x2

2x2
1

)
= 1

(2x2
1)2

[
2x2

1 d(x1 + x2) − (x1 + x2) d(2x2
1)
]

= 1
4x4

1

[
2x2

1(dx1 + dx2) − (x1 + x2) · 4x1 dx1
]

= 1
4x4

1

[
−2x1(x1 + 2x2) dx1 + 2x2

1 dx2
]

= −x1 + 2x2

2x3
1

dx1 + 1
2x2

1
dx2.

For the case of more than two functions, we extend the rules:

Rule VI: d(u± v ± w) = du± dv ± dw;

Rule VII: d(uvw) = vw du+ uw dv + uv dw.

8.4 Total Derivatives

Consider a function

y = f(x,w), with x = g(w).

The variable w can influence y through two channels:

1. indirectly, through x via g(w); and

2. directly, as an argument in f(x,w).

Unlike a partial derivative, the total derivative accounts for both channels.

It measures the overall effect of changes in w on y, incorporating both the

direct effect and the indirect effect through x.

While the partial derivative fw captures only the direct effect of w on y,

the total derivative is more comprehensive. To obtain it, we first compute
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the total differential:

dy = fx dx+ fw dw.

Dividing both sides by dw yields the total derivative:

dy

dw
= fx

dx

dw
+ fw

dw

dw

= ∂y

∂x

dx

dw
+ ∂y

∂w
.

Example 8.4.1 Find dy/dw for the function

y = f(x,w) = 3x− w2, with x = g(w) = 2w2 + w + 4.

We have:
dy

dw
= fx

dx

dw
+ fw = 3(4w + 1) − 2w = 10w + 3.

Verification: Substitute x = g(w) into f :

y = 3(2w2 + w + 4) − w2 = 5w2 + 3w + 12,

then differentiate directly:

dy

dw
= 10w + 3,

which confirms the result.

Example 8.4.2 Consider a utility function

U = U(s, c),

where c denotes coffee consumption and s denotes sugar consumption.

Suppose that sugar consumption depends on coffee consumption accord-

ing to s = g(c), reflecting their complementarity. Using the formula for the
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total derivative, the marginal utility of coffee is:

MUc = dU

dc
= ∂U

∂s
g′(c) + ∂U

∂c
.

By the inverse function rule, c = g−1(s), and applying the total deriva-

tive with respect to s, the marginal utility of sugar is:

MUs = dU

ds
= ∂U

∂c

dc

ds
+ ∂U

∂s

= ∂U

∂c
· 1
g′(c)

+ ∂U

∂s
.

The marginal rate of substitution (MRS) of coffee for sugar is then:

MRScs = MUc
MUs

=
∂U
∂s
g′(c) + ∂U

∂c
∂U
∂c

· 1
g′(c) + ∂U

∂s

= g′(c).

This result is intuitive: the MRS of coffee for sugar measures the rate at

which the consumer is willing to substitute coffee for sugar while keeping

utility constant, which corresponds exactly to g′(c), the rate of complemen-

tarity between the two goods.

A Variation on the Total Derivative Theorem

Let

y = f(x1, x2, w),

where x1 = g(w) and x2 = h(w). Then the total derivative of y with respect

to w is:
dy

dw
= ∂f

∂x1

dx1

dw
+ ∂f

∂x2

dx2

dw
+ ∂f

∂w
.

Example 8.4.3 Let a production function be

Q = Q(K,L, t),
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where K is capital input, L is labor input, and t is time, representing tech-

nological progress. If K = K(t) and L = L(t), then the rate of change of

output with respect to time is:

dQ

dt
= ∂Q

∂K

dK

dt
+ ∂Q

∂L

dL

dt
+ ∂Q

∂t
.

Partial Total Derivative

Another variation on the theme arises when a function depends on two

intermediate variables:

y = f(x1, x2, u, v),

with

x1 = g(u, v), x2 = h(u, v).

We wish to compute the total derivative of y with respect to u while

holding v constant. Starting from the total differential:

dy = ∂f

∂x1
dx1 + ∂f

∂x2
dx2 + ∂f

∂u
du+ ∂f

∂v
dv,

and dividing both sides by du, we obtain:

dy

du
= ∂f

∂x1

dx1

du
+ ∂f

∂x2

dx2

du
+ ∂f

∂u
· du
du

+ ∂f

∂v
· dv
du

= ∂f

∂x1

∂x1

∂u
+ ∂f

∂x2

∂x2

∂u
+ ∂f

∂u
,

since v is held constant, implying dv
du

= 0.

This expression is known as the partial total derivative, as it captures

how y changes with u while keeping v constant. For notational clarity, we

denote this using the section symbol §:

§y
§u

= ∂y

∂x1

∂x1

∂u
+ ∂y

∂x2

∂x2

∂u
+ ∂y

∂u
.
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Example 8.4.4 Find the partial total derivatives §z
§u and §z

§v for the function

z = 3x2 − 2y4 + 5uv2,

where

x = u− v2 + 4, y = 8u3v + v2 + 1.

First, compute the necessary partial derivatives:

∂z

∂x
= 6x, ∂z

∂y
= −8y3,

∂z

∂u
= 5v2,

∂x

∂u
= 1, ∂y

∂u
= 24u2v.

Then,

§z
§u

= ∂z

∂x
· ∂x
∂u

+ ∂z

∂y
· ∂y
∂u

+ ∂z

∂u

= 6x · 1 − 8y3 · 24u2v + 5v2

= 6x− 192u2vy3 + 5v2.

Next, for the partial total derivative with respect to v:

∂x

∂v
= −2v, ∂y

∂v
= 8u3 + 2v, ∂z

∂v
= 10uv.

Then,

§z
§v

= ∂z

∂x
· ∂x
∂v

+ ∂z

∂y
· ∂y
∂v

+ ∂z

∂v

= 6x · (−2v) − 8y3(8u3 + 2v) + 10uv

= −12xv − 8y3(8u3 + 2v) + 10uv.

Remark 8.4.1 The formulas for total and partial total derivatives can be
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viewed as applications of the chain rule, also known as the composite

function rule. Moreover, the chain of functional dependencies can extend

beyond two levels. Total derivatives generalize naturally to cases with

multiple layers of composition.

8.5 Implicit Function Theorem

The concept of total differentials provides the foundation for analyzing

implicit functions. Even when an explicit solution is unavailable, we can

still perform comparative-static analysis by applying this theorem and the

tools of total differentiation.

Implicit Functions

A function of the form y = f(x1, x2, . . . , xn) is called an explicit function

because y is directly expressed in terms of the variables x = (x1, x2, . . . , xn).
However, in many applications, y is not explicitly defined. Instead, the re-

lationship is given implicitly by an equation of the form:

F (y,x) = 0,

which defines y only implicitly as a function of x. Any explicit function

y = f(x1, x2, . . . , xn) can always be rewritten as:

F (y, x1, . . . , xn) ≡ y − f(x1, . . . , xn) = 0,

but the reverse transformation—solving for y explicitly—may not always

be possible.

To ensure that such an equation defines y as a function of x locally, we

invoke the Implicit Function Theorem.
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Theorem 8.5.1 (Implicit Function Theorem) Let F (y,x) : Rn+1 → R be

continuously differentiable, and suppose F (y0,x0) = 0 at some point (y0,x0) ∈
Rn+1. If Fy(y0,x0) ̸= 0, then there exists a neighborhood N(x0) of x0 such that:

1. A function y = f(x) exists and satisfies F (y(x),x) = 0 for all x ∈ N(x0).

2. The function y = f(x) is continuous on N(x0).

3. The function y = f(x) is continuously differentiable on N(x0), with par-

tial derivatives:
∂y

∂xi
= −Fxi

Fy
, i = 1, . . . , n.

This theorem is a powerful tool for analyzing implicitly defined rela-

tionships, which frequently appear in economics, optimization, and dif-

ferential systems. It allows us to characterize local behavior and perform

comparative statics even without solving explicitly for y.

Derivatives of Implicit Functions

Totally differentiating the equation F (y,x) = 0 yields:

dF = Fy dy + F1 dx1 + · · · + Fn dxn = 0.

If only x1 and y vary (holding all other variables constant), we obtain:

Fy dy + F1 dx1 = 0,

which implies:
dy

dx1

∣∣∣∣∣
others constant

= −F1

Fy
.

In the simplest case, where F (y, x) = 0, this becomes:

dy

dx
= −Fx

Fy
.
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Example 8.5.1 Given F (x, y) = y − 3x4 = 0, we find:

dy

dx
= −Fx

Fy
= −−12x3

1
= 12x3.

Since y = 3x4, this matches the direct derivative from the explicit form.

Example 8.5.2 Given F (x, y) = x2 + y2 − 9 = 0, we have:

dy

dx
= −Fx

Fy
= −2x

2y
= −x

y
(y ̸= 0),

which represents the slope of the tangent to a circle of radius 3.

Example 8.5.3 Let F (y, x, w) = y3x2 + w3 + yxw − 3 = 0. Then:

∂y

∂x
= −Fx

Fy
= − 2y3x+ yw

3y2x2 + xw
.

At (y, x, w) = (1, 1, 1), this yields:

∂y

∂x
= −3

4
.

Example 8.5.4 Suppose the transformation frontier F (Q,K,L) = 0 im-

plicitly defines the production function Q = f(K,L). Then the marginal

products of capital and labor are:

MPK = ∂Q

∂K
= −FK

FQ
, MPL = ∂Q

∂L
= −FL

FQ
,

and the marginal rate of technical substitution of L for K is:

MRTSLK =
∣∣∣∣∣∂K∂L

∣∣∣∣∣ = FL
FK

.
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Extension to the Simultaneous-Equation Case

The Implicit Function Theorem can be extended to cases involving multi-

ple dependent variables (y1, y2, . . . , yn).

Consider a system of n equations in n dependent variables and m in-

dependent variables:

F 1(y1, y2, . . . , yn;x1, x2, . . . , xm) = 0,

F 2(y1, y2, . . . , yn;x1, x2, . . . , xm) = 0,
...

F n(y1, y2, . . . , yn;x1, x2, . . . , xm) = 0.

Assume that each function F i is continuously differentiable. Taking

total differentials of each equation yields:

n∑
j=1

∂F 1

∂yj
dyj = −

m∑
k=1

∂F 1

∂xk
dxk,

n∑
j=1

∂F 2

∂yj
dyj = −

m∑
k=1

∂F 2

∂xk
dxk,

...
n∑
j=1

∂F n

∂yj
dyj = −

m∑
k=1

∂F n

∂xk
dxk.

We can express the above system compactly in matrix form:



∂F 1

∂y1
∂F 1

∂y2
· · · ∂F 1

∂yn

∂F 2

∂y1
∂F 2

∂y2
· · · ∂F 2

∂yn

...
... . . . ...

∂Fn

∂y1
∂Fn

∂y2
· · · ∂Fn

∂yn


︸ ︷︷ ︸

Jacobian matrix DyF



dy1

dy2
...

dyn

 = −



∂F 1

∂x1
∂F 1

∂x2
· · · ∂F 1

∂xm

∂F 2

∂x1
∂F 2

∂x2
· · · ∂F 2

∂xm

...
... . . . ...

∂Fn

∂x1
∂Fn

∂x2
· · · ∂Fn

∂xm


︸ ︷︷ ︸

Jacobian matrix DxF



dx1

dx2
...

dxm

 . (8.3)
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This formulation allows us to solve for the total differentials dy1, . . . , dyn

in terms of changes in the independent variables dx1, . . . , dxm, provided

that the Jacobian matrix DyF is nonsingular.

The Implicit Function Theorem for a vector-valued function y = f(x) can

be stated as follows:

Theorem 8.5.2 (Implicit Function Theorem for a Set of Functions) Suppose

that F (y,x) : Rm+n → Rn is continuously differentiable, and that at some point

(y0,x0) ∈ Rm+n we have F (y0,x0) = 0, and the Jacobian determinant

|J | =
∣∣∣∣∣∂(F 1, F 2, . . . , F n)
∂(y1, y2, . . . , yn)

∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣∣∣

∂F 1

∂y1
∂F 1

∂y2
· · · ∂F 1

∂yn

∂F 2

∂y1
∂F 2

∂y2
· · · ∂F 2

∂yn

...
... . . . ...

∂Fn

∂y1
∂Fn

∂y2
· · · ∂Fn

∂yn

∣∣∣∣∣∣∣∣∣∣∣∣∣
̸= 0.

Then there exists a neighborhood N(x0) of x0 such that:

(1) A vector-valued function y = f(x) can be defined implicitly on N(x0),
satisfying

F (y(x),x) = 0.

(2) The function y = f(x) is continuous on N(x0).

(3) The function y = f(x) has continuous partial derivatives on N(x0), and

∂y

∂xi
= −J−1Fxi

,

where

Fxi
=



∂F 1

∂xi

∂F 2

∂xi

...
∂Fn

∂xi

 .
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From equation (8.3), the total differentials dy = (dy1, dy2, . . . , dyn)′ can

be obtained by inverting J :

dy = −J−1Fx dx,

where

Fx =



∂F 1

∂x1
∂F 1

∂x2
· · · ∂F 1

∂xm

∂F 2

∂x1
∂F 2

∂x2
· · · ∂F 2

∂xm

...
... . . . ...

∂Fn

∂x1
∂Fn

∂x2
· · · ∂Fn

∂xm

 .

To derive the partial derivatives with respect to a specific xi (for i =
1, 2, . . . ,m), set dxk = 0 for all k ̸= i and divide both sides of (8.3) by dxi.

This yields: 

∂F 1

∂y1
∂F 1

∂y2
· · · ∂F 1

∂yn

∂F 2

∂y1
∂F 2

∂y2
· · · ∂F 2

∂yn

...
... . . . ...

∂Fn

∂y1
∂Fn

∂y2
· · · ∂Fn

∂yn





∂y1
∂xi

∂y2
∂xi

...
∂yn

∂xi

 = −



∂F 1

∂xi

∂F 2

∂xi

...
∂Fn

∂xi

 .

Using Cramer’s Rule, we obtain:

∂yj
∂xi

=
|J i
j |

|J |
, j = 1, . . . , n; i = 1, . . . ,m,

where |J i
j | is the determinant obtained by replacing the j-th column of J

with Fxi
.

Alternatively, this relationship can be written as:



∂y1
∂xi

∂y2
∂xi

...
∂yn

∂xi

 = −J−1



∂F 1

∂xi

∂F 2

∂xi

...
∂Fn

∂xi

 ,
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or, more compactly,
∂y

∂xi
= −J−1Fxi

,

which proves Conclusion (3) in Theorem 8.5.2.

Example 8.5.5 Let the national income model be written in the form:

F 1(Y,C, T ) = Y − C − I0 −G0 = 0,

F 2(Y,C, T ) = C − α− β(Y − T ) = 0,

F 3(Y,C, T ) = T − γ − δY = 0.

Then the Jacobian matrix is:

|J | =

∣∣∣∣∣∣∣∣∣∣
∂F 1

∂Y
∂F 1

∂C
∂F 1

∂T

∂F 2

∂Y
∂F 2

∂C
∂F 2

∂T

∂F 3

∂Y
∂F 3

∂C
∂F 3

∂T

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
1 −1 0

−β 1 β

−δ 0 1

∣∣∣∣∣∣∣∣∣∣
= 1 − β + βδ.

Suppose all exogenous variables and parameters are fixed except G0.

Then we solve: 
1 −1 0

−β 1 β

−δ 0 1



∂Ȳ
∂G0

∂C̄
∂G0

∂T̄
∂G0

 =


1
0
0

 .

Solving for ∂Ȳ
∂G0

, we find:

∂Ȳ

∂G0
=

∣∣∣∣∣∣∣∣∣∣
1 −1 0
0 1 β

0 0 1

∣∣∣∣∣∣∣∣∣∣
|J |

= 1
1 − β + βδ

.
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8.6 Comparative Statics of General-Function Mod-

els

Consider a single-commodity market model:

Qd = Qs, [equilibrium condition]

Qd = D(P, Y0),
(
∂D

∂P
< 0, ∂D

∂Y0
> 0

)

Qs = S(P ),
(
dS

dP
> 0

)

where Y0 is exogenously determined income. From this model, we obtain

a single equation—the excess demand function:

F (P, Y0) = D(P, Y0) − S(P ) = 0.

Although this equation may not be solvable explicitly for the equilib-

rium price P̄ , the Implicit Function Theorem guarantees the existence of

an implicit function P̄ = P̄ (Y0) satisfying

F (P̄ , Y0) = D(P̄ , Y0) − S(P̄ ) = 0.

Applying the implicit-function rule yields the comparative-static deriva-

tive:
dP̄

dY0
= −∂F/∂Y0

∂F/∂P
= − ∂D/∂Y0

∂D/∂P − dS/dP
> 0.

Since equilibrium quantity is given by Q̄ = S(P̄ ), we can compute:

dQ̄

dY0
= dS

dP
· dP̄
dY0

> 0.
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*8.7 Matrix Derivatives

Matrix derivatives are widely used in economic theory and econometrics.

If A is an n× n nonsingular matrix, the derivative of its determinant with

respect to A is given by:
∂|A|
∂A

= [Cij],

where [Cij] is the matrix of cofactors of A.

Some Useful Formulas

Let a, b be k × 1 column vectors and M be a k × k matrix. Then:

d(a′b)
db

= a,

d(b′a)
db

= a,

d(Mb)
db

= M ′,

d(b′Mb)
db

= (M + M ′)b.
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Chapter 9

Optimization: Maxima and

Minima of a Function of One

Variable

The optimization problem lies at the heart of economics. The assumption

that individuals behave rationally by maximizing their personal interests

is fundamental to both economic theory and practice. This premise lead-

s to the concept of goal equilibrium, where equilibrium is defined as the

optimal state that an individual deliberately seeks to attain. Classical tech-

niques based on differential calculus provide essential tools for identifying

such optimal positions.

9.1 Optimal and Extreme Values

Economics is a science of choice. When undertaking an economic project,

there are typically multiple alternative means of accomplishing it. One

or more of these alternatives will be more desirable from the standpoint

of a specific objective. The essence of the optimization problem lies in

169
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identifying the most desirable alternative.

The most common objective in economics is to maximize some quanti-

ty (e.g., utility, profit) or minimize another (e.g., cost). These maximization

and minimization problems are collectively referred to as optimization.

From a mathematical perspective, both maxima and minima are instances

of an extremum, or extreme value.

To formulate an optimization problem, we begin by specifying an ob-

jective function in which the dependent variable represents the quantity

to be optimized, and the independent variables are the choice variables

under the decision-maker’s control.

Consider the general objective function:

y = f(x).

Figure 9.1: Extremum of various functions: (a) constant function; (b)
monotonic function; (c) non-monotonic function.

Figure 9.1 illustrates three types of functions. Points E and F in panel

(c) are examples of relative (or local) extrema, as they represent extrema

within a neighborhood rather than over the entire domain. Our primary

concern will be with the identification of relative extrema. An absolute

(or global) extremum must either be a relative extremum or occur at an
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endpoint. Thus, knowing all relative extrema and comparing them to end-

point values suffices to determine the absolute extrema. Unless otherwise

specified, we will focus on relative extrema.

9.2 Existence of Extrema for Continuous Func-

tions

Let X denote the domain of a function f . We begin by introducing key

definitions.

Definition 9.2.1 (Local Optimum) Let f(x) be a continuous function de-

fined on X ⊆ R (or more generally on Rn). The function f is said to have

a local (or relative) maximum (respectively, minimum) at x0 ∈ X if there

exists a neighborhood U of x0 such that

f(x) ≤ f(x0) (respectively, f(x) ≥ f(x0)) for all x ∈ U.

The point x0 is called a local maximizer (respectively, local minimizer), or

equivalently, a maximum point (respectively, minimum point).

Definition 9.2.2 (Global Optimum) The function f is said to have a glob-

al (or absolute) maximum at x∗ ∈ X if

f(x∗) ≥ f(x) for all x ∈ X.

Similarly, f has a global minimum at x∗ ∈ X if

f(x∗) ≤ f(x) for all x ∈ X.

If the inequality is strict for all x ̸= x∗, the extremum is said to be unique.
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A fundamental result ensuring the existence of extrema for continuous

functions is the following:

Proposition 9.2.1 (Weierstrass’s Theorem) Let f be a continuous function

defined on a compact (i.e., closed and bounded) set X ⊂ R (or, more general-

ly, X ⊂ Rn). Then f attains both its maximum and minimum values on X ; that

is, there exist points m,M ∈ X such that

f(m) ≤ f(x) ≤ f(M) for all x ∈ X.

Moreover, the sets of maximizers (maximum points) and minimizers (minimum

points) in X are themselves compact subsets of X .

To determine whether a function actually achieves an extremum, we

typically use tools from differential calculus. In particular, two standard

conditions for interior extrema are the first-order condition and the second-

order condition, which will be discussed in the following section.

9.3 First-Derivative Test for Relative Maximum

and Minimum

For a function y = f(x), the first derivative f ′(x) plays a central role in

identifying extreme values.

For a differentiable function, a relative extremum (maximum or min-

imum) can occur only at an interior point where f ′(x) = 0. Such a point

is called a stationary point or a critical point, as the function temporarily

“pauses” in its rate of increase or decrease.

A turning point is a stationary point at which the sign of the derivative

changes. Hence, every turning point is a stationary point, but not every
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stationary point is a turning point. For example, the function y = x3 has a

stationary point at x = 0 that is not a turning point.

Therefore, the condition f ′(x) = 0 is necessary (but not sufficient) for

the existence of a relative extremum. This leads to the following funda-

mental result.

Figure 9.2: First-derivative test: (a) f ′(x0) does not exist; (b) f ′(x0) = 0.

Proposition 9.3.1 (Fermat’s Theorem: Necessary Condition for an Extremum)

Let f(x) be differentiable on a domain X , and suppose that f attains a local ex-

tremum at an interior point x0 ∈ X . Then

f ′(x0) = 0.

Remark. The converse does not hold: f ′(x0) = 0 does not necessarily

imply that x0 is an extremum. For example, f(x) = x3 satisfies f ′(0) = 0,

yet x = 0 is neither a maximum nor a minimum.

Fermat’s Theorem is fundamental, as several important results in cal-

culus can be derived from it.

Proposition 9.3.2 (Rolle’s Theorem) Suppose that f is continuous on [a, b],
differentiable on (a, b), and satisfies f(a) = f(b). Then there exists a point c ∈
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(a, b) such that

f ′(c) = 0.

PROOF. By the Extreme Value Theorem, f attains both a maximum

and a minimum on [a, b]; let xmax, xmin ∈ [a, b] be points where these are

achieved.

Case 1. If either extremum occurs at an interior point (say, xmax ∈ (a, b)
or xmin ∈ (a, b)), then that point is a local extremum of f in (a, b). By

Fermat’s Theorem, f ′(c) = 0 at that interior extremum c.

Case 2. Suppose both extrema occur only at the endpoints. Since

f(a) = f(b), this can happen only if f is constant on [a, b] (otherwise, one

endpoint value would exceed the other). Hence f ′(x) = 0 for all x ∈ (a, b),
and in particular for some c ∈ (a, b).

In either case, there exists c ∈ (a, b) with f ′(c) = 0, as required. 2

From Rolle’s Theorem, we can derive the classical Mean Value Theo-

rem (also called Lagrange’s Theorem).

Proposition 9.3.3 (Mean Value Theorem (Lagrange’s Theorem)) Let f be

continuous on [a, b] and differentiable on (a, b). Then there exists a point c ∈
(a, b) such that

f ′(c) = f(b) − f(a)
b− a

.

PROOF. Define the auxiliary function

g(x) = f(x) − f(b) − f(a)
b− a

x.

Then g is continuous on [a, b], differentiable on (a, b), and satisfies g(a) =
g(b). By Rolle’s Theorem, there exists c ∈ (a, b) such that g′(c) = 0, which

implies

f ′(c) = f(b) − f(a)
b− a

. �

2
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Figure 9.3: The Mean Value Theorem: there exists a c ∈ (a, b) such that the
secant through (a, f(a)) and (b, f(b)) is parallel to the tangent at (c, f(c)).

This result extends naturally to differentiable functions of several vari-

ables. If f : Rn → R is differentiable, then there exists some z = tx+(1−t)y
for some t ∈ [0, 1] such that

f(y) = f(x) + ∇f(z) · (y − x),

where ∇f(x) =
[
∂f
∂x1
, ∂f
∂x2
, . . . , ∂f

∂xn

]
denotes the gradient of f .

Integral Form of the Mean Value Theorem

Theorem 9.3.1 (Mean Value Theorem of Integral Calculus) Let f : [a, b] →
R be continuous. Then there exists a point c ∈ (a, b) such that

∫ b

a
f(x) dx = f(c)(b− a).

PROOF. Define F (x) =
∫ x
a f(t) dt. Since f is continuous, F is differen-

tiable on (a, b) and continuous on [a, b]. By the Mean Value Theorem, there

exists c ∈ (a, b) such that

F (b) − F (a)
b− a

= F ′(c) = f(c),
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which implies ∫ b

a
f(x) dx = f(c)(b− a). �

2

Cauchy’s Mean Value Theorem

Proposition 9.3.4 (Cauchy’s (Generalized) Mean Value Theorem) Suppose

that f and g are continuous on [a, b] and differentiable on (a, b). Then there exists

a point c ∈ (a, b) such that

(f(b) − f(a))g′(c) = (g(b) − g(a))f ′(c).

PROOF. If g(a) = g(b), the result is trivial. Otherwise, define

h(x) = f(x) − f(b) − f(a)
g(b) − g(a)

g(x).

Then h is continuous on [a, b], differentiable on (a, b), and satisfies h(a) =
h(b). By Rolle’s Theorem, there exists c ∈ (a, b) such that h′(c) = 0, which

gives

f ′(c) − f(b) − f(a)
g(b) − g(a)

g′(c) = 0,

and hence

(f(b) − f(a))g′(c) = (g(b) − g(a))f ′(c). �

2

We now proceed to apply the first-derivative test to determine whether

a stationary point corresponds to a relative maximum, a relative mini-

mum, or neither.

Proposition 9.3.5 (First-Derivative Test for Relative Extrema) Suppose that

f ′(x0) = 0 at an interior point x0. Then:
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(a) f(x0) is a relative maximum if f ′(x) changes sign from positive to nega-

tive as x passes through x0 from left to right;

(b) f(x0) is a relative minimum if f ′(x) changes sign from negative to posi-

tive as x passes through x0 from left to right;

(c) f(x0) is not an extremum (e.g., an inflection point) if f ′(x) does not

change sign in a sufficiently small neighborhood of x0.

Hence, a relative maximum or minimum must occur at a turning point—

that is, a stationary point where the derivative changes sign.

Example 9.3.1 Consider f(x) = (x− 1)3. Then

f ′(x) = 3(x− 1)2,

so f ′(1) = 0. However, since f ′(x) > 0 for all x ̸= 1, the derivative does

not change sign near x = 1. Thus, x = 1 is not an extremum point; it is an

inflection point.

Example 9.3.2 Consider f(x) = x3 − 12x2 + 36x+ 8. The first derivative is:

f ′(x) = 3x2 − 24x+ 36 = 3(x− 2)(x− 6).

Hence, f ′(x) = 0 when x = 2 or x = 6. Examine the sign of f ′(x) around

these points:

• For x < 2, f ′(x) > 0;

• For 2 < x < 6, f ′(x) < 0;

• For x > 6, f ′(x) > 0.

Therefore:
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• x = 2 is a local maximizer with f(2) = 40;

• x = 6 is a local minimizer with f(6) = 8.

Example 9.3.3 Consider the average cost function:

AC = f(Q) = Q2 − 5Q+ 8.

Then

f ′(Q) = 2Q− 5.

Setting f ′(Q) = 0 gives Q = 2.5. Checking the sign of the derivative:

• For Q < 2.5, f ′(Q) < 0;

• For Q > 2.5, f ′(Q) > 0.

Hence, Q = 2.5 is a local minimum point, and the average cost reaches its

minimum at Q̄ = 2.5.

9.4 Second-Derivative Test

The sign of the first derivative of a function f indicates whether the func-

tion is increasing (f ′ > 0) or decreasing (f ′ < 0), while the sign of the sec-

ond derivative reveals whether the slope itself (f ′) is increasing (f ′′ > 0) or

decreasing (f ′′ < 0). This insight allows us to determine whether a station-

ary point corresponds to a relative maximum or minimum. The following

result formalizes this idea.

Proposition 9.4.1 (Second-Derivative Test for Relative Extremum) Suppose

that f ′(x0) = 0. Then the value of the function at x0, f(x0), is:

(a) a relative maximum if f ′′(x0) < 0;
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(b) a relative minimum if f ′′(x0) > 0.

This test is often more convenient than the first-derivative test, as it

avoids the need to check the sign of f ′(x) on either side of the critical point.

Example 9.4.1 Consider the function y = f(x) = 4x2 − x.

We compute the first derivative:

f ′(x) = 8x− 1.

Setting f ′(x) = 0 yields the stationary point:

8x− 1 = 0 ⇒ x̄ = 1
8
.

The second derivative is:

f ′′(x) = 8 > 0,

which implies that x = 1
8 is a relative minimizer. In fact, since the function

is quadratic and opens upward, this point is also the absolute minimizer.

Example 9.4.2 Consider the function y = g(x) = x3 − 3x2 + 2.

We compute the first and second derivatives:

g′(x) = 3x2 − 6x, g′′(x) = 6x− 6.

Setting g′(x) = 0 yields the stationary points:

3x2 − 6x = 0 ⇒ x(x− 2) = 0 ⇒ x̄1 = 0, x̄2 = 2.

Evaluating the function and second derivative at each point:

g(0) = 2, g′′(0) = −6 < 0 ⇒ local maximum;



180CHAPTER 9. OPTIMIZATION: MAXIMA AND MINIMA OF A FUNCTION OF ONE VARIABLE

g(2) = −2, g′′(2) = 6 > 0 ⇒ local minimum.

Remark 9.4.1 Note that f ′(x0) = 0 together with f ′′(x0) < 0 (respectively,

f ′′(x0) > 0) provides a sufficient condition for a relative maximum (respec-

tively, minimum), but not a necessary one. However, f ′′(x0) ≤ 0 (respec-

tively, ≥ 0) is a necessary (but not sufficient) condition for a maximum

(respectively, minimum).

Condition for Profit Maximization

Let R = R(Q) be the total revenue function and C = C(Q) the total cost

function, where Q denotes the level of output. Then the profit function is:

π(Q) = R(Q) − C(Q).

To find the profit-maximizing output level Q̄, we solve the first-order

condition:

π′(Q̄) = R′(Q̄) − C ′(Q̄) = 0,

which implies:

MR(Q̄) = MC(Q̄).

To ensure that this point corresponds to a maximizer, we apply the

second-order condition:

π′′(Q̄) = R′′(Q̄) − C ′′(Q̄) < 0.

This means that at Q̄, marginal cost increases faster than marginal rev-

enue, so increasing output beyond Q̄ would decrease profit.

Example 9.4.3 Let

R(Q) = 1200Q− 2Q2, C(Q) = Q3 − 61.25Q2 + 1528.5Q+ 2000.
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Then the profit function is:

π(Q) = −Q3 + 59.25Q2 − 328.5Q− 2000.

Taking the derivative:

π′(Q) = −3Q2 + 118.5Q− 328.5.

Solving π′(Q) = 0 gives the critical points:

Q̄1 = 3, Q̄2 = 36.5.

Next,

π′′(Q) = −6Q+ 118.5.

Then:

π′′(3) = 100.5 > 0 ⇒ Q = 3 is a local minimizer,

π′′(36.5) = −100.5 < 0 ⇒ Q = 36.5 is a local maximizer.

Hence, the profit-maximizing output level is Q̄ = 36.5. At this level,

MR = MC = 56.5, and any deviation from this level reduces profit.

9.5 Taylor Series

The second-derivative test requires that the second derivative be nonze-

ro at stationary points. However, this is a strong condition and may not

always be satisfied. To develop a weaker condition for determining the

extremum of a function, we introduce the concept of the Taylor series.

Consider a function y = f(x) and its expansion around a point x = x0.
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The Taylor series expresses f(x) as a polynomial whose coefficients de-

pend on the derivatives f ′(x0), f ′′(x0), and higher-order derivatives eval-

uated at x0. This provides a local approximation of the function near x0.

Proposition 9.5.1 (Taylor’s Theorem) Let ϕ(x) be a function that is (n + 1)
times differentiable in a neighborhood of x0. Then ϕ(x) can be expressed as

ϕ(x) = ϕ(x0) + ϕ′(x0)(x− x0) + 1
2!
ϕ′′(x0)(x− x0)2 + · · · + 1

n!
ϕ(n)(x0)(x− x0)n +Rn

≡ Pn(x) +Rn,

where Pn(x) is the nth-degree Taylor polynomial and Rn is the remainder (or

error) term in the Lagrange form:

Rn = 1
(n+ 1)!

ϕ(n+1)(ξ)(x− x0)n+1,

for some ξ between x0 and x.

This expansion expresses ϕ(x) as an infinite sum of terms involving

powers of (x − x0) and the derivatives of ϕ at x0. The remainder Rn pro-

vides an estimate of the approximation error when truncating the series

after n terms. Taylor series expansions are useful in many areas of mathe-

matics and science, including calculus, physics, and engineering.

Remark 9.5.1 When n = 0, Taylor’s Theorem reduces to the Mean-Value

Theorem:

ϕ(x) = ϕ(x0) + ϕ′(ξ)(x− x0),

for some ξ between x0 and x.

Remark 9.5.2 If x0 = 0, the Taylor series becomes the special case known

as the Maclaurin series:

ϕ(x) = ϕ(0)+ϕ′(0)x+ 1
2!
ϕ′′(0)x2 + · · ·+ 1

n!
ϕ(n)(0)xn+ 1

(n+ 1)!
ϕ(n+1)(ξ)xn+1.
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Figure 9.4: Graphical representation of Taylor’s Theorem, which reduces
to the Mean-Value Theorem when n = 0.

Example 9.5.1 Expand the function

ϕ(x) = 1
1 + x

around the point x0 = 1, up to n = 4.

We compute:

ϕ(1) = 1
2
,

ϕ′(x) = −(1 + x)−2, ϕ′(1) = −1
4
,

ϕ′′(x) = 2(1 + x)−3, ϕ′′(1) = 1
4
,

ϕ(3)(x) = −6(1 + x)−4, ϕ(3)(1) = −3
8
,

ϕ(4)(x) = 24(1 + x)−5, ϕ(4)(1) = 3
4
.
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Thus, the Taylor series around x0 = 1 up to the fourth order is:

ϕ(x) = 1
2

− 1
4

(x− 1) + 1
8

(x− 1)2 − 1
16

(x− 1)3 + 1
32

(x− 1)4 + ϕ(5)(ξ)
5!

(x− 1)5,

where ξ is between 1 and x.

9.6 Nth-Derivative Test

A function f(x) attains a relative maximum (resp. minimum) at x0 if f(x)−
f(x0) is nonpositive (resp. nonnegative) for all x in some neighborhood of

x0.

Assume that f(x) has continuous derivatives up to the N th order at

x = x0. Then f(x) can be expanded around x0 using its Taylor series:

f(x) − f(x0) = f ′(x0)(x− x0) + 1
2!
f ′′(x0)(x− x0)2

+ 1
3!
f (3)(x0)(x− x0)3 + · · ·

+ 1
(N − 1)!

f (N−1)(x0)(x− x0)N−1

+ 1
N !
f (N)(xλ)(x− x0)N ,

for some λ between x and x0.

Now suppose

f ′(x0) = f ′′(x0) = · · · = f (N−1)(x0) = 0 and f (N)(xλ)(x− x0)N ̸= 0,

then the expansion simplifies to:

f(x) − f(x0) = 1
N !
f (N)(xλ)(x− x0)N ̸= 0.

Proposition 9.6.1 (Nth-Derivative Test) Suppose that f ′(x0) = 0, and the
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first nonzero derivative of f at x0 is the N th derivative, with f (N)(x0) ̸= 0. Then:

(a) If N is even and f (N)(x0) < 0, then f(x0) is a relative maximum;

(b) If N is even and f (N)(x0) > 0, then f(x0) is a relative minimum;

(c) If N is odd, then x0 is an inflection point (not an extremum).

Example 9.6.1 Consider the function f(x) = (7 − x)4.

We compute:

f ′(x) = −4(7 − x)3, f ′(7) = 0,

f ′′(x) = 12(7 − x)2, f ′′(7) = 0,

f (3)(x) = −24(7 − x), f (3)(7) = 0,

f (4)(x) = 24, f (4)(7) = 24 > 0.

Since the first three derivatives vanish at x = 7 and the fourth is posi-

tive, x = 7 is a relative minimum point, and the minimum value is f(7) =
0.
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Chapter 10

Exponential and Logarithmic

Functions

Exponential and logarithmic functions are fundamental tools with wide-

ranging applications in economics, finance, science, and engineering. In

this chapter, we briefly discuss their essential properties and derivatives.

10.1 Exponential Functions

An exponential function is defined as:

y = f(t) = bt, (b > 0, b ̸= 1),

where b is the fixed base of the exponent t. When b > 1, the function

exhibits exponential growth; when 0 < b < 1, it shows exponential decay.

The generalized form is:

y = abct.

187
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Key Properties

1. The domain of an exponential function is all real numbers: (−∞,∞).

2. The range is (0,∞).

3. Exponential functions are one-to-one and continuous over their do-

mains.

Remark 10.1.1 The equation y = abct = a(bc)t allows us to reframe the

base from b to bc, transforming the exponent from ct to t.

A special case of exponential function is the natural exponential func-

tion:

y = et,

where e ≈ 2.71828 is Euler’s number. It is often written in the form:

y = a exp(rt),

where a and r are constants.

Remark 10.1.2 Euler’s number e can be defined as the following limit:

e = lim
n→∞

(
1 + 1

n

)n
.

10.2 Logarithmic Functions

For the exponential function y = bt and the natural exponential function

y = et, taking logarithms to base b and e (denoted by logb y and loge y =
ln y, respectively), gives us the logarithmic functions:

t = logb y and t = ln y.
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For example, since 42 = 16, we can write log4 16 = 2.

Because y = bt ⇐⇒ t = logb y, the identity

blogb y = y

holds for all y > 0.

Logarithmic Identities

(a) ln(uv) = ln u+ ln v (log of a product)

(b) ln
(
u
v

)
= ln u− ln v (log of a quotient)

(c) ln(ua) = a ln u (log of a power)

(d) logb u = (logb e)(ln u) (change of base)

(e) logb e = 1
ln b (base inversion)

Remark 10.2.1 Note that identity (e) follows from (d) by setting u = b and

using logb b = 1.

Properties of Logarithmic Functions

(a) log y1 = log y2 if and only if y1 = y2;

(b) log y1 > log y2 if and only if y1 > y2;

(c) 0 < y < 1 if and only if log y < 0;

(d) y = 1 if and only if log y = 0;

(e) log y → ∞ as y → ∞;

(f) log y → −∞ as y → 0.

Remark 10.2.2 The functions t = logb y and t = ln y are the inverse func-

tions of the exponential functions y = bt and y = et, respectively.
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10.3 Derivatives of Exponential and Logarithmic

Functions

Basic Differentiation Rules

(a)
d

dt
ln t = 1

t
;

(b)
d

dt
et = et;

(c)
d

dt
ef(t) = f ′(t)ef(t);

(d)
d

dt
ln f(t) = f ′(t)

f(t)
.

Example 10.3.1 The following are examples of applying the rules above:

• If y = ert, then
dy

dt
= rert;

• If y = e−t, then
dy

dt
= −e−t;

• If y = ln(at), then
dy

dt
= 1
t

;

• If y = ln(tc), then y = c ln t, and
dy

dt
= c

t
;

• If y = t3 ln(t2), then using the product rule:

dy

dt
= 3t2 ln(t2) + t3 · 2

t
= 3t2 ln(t2) + 2t2 = 2t2(1 + 3

2
ln t2).

The Case of Base b

(a)
d

dt
bt = bt ln b;

(b)
d

dt
logb t = 1

t ln b
;

(c)
d

dt
bf(t) = f ′(t)bf(t) ln b;
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(d)
d

dt
logb f(t) = f ′(t)

f(t)
· 1

ln b
.

Proof of (a). Since bt = et ln b, then

d

dt
bt = d

dt
et ln b = (ln b)et ln b = bt ln b.

Proof of (b). Using the change-of-base identity:

logb t = ln t
ln b

,

we differentiate:
d

dt
logb t = 1

ln b
· 1
t

= 1
t ln b

.

Example 10.3.2 Let y = 121−t. Then

dy

dt
= d

dt
(1 − t) · 121−t ln 12 = −121−t ln 12.

An Application

Example 10.3.3 To find
dy

dx
for the function y = xaekx−c, take the natural

logarithm of both sides:

ln y = a ln x+ kx− c.

Differentiating both sides with respect to x:

1
y

dy

dx
= a

x
+ k.

Multiplying both sides by y, we obtain:

dy

dx
=
(
a

x
+ k

)
y =

(
a

x
+ k

)
xaekx−c.
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Using the above technique, we can differentiate functions that cannot

be handled by the standard differentiation rules introduced so far:

Example 10.3.4 Consider the function y = ϕ(x)ψ(x), which cannot be found

its derivative directly using elementary rules. Begin by taking the natural

logarithm of both sides:

ln y = ψ(x) lnϕ(x).

Differentiating both sides with respect to x:

1
y

dy

dx
= ψ′(x) lnϕ(x) + ψ(x) · ϕ

′(x)
ϕ(x)

.

Multiplying both sides by y, we obtain:

dy

dx
= y

[
ψ′(x) lnϕ(x) + ψ(x) · ϕ

′(x)
ϕ(x)

]
.

Substituting back y = ϕ(x)ψ(x), the final result is:

dy

dx
= ϕ(x)ψ(x)

[
ψ′(x) lnϕ(x) + ψ(x) · ϕ

′(x)
ϕ(x)

]
.



Chapter 11

Optimization for a Function of

Two or More Variables

This chapter discusses the problem of finding extreme values of an objec-

tive function involving two or more choice variables. Our primary focus is

on relative extrema. Unless otherwise specified, all references to extrema

will refer to relative extrema.

11.1 The Differential Version of Optimization Con-

ditions

In this section, we demonstrate the equivalence between the derivative-

based and differential-based formulations of the first- and second-order

conditions for optimization.

Consider first the single-variable function z = f(x). The differential of

this function is given by:

dz = f ′(x) dx. (11.1)

The necessary condition for an extreme value of a differentiable func-

193
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tion f(x) is that f ′(x) = 0, which also implies that the total differential

satisfies:

dz = f ′(x) dx = 0 for any dx.

Thus, the first-order condition can be equivalently stated as:

dz = 0 for arbitrarydx.

What about the sufficient conditions in terms of second-order differen-

tials?

To examine this, we differentiate the total differential dz = f ′(x) dx
once more:

d2z ≡ d(dz) = d [f ′(x) dx]

= d[f ′(x)] dx

= f ′′(x) dx2. (11.2)

It is important to distinguish between d2z and dx2: the former repre-

sents the second-order differential of z, while the latter denotes the square

of the first-order differential dx.

Thus, we have:

d2z < 0 ⇐⇒ f ′′(x) < 0 (maximum),

d2z > 0 ⇐⇒ f ′′(x) > 0 (minimum).

This provides the second-order sufficient condition for a maximum or

minimum of z = f(x) in terms of second-order differential.
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11.2 Extreme Values of a Function of Two Vari-

ables

For a single-variable function, extreme values appear graphically as the

peaks (maxima) or valleys (minima) on a two-dimensional curve. When

the function involves two choice variables, the graph of z = f(x, y) forms

a surface in three-dimensional space.

As before, extreme values correspond to peaks and valleys on this sur-

face and can be identified by analyzing the critical points of the function.

Figure 11.1: Graphical illustration of extrema for a function of two vari-
ables: (a) point A is a maximum; (b) point B is a minimum.

11.2.1 First-Order Necessary Condition

For a function z = f(x, y), the first-order necessary condition for an ex-

tremum requires that the total differential dz equals zero for arbitrary in-

finitesimal changes in x and y. In other words, an extremum occurs at a

stationary point where the function value does not change for small per-

turbations in either variable.
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The total differential of z is given by:

dz = fx dx+ fy dy. (11.3)

Thus, the first-order condition dz = 0 for any infinitesimal changes in

x and y implies:

fx = 0 and fy = 0, (11.4)

that is,
∂f

∂x
= ∂f

∂y
= 0. (11.5)

As in the single-variable case, these conditions are necessary but not

sufficient for an extremum. To determine whether a stationary point corre-

sponds to a maximum, minimum, or saddle point, we must examine the

second-order partial derivatives.

11.2.2 Second-Order Sufficient Conditions

Given the function z = f(x, y), we can compute the following second-

order partial derivatives from the first-order derivatives fx and fy:

fxx ≡ ∂

∂x
fx = ∂2f

∂x2 ,

fyy ≡ ∂

∂y
fy = ∂2f

∂y2 ,

fxy ≡ ∂

∂x
fy = ∂2f

∂x∂y
,

fyx ≡ ∂

∂y
fx = ∂2f

∂y∂x
.

The derivatives fxy and fyx are called cross (or mixed) partial deriva-

tives. They play a key role in determining the curvature of multivariable

functions.
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Theorem 11.2.1 (Schwarz’s (Young’s) Theorem) If at least one of the cross

partial derivatives is continuous at a point, then

∂2f

∂xj∂xi
= ∂2f

∂xi∂xj
, for all i, j = 1, 2, . . . , n.

Remark 11.2.1 Although fxy and fyx are defined separately, they are e-

qual whenever the second-order partial derivatives are continuous. This

equality holds for functions of any number of variables. For instance, for

z = g(u, v, w), we have guv = gvu, guw = gwu, and so on.

Example 11.2.1 If the cross partial derivatives are not continuous at a point,

they may not be equal there. Consider the function

f(x, y) =


xy

x2 − y2

x2 + y2 , if x2 + y2 ̸= 0,

0, x = y = 0.

Then the first-order partial derivatives are

fx(x, y) =


x4 + 4x2y2 − y4

(x2 + y2)2 − y, if x2 + y2 ̸= 0,

0, x = y = 0,

and

fy(x, y) =


x4 − 4x2y2 − y4

(x2 + y2)2 − x, if x2 + y2 ̸= 0,

0, x = y = 0.

These cross partial derivatives are not continuous at the origin. Using

the definition of partial derivatives, one can verify that

fyx(0, 0) = −1 and fxy(0, 0) = 1.

Hence, fxy and fyx are not equal at (0, 0) because the mixed partials fail to
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be continuous there.

Example 11.2.2 Find all second-order partial derivatives of

z = x3 + 5xy − y2.

The first-order derivatives are

fx = 3x2 + 5y, fy = 5x− 2y,

which are continuous. Thus the second-order derivatives are

fxx = 6x, fxy = fyx = 5, fyy = −2.

Example 11.2.3 For the function z = x2e−y, the first-order derivatives are

fx = 2xe−y, fy = −x2e−y,

and the second-order derivatives are

fxx = 2e−y, fxy = fyx = −2xe−y, fyy = x2e−y.

Second-Order Total Differential

Starting from the first total differential

dz = fx dx+ fy dy,
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we can derive the second-order total differential d2z:

d2z = d(dz) = ∂(dz)
∂x

dx+ ∂(dz)
∂y

dy

= ∂

∂x
(fx dx+ fy dy) dx+ ∂

∂y
(fx dx+ fy dy) dy

= [fxx dx+ fxy dy] dx+ [fyx dx+ fyy dy] dy

= fxx dx
2 + fxy dy dx+ fyx dx dy + fyy dy

2

= fxx dx
2 + 2fxy dx dy + fyy dy

2 (if fxy = fyx).

This second-order total differential characterizes the local curvature of

a function at a stationary point and serves as the analytical basis for clas-

sifying extrema in multivariable calculus.

Example 11.2.4 For z = x3 + 5xy − y2, compute dz and d2z:

dz = (3x2 + 5y) dx+ (5x− 2y) dy,

d2z = 6x dx2 + 10 dx dy − 2 dy2.

Matrix Representation The second-order total differential can also be

expressed as a quadratic form:

d2z = fxx dx
2 + 2fxy dx dy + fyy dy

2

=
[
dx dy

] fxx fxy

fyx fyy


dx
dy

 .
The matrix

H =

fxx fxy

fyx fyy


is called the Hessian matrix (or simply the Hessian).

According to the theory of quadratic forms (see Chapter 5), the second-
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order differential test can be evaluated using algebraic conditions based on

the Hessian matrix. These conditions rely on the properties of quadratic

forms discussed earlier. The nature of d2z can be classified as follows:

• d2z is positive definite if fxx > 0 and det(H) = fxxfyy − (fxy)2 > 0;

• d2z is negative definite if fxx < 0 and det(H) = fxxfyy − (fxy)2 > 0.

Remark 11.2.2 When fxxfyy > (fxy)2, the leading diagonal elements fxx

and fyy of the Hessian matrix must share the same sign. Hence, fxx > 0
implies fyy > 0, and fxx < 0 implies fyy < 0. Therefore, when testing

for definiteness, it suffices to check the sign of fxx in conjunction with the

determinant of the Hessian.

Example 11.2.5 Suppose that at a given point, fxx = −2, fxy = 1, and

fyy = −1 for a function z = f(x, y). Determine the definiteness of d2z.

The Hessian determinant is:

det(H) =

∣∣∣∣∣∣∣
−2 1
1 −1

∣∣∣∣∣∣∣ = (−2)(−1) − (1)(1) = 2 − 1 = 1 > 0.

Since fxx < 0 and det(H) > 0, the second differential d2z is negative defi-

nite at this point.

Second-Order Sufficient Conditions for an Extremum

The definiteness of the second-order total differential d2z provides the fol-

lowing sufficient conditions for local extrema:

Proposition 11.2.1 (Sufficient Conditions for an Extremum) Suppose z =
f(x, y) is twice continuously differentiable. Then:

Relative Maximum:

1. First-order condition: fx = fy = 0;
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2. Second-order condition: fxx < 0 and fxxfyy − (fxy)2 > 0.

Relative Minimum:

1. First-order condition: fx = fy = 0;

2. Second-order condition: fxx > 0 and fxxfyy − (fxy)2 > 0.

Example 11.2.6 Find the extreme values of

z = 8x3 + 2xy − 3x2 + y2 + 1.

The first-order partial derivatives are:

fx = 24x2 + 2y − 6x, fy = 2x+ 2y.

Setting fx = 0 and fy = 0 gives

24x2 + 2y − 6x = 0, 2x+ 2y = 0 ⇒ y = −x.

Substituting y = −x into the first equation yields

24x2 − 8x = 0 ⇒ 8x(3x− 1) = 0,

so

x̄1 = 0 and x̄2 = 1
3 .

Thus, the critical points are

(x̄1, ȳ1) = (0, 0) and (x̄2, ȳ2) =
(

1
3 ,−

1
3

)
.

For (x̄1, ȳ1) = (0, 0):

fxx(0, 0) = −6, fyy(0, 0) = 2, fxy = 2.
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Hence, the determinant of the Hessian is

fxxfyy − (fxy)2 = (−6)(2) − 22 = −12 − 4 = −16 < 0,

indicating that (0, 0) is a saddle point (not an extremum).

For (x̄2, ȳ2) =
(

1
3 ,−

1
3

)
:

fxx = 10, fyy = 2, fxy = 2,

so

fxxfyy − (fxy)2 = 10 × 2 − 22 = 20 − 4 = 16 > 0.

Because fxx > 0 and the determinant is positive, d2z is positive definite.

Thus, the point

(x̄2, ȳ2, z̄) =
(

1
3 ,−

1
3 ,

23
27

)
is a relative minimum.

Example 11.2.7 Consider the function

z = x+ 2ey − ex − e2y.

The first-order conditions are:

fx = 1 − ex = 0 ⇒ x̄ = 0,

fy = 2e− 2e2y = 0 ⇒ ȳ = 1
2 .

The second-order partial derivatives are:

fxx = −ex, fyy = −4e2y, fxy = 0.
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Evaluating at (x̄, ȳ) = (0, 1
2):

fxx(0, 1
2) = −1 < 0, fyy(0, 1

2) = −4, fxy = 0.

Then,

fxxfyy − (fxy)2 = (−1)(−4) − 0 = 4 > 0.

Since fxx < 0 and the determinant is positive, d2z is negative definite.

Therefore, the point

(x̄, ȳ, z̄) =
(
0, 1

2 ,−1
)

is a relative maximum.

11.3 Objective Functions with More than Two Vari-

ables

11.3.1 First-Order Necessary Conditions

When there are n choice variables, the objective function can be expressed

as

z = f(x1, x2, . . . , xn).

The total differential is

dz = f1 dx1 + f2 dx2 + · · · + fn dxn,

so the necessary condition for an extremum is that dz = 0 for arbitrary val-

ues of dxi. This implies that all first-order partial derivatives must vanish:

f1 = f2 = · · · = fn = 0.
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11.3.2 Second-Order Sufficient Conditions

The second-order total differential d2z can be written in matrix form as:

d2z =
[
dx1 dx2 · · · dxn

]


f11 f12 · · · f1n

f21 f22 · · · f2n
...

... . . . ...

fn1 fn2 · · · fnn





dx1

dx2
...

dxn


≡ (dx)⊤H dx,

where H is the Hessian matrix of second-order partial derivatives:

H =



f11 f12 · · · f1n

f21 f22 · · · f2n
...

... . . . ...

fn1 fn2 · · · fnn

 .

Let |Hk| denote the kth-order leading principal minor of H (i.e., the

determinant of the k × k upper-left submatrix of H).

Then we have the following proposition.

Proposition 11.3.1 (Sufficient Conditions for Extremum) Suppose z = f(x1, x2, . . . , xn)
is twice continuously differentiable. Then:

• Conditions for Relative Maximum:

1. f1 = f2 = · · · = fn = 0 (necessary condition);

2. |H1| < 0, |H2| > 0, |H3| < 0, . . . , (−1)n|Hn| > 0 (i.e., d2z is

negative definite).

• Conditions for Relative Minimum:

1. f1 = f2 = · · · = fn = 0 (necessary condition);
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2. |H1| > 0, |H2| > 0, |H3| > 0, . . . , |Hn| > 0 (i.e., d2z is positive

definite).

Example 11.3.1 Find the extreme values of the function:

z = 2x2
1 + x1x2 + 4x2

2 + x1x3 + x2
3 + 2.

First-order conditions:

f1 = 4x1 + x2 + x3 = 0,

f2 = x1 + 8x2 = 0,

f3 = x1 + 2x3 = 0.

Solving this system yields the unique solution: x̄1 = x̄2 = x̄3 = 0.

Hessian matrix:

H =


4 1 1
1 8 0
1 0 2


Leading principal minors:

|H1| = 4 > 0,

|H2| =

∣∣∣∣∣∣∣
4 1
1 8

∣∣∣∣∣∣∣ = 32 − 1 = 31 > 0,

|H3| =

∣∣∣∣∣∣∣∣∣∣
4 1 1
1 8 0
1 0 2

∣∣∣∣∣∣∣∣∣∣
= 4(16) − 1(2) − 1(8) = 64 − 2 − 8 = 54 > 0.

Since all leading principal minors are positive, the Hessian is positive

definite. Therefore, z̄ = 2 is a relative minimum.
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Example 11.3.2 (Ordinary Least Squares Estimator in a Multiple Regression Model)

The ordinary least squares (OLS) estimator in a multiple regression model

is the vector of coefficients β̂ that minimizes the sum of squared differ-

ences between the observed and predicted values of the dependent vari-

able.

Consider the multiple linear regression model:

y = Xβ + ϵ,

where:

• y is an N × 1 vector of observed values of the dependent variable,

• X is an N × k matrix of explanatory variables (including a column

of ones for the intercept) with rank(X) = k,

• β is a k × 1 vector of coefficients (intercept and slopes),

• ϵ is an N × 1 vector of disturbances.

Given X and y, our objective is to estimate β by minimizing the sum

of squared residuals.

Objective Function: The least squares estimator b minimizes

E(b) = (y − Xb)′(y − Xb).

Expanding:

E(b) = y′y − y′Xb − b′X ′y + b′X ′Xb.

Gradient Calculation: Using the matrix differentiation rules from Chap-

ter 8.7:

d(a′b)
db

= a,
d(b′a)
db

= a,
d(b′Mb)

db
= (M + M ′)b,
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we have:

d(y′Xb)
db

= X ′y,
d(b′X ′y)

db
= X ′y,

d(b′X ′Xb)
db

= 2X ′Xb.

First-Order Condition: Setting the gradient of E(b) to zero gives:

dE(b)
db

= −2X ′y + 2X ′Xb = 0, (11.6)

yielding the least squares estimator:

b̂ = (X ′X)−1X ′y.

Second-Order Condition: Differentiating (11.6) once more, we obtain

the Hessian:
d2E(b)
db2 = 2X ′X.

To verify that b̂ minimizes E(b), note that X ′X is positive definite. Since

rank(X) = k, for any nonzero vector z ∈ Rk,

z′(X ′X)z = (Xz)′(Xz) > 0.

Hence, X ′X is positive definite, satisfying the second-order condition.

Minimum Residual Sum of Squares: At b̂, the residual sum of squares

is:

E(b̂) = y′
[
I − X(X ′X)−1X ′

]
y,

where the matrix

A ≡ I − X(X ′X)−1X ′

is idempotent, that is, A2 = A.
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11.4 Second-Order Conditions in Relation to Con-

cavity and Convexity

Second-order conditions determine whether a stationary point of a func-

tion corresponds to a local maximum or a local minimum. These condi-

tions are closely linked to the concepts of concavity and convexity in the

neighborhood of stationary points. Intuitively, a concave region resem-

bles a hill, whereas a convex region resembles a valley. However, such

curvature properties typically hold only locally, not necessarily over the

entire domain. In this section, we explore the conditions under which a

local extremum also constitutes a global extremum for concave or convex

functions.

11.4.1 Concave and Convex Functions

A function is said to be concave (resp. convex) on a domain if it forms a

hill (resp. valley) over that entire domain. If this property holds only on a

subset S of the domain, then the function is concave (resp. convex) on S.

Definition 11.4.1 Let X be a convex set. A function f : X → R is:

• Concave on X if, for all u,v ∈ X and any 0 < θ < 1,

f(θu + (1 − θ)v) ≥ θf(u) + (1 − θ)f(v).

• Convex on X if, for all u,v ∈ X and any 0 < θ < 1,

f(θu + (1 − θ)v) ≤ θf(u) + (1 − θ)f(v).

If the inequalities are strict whenever u ̸= v, the function is said to be

strictly concave (resp. strictly convex).
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Remark 11.4.1 The point θu + (1 − θ)v traces the line segment connecting

u and v as θ varies from 0 to 1. Geometrically, a function is concave (resp.

convex) if the line segment joining any two points on its graph lies on or

below (resp. above) the graph. Strict concavity (resp. convexity) means

that the segment lies entirely below (resp. above) the surface, except at the

endpoints.

Figure 11.2: Graphical illustration of a concave function of two variables.

From these definitions, several fundamental results follow:

Theorem I (Linearity). If f(x) is a linear function, then it is both concave

and convex (but not strictly).

Theorem II (Negation). If f(x) is (strictly) concave, then −f(x) is (strict-

ly) convex, and vice versa.

Theorem III (Additivity). If f(x) and g(x) are concave (resp. convex),

then f + g is concave (resp. convex). Moreover, if at least one is strictly

concave (resp. strictly convex), then f + g is strictly concave (resp. strictly

convex).
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Remark 11.4.2 A function f : X → R is concave on X if and only if, for

any x1, . . . ,xm ∈ X and any weights θi ∈ [0, 1] satisfying
∑m
i=1 θi = 1, we

have

f

(
m∑
i=1

θixi

)
≥

m∑
i=1

θif(xi).

This result is known as Jensen’s inequality.

In probabilistic form, if θi are interpreted as probabilities and X is a

random variable, then for a concave function f ,

f(E[X]) ≥ E[f(X)].

Remark 11.4.3 Because concave (resp. convex) functions have a global hill

(resp. valley) shape, any local maximum (resp. minimum) is automatically

a global maximum (resp. minimum). If the function is strictly concave

(resp. strictly convex), the extremum is also unique.

11.4.2 Second-Order Characterization

When z = f(x1, . . . , xn) is twice continuously differentiable, the following

proposition establishes the relationship between concavity (resp. convex-

ity) and the definiteness of the Hessian matrix.

Proposition 11.4.1 Suppose f : X → R is twice continuously differentiable on

X . Then:

(1) f is concave (resp. convex) if and only if d2z is everywhere negative (resp.

positive) semidefinite, or equivalently, all eigenvalues of the Hessian matrix

are nonpositive (resp. nonnegative).

(2) f is strictly concave (resp. strictly convex) if (though not only if) d2z is

everywhere negative (resp. positive) definite, i.e., its Hessian H = D2f(x)
is negative (resp. positive) definite on X .
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Remark 11.4.4 Strict concavity can be tested by examining the leading

principal minors of the Hessian matrix:

|H1| = f11 < 0,

|H2| =

∣∣∣∣∣∣∣
f11 f12

f21 f22

∣∣∣∣∣∣∣ > 0,

|H3| =

∣∣∣∣∣∣∣∣∣∣
f11 f12 f13

f21 f22 f23

f31 f32 f33

∣∣∣∣∣∣∣∣∣∣
< 0,

...

(−1)n|Hn| > 0.

This alternating-sign condition provides a convenient algebraic method

for verifying strict concavity (resp. convexity) and thus for applying second-

order optimality tests.

Example 11.4.1 Check whether z = −x4 is concave. Since

d2z = −12x2 dx2 ≤ 0

for all x, the function is concave. In fact, it is strictly concave on its entire

domain because d2z < 0 whenever x ̸= 0.

Example 11.4.2 Check whether z = x2
1 + x2

2 is convex. The Hessian is

H =

2 0
0 2

 ,
whose leading principal minors are |H1| = 2 > 0 and |H2| = 4 > 0. Hence,

the function is strictly convex.
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Example 11.4.3 Determine whether the Cobb-Douglas production func-

tion Q = f(L,K) = LαKβ is strictly concave, given L,K > 0, α, β > 0, and

α+ β < 1.

Compute:

fLL = α(α− 1)Lα−2Kβ,

fKK = β(β − 1)LαKβ−2,

fLK = αβLα−1Kβ−1.

Then,

|H1| = fLL < 0,

|H2| = fLLfKK − (fLK)2

= αβ[(α− 1)(β − 1) − αβ]L2(α−1)K2(β−1)

= αβ(1 − α− β)L2(α−1)K2(β−1) > 0.

Hence, the function is strictly concave.

Concavity via the First Derivative Condition

If a function is differentiable (but not necessarily twice differentiable), con-

cavity can be fully characterized by the following proposition.

Proposition 11.4.2 Let X ⊆ R, and let f : X → R be differentiable. Then f is

concave if and only if, for any x, y ∈ X ,

f(y) ≤ f(x) + f ′(x)(y − x). (11.7)

This inequality means that the graph of the function always lies below

its tangent line.
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slope=

slope

ff

f

Figure 11.3: Graphical illustration of why Proposition 11.4.2 holds for a
concave function.

Multivariable Generalization

When a function depends on two or more independent variables, the above

result generalizes as follows.

Proposition 11.4.3 Let X ⊆ Rn, and let f : X → R be differentiable. Then f is

concave if and only if, for all x,y ∈ X ,

f(y) ≤ f(x) + ∇f(x)⊤(y − x), (11.8)

where ∇f(x) is the gradient of f at x.

11.4.3 Concavity/Convexity and Global Optimization

In general, a local optimum is not necessarily a global optimum. How-

ever, for certain classes of functions—particularly concave and convex

functions—local and global optima coincide.

Theorem 11.4.1 (Local and Global Optimum) Suppose f is differentiable and
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concave on X ⊆ Rn, and x∗ is an interior point of X . Then the following state-

ments are equivalent:

1. ∇f(x∗) = 0;

2. f has a local maximum at x∗;

3. f has a global maximum at x∗.

PROOF. It is evident that (3) ⇒ (2) and, by the first-order condition,

(2) ⇒ (1). We only need to prove that (1) ⇒ (3).
Suppose ∇f(x∗) = 0. Since f is concave, we have for all x ∈ X :

f(x) ≤ f(x∗) + ∇f(x∗)⊤(x − x∗).

Substituting ∇f(x∗) = 0 gives:

f(x) ≤ f(x∗).

Hence, x∗ is a global maximum. 2

When the function is strictly concave (or strictly convex), the optimum

is not only global but also unique. This is formalized in the following

result:

Theorem 11.4.2 (Uniqueness of Global Optimum) Let X ⊆ Rn.

1. If a strictly concave function f defined on X attains a local maximum at

x∗, then f(x∗) is the unique global maximum.

2. If a strictly convex function f attains a local minimum at x̃, then f(x̃) is

the unique global minimum.

PROOF. We prove part (1) by contradiction. Suppose f attains a local

maximum at x∗, but the maximum is not unique. Then there exists a point
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x′ ̸= x∗ such that

f(x′) = f(x∗).

Let xt = tx′ + (1 − t)x∗ for some t ∈ (0, 1). Since f is strictly concave,

f(xt) > tf(x′) + (1 − t)f(x∗).

But f(x′) = f(x∗), so:

f(xt) > f(x∗),

which contradicts the assumption that x∗ is a local (and hence global) max-

imum. Therefore, the global maximum must be unique. The proof of part

(2) follows similarly and is omitted. 2

11.5 Economic Applications

Problem of a Multiproduct Firm

Example 11.5.1 Suppose a competitive firm produces two products. Let

Qi denote the output of the i-th product, and let P1 and P2 be the given

market prices. The firm’s total revenue is:

TR = P1Q1 + P2Q2.

The cost function is:

C = 2Q2
1 +Q1Q2 + 2Q2

2.

Hence, the profit function is:

π = TR − C = P1Q1 + P2Q2 − 2Q2
1 −Q1Q2 − 2Q2

2.
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To maximize profit, set the first-order conditions:

∂π

∂Q1
= P1 − 4Q1 −Q2 = 0,

∂π

∂Q2
= P2 −Q1 − 4Q2 = 0.

Solving the system:

4Q1 +Q2 = P1,

Q1 + 4Q2 = P2,

we find:

Q̄1 = 4P1 − P2

15
, Q̄2 = 4P2 − P1

15
.

The Hessian matrix is:

H =

π11 π12

π21 π22

 =

−4 −1
−1 −4

 .

Since |H1| = −4 < 0 and |H2| = 16−1 = 15 > 0, the Hessian is negative

definite, confirming that the solution maximizes profit. Moreover, because

the Hessian is everywhere negative definite, the maximum is unique and

global.

Monopoly with Interdependent Demands

Example 11.5.2 Now consider a monopolist facing the following demand

functions:

Q1 = 40 − 2P1 + P2,

Q2 = 15 + P1 − P2.
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The cost function remains:

C = Q2
1 +Q1Q2 +Q2

2.

To write profit as a function of output levels, we need to solve the de-

mand system for P1 and P2 in terms of Q1 and Q2:

−2P1 + P2 = Q1 − 40,

P1 − P2 = Q2 − 15.

Solving yields:

P1 = 55 −Q1 −Q2, P2 = 70 −Q1 − 2Q2.

Total revenue then is:

TR = (55 −Q1 −Q2)Q1 + (70 −Q1 − 2Q2)Q2

= 55Q1 + 70Q2 −Q2
1 − 2Q2

2 − 2Q1Q2.

Thus, profit is:

π = TR − C = 55Q1 + 70Q2 − 3Q1Q2 − 2Q2
1 − 3Q2

2.

The first-order conditions are:

∂π

∂Q1
= 55 − 4Q1 − 3Q2 = 0,

∂π

∂Q2
= 70 − 3Q1 − 6Q2 = 0.
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Solving this system yields:

(Q̄1, Q̄2) =
(

8, 23
3

)
.

The corresponding prices and profit are:

P̄1 = 118
3
, P̄2 = 140

3
, π̄ = 1465

3
.

The Hessian matrix is:

H =

−4 −3
−3 −6

 ,
with |H1| = −4 < 0 and |H2| = 24 − 9 = 15 > 0.

Hence, the Hessian is negative definite, and the critical point is a u-

nique global maximizer of the profit function.



Chapter 12

Optimization with Equality

Constraints

The previous chapter presented a general method for finding extrema of

an objective function with two or more variables. A key assumption in that

discussion was that all choice variables are independent-decisions made

for one variable do not affect the others. Many optimization problems,

however, involve interdependent variables subject to constraints. For in-

stance, a consumer maximizes utility subject to a budget constraint, and a

firm minimizes production costs given technological constraints.

In this chapter, we study optimization with equality constraints. Our

focus will primarily be on identifying relative (local) constrained extrema.

12.1 Effects of a Constraint

In general, for a function z = f(x, y), the distinction between a constrained

extremum and an unconstrained (free) extremum can be significant, as

illustrated in Figure 12.1.

In the diagram, the free extremum is the highest point over the entire

219
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Figure 12.1: Difference between a constrained extremum and a free ex-
tremum.

domain, whereas the constrained extremum is the highest point along the

feasible set (the inverse-U-shaped curve intersected with the line). Typi-

cally, the value at a constrained maximum is no greater than that at a free

maximum because the constraint limits the feasible choices. Although in

special cases the two values may coincide, a constrained maximum can

never exceed the free maximum.

To preserve a meaningful degree of freedom, the number of equality constraints

must be strictly less than the number of choice variables.

12.2 Finding Stationary Values

To illustrate the setup of a constrained optimization problem, consider a

consumer maximizing utility subject to a budget constraint. This example

also introduces the Lagrange multiplier method, a key tool for solving

equality-constrained problems.

Example 12.2.1 Consider

max u(x1, x2) = x1x2 + 2x1 subject to 4x1 + 2x2 = 60.
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Even without new techniques, the constrained maximum can be found

by substitution. Solving the constraint for x2 gives

x2 = 60 − 4x1

2
= 30 − 2x1,

and substituting this into the objective yields the single-variable problem

u(x1) = x1(30 − 2x1) + 2x1 = 32x1 − 2x2
1.

This can be solved using the methods of Chapter 9. Differentiating,

du

dx1
= 32 − 4x1 = 0 ⇒ x̄1 = 8,

and, from the constraint,

x̄2 = 30 − 2x̄1 = 30 − 16 = 14.

Since
d2u

dx2
1

= −4 < 0,

the stationary point is a (constrained) maximizer.

When the constraint is complex, or solving it explicitly to express one

variable in terms of the others is impractical, substitution becomes cum-

bersome. In such cases we turn to the method of Lagrange multipliers,

which handles equality constraints systematically and extends readily to

higher dimensions.

Lagrange Multiplier Method

The essence of the Lagrange multiplier method is to convert a constrained

extremum problem into an unconstrained one, allowing the use of standard
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first-order conditions.

Consider the general optimization problem:

max z = f(x, y) (12.1)

subject to the equality constraint

g(x, y) = c, (12.2)

where c is a constant. We define the Lagrangian function as

Z(x, y, λ) = f(x, y) + λ (c− g(x, y)) ,

where λ is an unknown constant called the Lagrange multiplier.

When the constraint g(x, y) = c holds, the term λ(c − g(x, y)) vanishes

for any value of λ. In that case, Z coincides with the original objective

function f . The challenge, then, is to find conditions ensuring that the

term in parentheses is zero.

The key idea is to treat λ as an additional variable and consider Z as a

function of three variables, Z = Z(x, y, λ). The first-order conditions for a

stationary point (interior solution) are:

Zλ = c− g(x, y) = 0,

Zx = fx − λgx = 0,

Zy = fy − λgy = 0.

Example 12.2.2 (Example 12.2.1 continued) Revisiting the earlier consumer

choice problem, the Lagrangian is

Z = x1x2 + 2x1 + λ(60 − 4x1 − 2x2).



12.2. FINDING STATIONARY VALUES 223

The first-order conditions are

Zλ = 60 − 4x1 − 2x2 = 0,

Zx1 = x2 + 2 − 4λ = 0,

Zx2 = x1 − 2λ = 0.

Solving this system yields

x̄1 = 8, x̄2 = 14, λ̄ = 4.

These results coincide with those obtained via the substitution method.

Example 12.2.3 Find the extremum of z = xy subject to the constraint x+
y = 6.

The Lagrangian is:

Z = xy + λ(6 − x− y).

The first-order conditions are:

Zλ = 6 − x− y = 0,

Zx = y − λ = 0,

Zy = x− λ = 0.

Solving, we obtain:

x̄ = 3, ȳ = 3, λ̄ = 3.

Example 12.2.4 Find the extremum of z = x2
1 + x2

2 subject to the constraint

x1 + 4x2 = 2.
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The Lagrangian is:

Z = x2
1 + x2

2 + λ(2 − x1 − 4x2).

The first-order conditions are:

Zλ = 2 − x1 − 4x2 = 0,

Zx1 = 2x1 − λ = 0,

Zx2 = 2x2 − 4λ = 0.

Solving this system gives:

λ̄ = 4
17
, x̄1 = 2

17
, x̄2 = 8

17
.

The corresponding value of the objective function is:

z̄ = Z̄ = 4
17
.

To determine whether this is a maximum or a minimum, we must ex-

amine the second-order conditions, which will be discussed in a later sec-

tion.

Interpretation of the Lagrange Multiplier

The Lagrange multiplier λ̄measures the sensitivity of the optimal value

of the objective function with respect to changes in the constraint. Suppose

the optimal values x̄, ȳ, and λ̄ can be expressed as differentiable functions

of the parameter c:

x̄ = x̄(c), ȳ = ȳ(c), λ̄ = λ̄(c).
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Then the following relationships hold:

c− g(x̄, ȳ) ≡ 0,

fx(x̄, ȳ) − λ̄gx(x̄, ȳ) ≡ 0,

fy(x̄, ȳ) − λ̄gy(x̄, ȳ) ≡ 0.

The optimal value of the objective function can thus be written as:

Z̄(c) = f(x̄, ȳ) + λ̄ [c− g(x̄, ȳ)] .

Differentiating with respect to c yields:

dZ̄

dc
= fx

dx̄

dc
+ fy

dȳ

dc
+ [c− g(x̄, ȳ)]dλ̄

dc
+ λ̄

[
1 − gx

dx̄

dc
− gy

dȳ

dc

]

= (fx − λ̄gx)
dx̄

dc
+ (fy − λ̄gy)

dȳ

dc
+ [c− g(x̄, ȳ)]dλ̄

dc
+ λ̄

= λ̄.

Therefore, λ̄ represents the marginal value of the constraint. In eco-

nomic terms, when the objective is utility maximization, λ̄ corresponds to

the marginal utility of income.

n-Variable and Multiple-Constraint Cases

The Lagrange multiplier method generalizes naturally to problems in-

volving multiple variables and multiple equality constraints.

Single Constraint with n Variables. Consider the problem:

extremize z = f(x1, x2, . . . , xn) (12.3)
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subject to a single constraint:

g(x1, x2, . . . , xn) = c. (12.4)

The Lagrangian function is defined as

Z = f(x1, x2, . . . , xn) + λ [c− g(x1, x2, . . . , xn)] .

The first-order conditions are:

Zλ = c− g(x1, x2, . . . , xn) = 0,

Zxi
= ∂f

∂xi
− λ

∂g

∂xi
= 0, i = 1, 2, . . . , n.

Two Equality Constraints. Now suppose there are two constraints:

g(x1, x2, . . . , xn) = c, and h(x1, x2, . . . , xn) = d.

The Lagrangian becomes:

Z = f(x1, x2, . . . , xn) + λ [c− g(x1, . . . , xn)] + µ [d− h(x1, . . . , xn)] .

The first-order conditions now consist of (n+ 2) equations:

Zλ = c− g(x1, . . . , xn) = 0,

Zµ = d− h(x1, . . . , xn) = 0,

Zxi
= ∂f

∂xi
− λ

∂g

∂xi
− µ

∂h

∂xi
= 0, i = 1, 2, . . . , n.
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General Case: n Variables and m Constraints. More generally, consider

an optimization problem with n variables and m equality constraints:

extremize f(x1, . . . , xn) (12.5)

subject to gj(x1, . . . , xn) = bj, j = 1, 2, . . . ,m < n.

The difference n − m represents the number of degrees of freedom in the

problem. To obtain a meaningful optimization problem, we require n > m.

The Lagrangian function is then given by

Z(x1, . . . , xn, λ1, . . . , λm) = f(x1, . . . , xn) +
m∑
j=1

λj
(
bj − gj(x1, . . . , xn)

)
.

(12.6)

We can now state the general first-order necessary condition for an in-

terior extremum.

Proposition 12.2.1 (First-Order Necessary Conditions for an Interior Extremum)

Suppose the following hold:

1. f(x) and each gj(x), j = 1, . . . ,m, are continuously differentiable on a set

X ⊆ Rn with m < n;

2. x∗ is an interior extremum of f subject to gj(x∗) = bj for all j;

3. The gradient vectors ∇g1(x∗), . . . ,∇gm(x∗) are linearly independent.

Then there exists a unique set of Lagrange multipliers λ∗
1, . . . , λ

∗
m such that:

∂Z(x∗,λ∗)
∂xi

= ∂f(x∗)
∂xi

+
m∑
j=1

λ∗
j

∂gj(x∗)
∂xi

= 0, i = 1, 2, . . . , n.

12.3 Second-Order Conditions

From the previous section, we know that finding a constrained extremum

is equivalent to finding the free extremum of the Lagrangian function Z,
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followed by applying the first-order conditions. In this section, we estab-

lish the second-order sufficient conditions that determine whether such

a stationary point corresponds to a constrained maximum or minimum of

f .

For a constrained extremum of z = f(x, y) subject to g(x, y) = c, the

second-order condition concerns the sign of the total second differential

d2z evaluated at the stationary point. However, unlike the unconstrained

case, we are concerned not with all possible (dx, dy) (with dx2 + dy2 ̸= 0),

but only with those satisfying the linearized constraint:

dg = gx dx+ gy dy = 0.

The second-order sufficient conditions can therefore be stated as fol-

lows:

• For a local maximum: d2z is negative definite subject to dg = 0.

• For a local minimum: d2z is positive definite subject to dg = 0.

Since the directions (dx, dy) that satisfy dg = 0 form only a subset of all

possible directions, the condition for definiteness is weaker than in the un-

constrained case. Thus, the second-order sufficient condition for a constrained

extremum is less restrictive than that for a free extremum.

To verify these conditions systematically, we use a determinant form

known as the bordered Hessian.

The Bordered Hessian

In constrained optimization, the second-order sufficient condition is tested

using the bordered Hessian determinant, rather than the ordinary Hes-

sian matrix |H|.



12.3. SECOND-ORDER CONDITIONS 229

To illustrate, consider the quadratic form

q = d11u
2 + 2d12uv + d22v

2

subject to the linear constraint

au+ bv = 0.

Solving for v from the constraint yields v = −a
b
u (assuming b ̸= 0), and

substituting into q gives

q = d11u
2 − 2d12

a

b
u2 + d22

a2

b2 u
2

=
(
d11b

2 − 2d12ab+ d22a
2
) u2

b2 . (12.7)

Hence, q is positive (resp. negative) definite subject to au + bv = 0 if and

only if the expression in parentheses is positive (resp. negative).

Now consider the bordered determinant:

|H̄| ≡

∣∣∣∣∣∣∣∣∣∣
0 a b

a d11 d12

b d21 d22

∣∣∣∣∣∣∣∣∣∣
= −

(
d11b

2 − 2d12ab+ d22a
2
)
.

Thus, q is positive (resp. negative) definite subject to the constraint if and

only if |H̄| < 0 (resp. |H̄| > 0).

The overbar in H̄ denotes that the matrix is bordered—that is, the first

row and column contain the gradient of the constraint.

Returning to the constrained optimization problem:

extremize z = f(x, y) subject to g(x, y) = c,

the second-order sufficient condition depends on the sign of the bordered
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Hessian determinant:

|H̄| =

∣∣∣∣∣∣∣∣∣∣
0 gx gy

gx Zxx Zxy

gy Zyx Zyy

∣∣∣∣∣∣∣∣∣∣
,

where Zij = fij − λgij for i, j ∈ {x, y}.

Then:

• If |H̄| > 0, the point is a constrained maximum.

• If |H̄| < 0, the point is a constrained minimum.

Generalization to n Variables

Consider now the general case of n variables:

z = f(x1, x2, . . . , xn)

subject to a single equality constraint:

g(x1, x2, . . . , xn) = c.

The corresponding Lagrangian function is:

Z = f(x1, x2, . . . , xn) + λ [c− g(x1, x2, . . . , xn)] .

The bordered Hessian determinant for this problem is defined as

|H̄| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 g1 g2 · · · gn

g1 Z11 Z12 · · · Z1n

g2 Z21 Z22 · · · Z2n
...

...
... . . . ...

gn Zn1 Zn2 · · · Znn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
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where gi = ∂g
∂xi

and Zij = fij −λgij are the second partial derivatives of the

Lagrangian.

The leading bordered principal minors are:

|H̄2| =

∣∣∣∣∣∣∣∣∣∣
0 g1 g2

g1 Z11 Z12

g2 Z21 Z22

∣∣∣∣∣∣∣∣∣∣
,

|H̄3| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

0 g1 g2 g3

g1 Z11 Z12 Z13

g2 Z21 Z22 Z23

g3 Z31 Z32 Z33

∣∣∣∣∣∣∣∣∣∣∣∣∣
, etc.

The final one, |H̄n| = |H̄|, corresponds to the full bordered Hessian.

The subscript denotes the order of the bordered principal minor.

The conditions for definiteness of d2z subject to dg = 0 are as follows:

• d2z is negative definite subject to dg = 0 if and only if

|H̄2| > 0, |H̄3| < 0, |H̄4| > 0, . . . , (−1)n|H̄n| > 0.

• d2z is positive definite subject to dg = 0 if and only if

|H̄2| < 0, |H̄3| < 0, |H̄4| < 0, . . . , |H̄n| < 0.

As before, a negative definite d2z corresponds to a (local) maximum,

while a positive definite d2z corresponds to a (local) minimum.

Proposition 12.3.1 (Sufficient Conditions for an Interior Relative Extremum)

Suppose that z = f(x1, x2, . . . , xn) is twice continuously differentiable and that

the constraint g(x1, x2, . . . , xn) = c is differentiable. Then:

For a Relative Maximum:
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1. First-order (necessary) conditions:

Zλ = Z1 = Z2 = · · · = Zn = 0;

2. Second-order (sufficient) conditions:

|H̄2| > 0, |H̄3| < 0, |H̄4| > 0, . . . , (−1)n|H̄n| > 0.

For a Relative Minimum:

1. First-order (necessary) conditions:

Zλ = Z1 = Z2 = · · · = Zn = 0;

2. Second-order (sufficient) conditions:

|H̄2| < 0, |H̄3| < 0, |H̄4| < 0, . . . , |H̄n| < 0.

Example 12.3.1 (Continuation of Example 12.2.3) For the objective func-

tion z = xy subject to the constraint x+y = 6, we previously identified the

stationary point (x̄, ȳ, z̄) = (3, 3, 9).

Recall:

Zx = y − λ, Zy = x− λ,

which yield

Zxx = 0, Zxy = 1, Zyy = 0, gx = gy = 1.
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The bordered Hessian is:

|H̄| =

∣∣∣∣∣∣∣∣∣∣
0 1 1
1 0 1
1 1 0

∣∣∣∣∣∣∣∣∣∣
= 2 > 0.

Since |H̄| > 0, the stationary point (3, 3) corresponds to a relative max-

imum, with z̄ = 9.

Example 12.3.2 (Continuation of Example 12.2.4) For the objective func-

tion z = x2
1 + x2

2 subject to x1 + 4x2 = 2, we previously found the solution

is:

(x̄1, x̄2, z̄) =
(

2
17 ,

8
17 ,

4
17

)
.

Given

Z1 = 2x1 − λ, Z2 = 2x2 − 4λ,

we compute:

Z11 = 2, Z22 = 2, Z12 = Z21 = 0, g1 = 1, g2 = 4.

Thus, the bordered Hessian is:

|H̄| =

∣∣∣∣∣∣∣∣∣∣
0 1 4
1 2 0
4 0 2

∣∣∣∣∣∣∣∣∣∣
= −34 < 0.

Because |H̄| < 0, the point

(x̄1, x̄2, z̄) =
(

2
17 ,

8
17 ,

4
17

)

is a local minimum.
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Multiple-Constraint Case

When a problem involves more than one equality constraint, the second-

order test uses a bordered Hessian with multiple borders.

Proposition 12.3.2 (Condition for a Relative Extremum with m Constraints)

Let f and g1, . . . , gm be twice continuously differentiable. Suppose x∗ satisfies the

first-order necessary conditions for

extremize f(x1, . . . , xn) subject to gj(x1, . . . , xn) = bj, j = 1, . . . ,m,

and that the gradients {∇gj(x∗)}mj=1 are linearly independent. Define the La-

grangian

Z(x,λ) = f(x) +
m∑
j=1

λj
(
bj − gj(x)

)
,

which yields the bordered Hessian

H̄(x∗) =

 0m×m
(
∇g(x∗)

)⊤

∇g(x∗)
(
Zij(x∗)

)
 ,

where ∇g(x∗) is the n×m matrix whose jth column is ∇gj(x∗), and

Zij(x∗) = ∂2Z

∂xi∂xj
(x∗) = fij(x∗) −

m∑
k=1

λk g
k
ij(x∗).

For r = 1, . . . , n, define the leading bordered principal minors

|H̄r| = det

 0m×m
(
∇g(x∗)

)⊤

m×r(
∇g(x∗)

)
r×m

(
Zij(x∗)

)
r×r

 ,
where the lower-right block uses the first r variables x1, . . . , xr.

Then:
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1. (Local maximum) If

(−1) r−m+1 |H̄r(x∗)| > 0 for all r = m+ 1, . . . , n,

then x∗ is a local maximum.

2. (Local minimum) If

(−1)m |H̄r(x∗)| > 0 for all r = m+ 1, . . . , n,

then x∗ is a local minimum.

Remark 12.3.1 For m = 1 these conditions reduce to the familiar single-

constraint sign rules:

max: |H̄2| > 0, |H̄3| < 0, |H̄4| > 0, . . . min: |H̄2| < 0, |H̄3| < 0, . . .

12.4 Quasiconcavity and Quasiconvexity

For unconstrained problems, concavity (resp. convexity) of the objec-

tive guarantees a global maximum (resp. minimum). For constrained

problems, quasiconcavity (resp. quasiconvexity) of the objective guar-

antees a global maximum (resp. minimum) over a convex feasible set.

Algebraic Characterization

Quasiconcavity and quasiconvexity can be strict or non-strict.

Definition 12.4.1 Let X be a convex set. A function f : X → R is

quasiconcave ⇐⇒ f(θu + (1 − θ)v) ≥ min{f(u), f(v)} ∀ u,v ∈ X, 0 < θ < 1;

quasiconvex ⇐⇒ f(θu + (1 − θ)v) ≤ max{f(u), f(v)} ∀ u,v ∈ X, 0 < θ < 1.
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If the weak inequalities are strict whenever u ̸= v, then f is strictly quasi-

concave (resp. strictly quasiconvex).

Assuming without loss of generality that f(v) ≥ f(u), these are equiva-

lently

quasiconcavity: f(θu + (1 − θ)v) ≥ f(u),

quasiconvexity: f(θu + (1 − θ)v) ≤ f(v).

Figure 12.2: Quasiconcavity and quasiconvexity: (a) strictly quasiconcave;
(b) strictly quasiconvex; (c) quasiconcave but not strictly.

Remark 12.4.1 Quasiconcavity (resp. quasiconvexity) is weaker than con-

cavity (resp. convexity).

Theorem I (Negation). If f(x) is quasiconcave (resp. strictly quasicon-

cave), then −f(x) is quasiconvex (resp. strictly quasiconvex).

Theorem II (Concavity vs. Quasiconcavity). Every (strictly) concave (re-

sp. convex) function is (strictly) quasiconcave (resp. quasiconvex), but not

conversely.

Theorem III (Linearity). If f is linear, it is both quasiconcave and quasi-

convex.

Theorem IV (Monotonicity in One Variable). If f : R → R is monotone,

then it is both quasiconcave and quasiconvex.
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Remark 12.4.2 Unlike the concave/convex case, the sum of two quasicon-

cave (resp. quasiconvex) functions need not be quasiconcave (resp. quasi-

convex).

Figure 12.3: Upper and lower contour-set characterizations of quasicon-
cavity and quasiconvexity.

From Figure 12.3, we obtain an equivalent characterization: for any

constant k,

f is quasiconcave if and only if the upper contour set

S≥(k) ≡ {x ∈ X : f(x) ≥ k}

is convex.

Similarly, f is quasiconvex if and only if the lower contour set

S≤(k) ≡ {x ∈ X : f(x) ≤ k}

is convex.

This contour-set formulation is often convenient when direct algebraic

verification is difficult.

Proposition 12.4.1 A function f(x) is quasiconcave (resp. quasiconvex) onX if

and only if, for every k ∈ R, the upper contour set S≥(k) (resp. the lower contour

set S≤(k)) is convex.
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PROOF. Necessity: If f is quasiconcave and x1,x2 ∈ S≥(k), then

f(xi) ≥ k. For any θ ∈ [0, 1],

f(θx1 + (1 − θ)x2) ≥ min{f(x1), f(x2)} ≥ k,

so θx1 + (1 − θ)x2 ∈ S≥(k), proving convexity.

Sufficiency: If each S≥(k) is convex, let x1,x2 ∈ X with f(x1) ≥ f(x2).
Then x1,x2 ∈ S≥(f(x2)), so any θ-combination lies in that set, implying

f(θx1 + (1 − θ)x2) ≥ f(x2) = min{f(x1), f(x2)}.

Thus f is quasiconcave. 2

Example 12.4.1 On a convex domain X :

1. z = x2 is quasiconvex on R since each S≤(k) is an interval (convex).

2. z = f(x, y) = xy is quasiconcave on R2
++ (or on any orthant with

fixed signs) because each upper contour set {(x, y) : xy ≥ k} is con-

vex within that orthant.1

3. z = f(x, y) = (x−a)2+(y−b)2 is quasiconvex on R2; its lower contour

sets are disks (convex).

These conclusions can also be confirmed visually from the graphs of

the functions.

Differentiable Functions

Similar to concavity, when a function is differentiable, its quasiconcav-

ity (or quasiconvexity) can be characterized in terms of its derivatives.

1Over the entire R2, the upper contour sets for k > 0 are disconnected and not convex,
so a domain restriction is needed.
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Proposition 12.4.2 Suppose that f : R → R is differentiable. Then f is quasi-

concave if and only if, for any x, y ∈ R,

f(y) ≥ f(x) ⇒ f ′(x)(y − x) ≥ 0. (12.8)

Intuitively, when f(y) ≥ f(x), the slope of f at x must not be pointing in

the opposite direction of (y − x).

When there are two or more independent variables, the condition gen-

eralizes as follows:

Proposition 12.4.3 Suppose that f : Rn → R is differentiable. Then f is quasi-

concave if and only if, for any x,y ∈ Rn,

f(y) ≥ f(x) ⇒
n∑
j=1

∂f(x)
∂xj

(yj − xj) ≥ 0, (12.9)

or equivalently, in vector form:

f(y) ≥ f(x) ⇒ ∇f(x)⊤(y − x) ≥ 0,

where ∇f(x) denotes the gradient vector of f at x.

Bordered Determinant Test for Quasiconcavity and Quasiconvexity

If a function z = f(x1, x2, . . . , xn) is twice continuously differentiable, it-

s quasiconcavity or quasiconvexity can be examined using the bordered

determinant

|B| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 f1 f2 · · · fn

f1 f11 f12 · · · f1n

f2 f21 f22 · · · f2n
...

...
... . . . ...

fn fn1 fn2 · · · fnn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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Remark 12.4.3 The determinant |B| differs from the bordered Hessian |H̄|
used in constrained optimization. Here, the border consists of the first-

order derivatives of f itself, not of a constraint or Lagrangian.

The kth leading principal minor of B is

|Bk| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

0 f1 · · · fk

f1 f11 · · · f1k
...

... . . . ...

fk fk1 · · · fkk

∣∣∣∣∣∣∣∣∣∣∣∣∣
, k = 1, 2, . . . , n.

Quasiconcavity. For a twice continuously differentiable f defined on the

nonnegative orthant:

• Necessary Conditions:

|B1| ≤ 0, |B2| ≥ 0, |B3| ≤ 0, . . . , (−1)n|Bn| ≥ 0.

• Sufficient Conditions for Strict Quasiconcavity:

|B1| < 0, |B2| > 0, |B3| < 0, . . . , (−1)n|Bn| > 0.

Quasiconvexity.

• Necessary Conditions:

|B1| ≤ 0, |B2| ≤ 0, . . . , |Bn| ≤ 0.

• Sufficient Conditions for Strict Quasiconvexity:

|B1| < 0, |B2| < 0, . . . , |Bn| < 0.
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Example 12.4.2 Consider z = f(x1, x2) = x1x2 with x1, x2 > 0. Then:

f1 = x2, f2 = x1, f11 = f22 = 0, f12 = f21 = 1.

Hence:

|B1| =

∣∣∣∣∣∣∣
0 x2

x2 0

∣∣∣∣∣∣∣ = −x2
2 < 0, |B2| =

∣∣∣∣∣∣∣∣∣∣
0 x2 x1

x2 0 1
x1 1 0

∣∣∣∣∣∣∣∣∣∣
= 2x1x2 > 0.

Therefore, z = x1x2 is strictly quasiconcave on the positive orthant.

Example 12.4.3 Consider z = f(x, y) = 1
x

+ 1
y
, with x, y > 0. We have:

fx = −x−2, fy = −y−2, fxx = 2x−3, fyy = 2y−3, fxy = fyx = 0.

Then:

|B1| =

∣∣∣∣∣∣∣
0 −x−2

−x−2 0

∣∣∣∣∣∣∣ = −x−4 < 0,

|B2| =

∣∣∣∣∣∣∣∣∣∣
0 −x−2 −y−2

−x−2 2x−3 0
−y−2 0 2y−3

∣∣∣∣∣∣∣∣∣∣
= −2x−3y−4 − 2x−4y−3 < 0.

Thus, z = 1
x

+ 1
y

is strictly quasiconvex on the positive orthant.

Example 12.4.4 Show that z = f(x, y) = xayb, with x, y > 0 and a, b > 0, is

quasiconcave. The derivatives are:

fx = axa−1yb, fy = bxayb−1,

fxx = a(a− 1)xa−2yb, fyy = b(b− 1)xayb−2,

fxy = fyx = abxa−1yb−1.
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The principal minors are:

|B1| =

∣∣∣∣∣∣∣
0 fx

fx fxx

∣∣∣∣∣∣∣ = −
(
axa−1yb

)2
< 0,

|B2| =

∣∣∣∣∣∣∣∣∣∣
0 fx fy

fx fxx fxy

fy fyx fyy

∣∣∣∣∣∣∣∣∣∣
= ab(a+ b)x3a−2y3b−2 > 0.

Hence, z = xayb is strictly quasiconcave on the positive orthant.

Remark 12.4.4 When the constraint function g(x) is linear, that is,

g(x) = a1x1 + a2x2 + · · · + anxn = c,

all second-order partial derivatives of g vanish. From the first-order con-

dition fi = λgi, it follows that, at the optimal point, the bordered determi-

nant |B| and the bordered Hessian |H̄| satisfy the relationship:

|B| = λ2|H̄|.

Therefore, when the constraint is linear, |B| and |H̄| always share the

same sign at the stationary point of z. This equivalence extends to their

leading principal minors. Consequently, if |B| satisfies the sufficient con-

dition for strict quasiconcavity, then |H̄| satisfies the second-order suffi-

cient condition for constrained maximization as well.

12.5 Absolute versus Relative Extrema

As in unconstrained optimization, a local constrained optimum need not

be a global constrained optimum. However, when the objective is quasi-
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concave (resp. quasiconvex) and the feasible set is convex, the two notions

coincide.

Theorem 12.5.1 (Local ⇔ Global Constrained Optimum) Suppose that f

is a differentiable quasiconcave (resp. quasiconvex) function on X ⊆ Rn, and

that the constraint functions gj(x) are differentiable and convex on X . If x∗ is an

interior point of the feasible set, then the following statements are equivalent:

(1) The first-order necessary conditions for a constrained extremum hold at x∗.

(2) f attains a local constrained maximum (resp. minimum) at x∗.

(3) f attains a global constrained maximum (resp. minimum) at x∗.

Furthermore, when the objective is strictly quasiconcave (resp. strictly

quasiconvex) and the feasible set is convex, any relative constrained ex-

tremum is the unique global extremum.

Theorem 12.5.2 (Uniqueness of Global Optimum) Let X ⊆ Rn be convex.

Suppose the objective function f is differentiable and strictly quasiconcave (resp.

strictly quasiconvex), and that the constraint functions gj(x) are differentiable

and convex on X . If x∗ is a stationary point in X , then f(x∗) is the unique

global constrained maximum (resp. minimum).

12.6 Utility Maximization and Consumer Demand

We now turn to the consumer-choice problem in the standard utility-maximization

framework. Assume the utility function u(x, y) is differentiable and strict-

ly increasing in each argument:

ux > 0 and uy > 0.
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The consumer solves

max
x,y

u(x, y) subject to Pxx+ Pyy = I,

where Px, Py are prices and I is income (all parameters exogenous).

The Lagrangian is

Z = u(x, y) + λ (I − Pxx− Pyy).

First-order conditions for an interior solution are

Zλ = I − Pxx− Pyy = 0,

Zx = ux − λPx = 0,

Zy = uy − λPy = 0.

From the last two,

ux
Px

= uy
Py

= λ ⇐⇒ ux
uy

= Px
Py
.

The ratio
ux
uy

≡ MRSxy is the marginal rate of substitution of x for y.

The interior FOC is the familiar tangency condition:

MRSxy = Px
Py
.

Second-Order Condition. If the bordered Hessian

|H̄| =

∣∣∣∣∣∣∣∣∣∣
0 Px Py

Px uxx uxy

Py uyx uyy

∣∣∣∣∣∣∣∣∣∣
= 2PxPy uxy − P 2

y uxx − P 2
xuyy,

is positive at a critical point (x̄, ȳ), then the point corresponds to a maxi-
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Figure 12.4: Graphical illustration of the first-order condition for utility
maximization.

mum.

Since the budget constraint is linear, earlier results imply

|B| = λ2 |H̄|.

Thus, |B| > 0 guarantees that |H̄| > 0. Hence, the condition |B| > 0
(which implies the strict quasiconcavity of u) ensures that the solution ob-

tained from the first-order condition is a utility-maximizing consumption

bundle.

Quasiconcavity of u implies that the associated preference relation <
is convex: each upper contour set {(x, y) : u(x, y) ≥ ū} is convex, which

corresponds to convex preferences.

Remark 12.6.1 Convex preferences reflect a taste for diversification. Stric-

t quasiconcavity of u implies strict convexity of ≻ and a diminishing

marginal rate of substitution (DMRS). Weak convexity of < corresponds

exactly to quasiconcavity of u.

Using the condition MRSxy = Px/Py, one may solve x as a function

of y (or vice versa) and substitute into the budget constraint to obtain the
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Marshallian demand functions.

Example 12.6.1 Consider Cobb–Douglas utility

u(x, y) = xay1−a, 0 < a < 1,

which is strictly increasing and concave on R2
++. The marginal rate of

substitution is

MRSxy = MUx
MUy

= a y

(1 − a) x
.

Equating to the price ratio,

a y

(1 − a) x
= Px
Py

⇒ y = (1 − a)Px
aPy

x.

Substituting into Pxx+ Pyy = I ,

Pxx+ Py

(
(1 − a)Px
aPy

x

)
= I ⇒ Px

a
x = I ⇒ x(Px, Py, I) = aI

Px
.

Then

y(Px, Py, I) = (1 − a)I
Py

.



Chapter 13

Optimization with Inequality

Constraints

Classical optimization methods, such as the method of Lagrange multi-

pliers, are designed to handle optimization problems with equality con-

straints of the form g(x1, . . . , xn) = c. In contrast, nonclassical optimiza-

tion—also known as mathematical programming—addresses problems

that incorporate inequality constraints, such as g(x1, . . . , xn) ≤ c.

Mathematical programming encompasses both linear and nonlinear pro-

gramming. In linear programming, the objective function and all con-

straints are linear. If either the objective function or any of the constraints

is nonlinear, the problem is classified as nonlinear programming.

13.1 Nonlinear Programming

We focus on a particular class of nonlinear programming problems in

which all decision variables are required to be nonnegative. Nonlinear

programming, as considered here, involves choosing nonnegative values

for the decision variables to maximize or minimize a nonlinear objective

247
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function, subject to a set of nonlinear inequality constraints.

Formally, the maximization problem in nonlinear programming can be

written as:

max f(x1, . . . , xn)

s.t. gi(x1, . . . , xn) ≤ bi, i = 1, 2, . . . ,m, (13.1)

x1 ≥ 0, . . . , xn ≥ 0.

Similarly, the corresponding minimization problem is:

min f(x1, . . . , xn)

s.t. gi(x1, . . . , xn) ≥ bi, i = 1, 2, . . . ,m,

x1 ≥ 0, . . . , xn ≥ 0.

Remarks.

(1) Unlike optimization with equality constraints, nonlinear program-

ming imposes no restriction on the relationship between the number

of constraints m and the number of variables n. This generality al-

lows for greater modeling flexibility and broader applicability.

(2) The direction of the inequality constraints (≤ or ≥) is purely conven-

tional. Any constraint of the form gi ≤ bi can equivalently be written

as −gi ≥ −bi without changing the problem structure.

(3) Any equality constraint gk = bk can be represented by a pair of in-

equality constraints:

gk ≤ bk and − gk ≤ −bk.

This reformulation is particularly useful in computational algorithm-

s that handle only inequality constraints.
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In optimization, identifying which constraints influence the optimal

solution is critical for analyzing feasibility and optimality. Some constraints

determine the boundary of the feasible region at the solution point; these

are known as binding or active constraints.

Definition 13.1.1 (Binding Constraint) A constraint gj(x) ≤ bj is said to be

binding (or active) at the point x0 = (x0
1, . . . , x

0
n) if

gj(x0) = bj,

that is, if x0 lies on the boundary of the constraint.

13.2 Kuhn–Tucker Conditions

To handle dependent restrictions and potential irregularities at the bound-

ary of the feasible set, a technical requirement known as the constraint

qualification is imposed on the constraint functions. The version stated

below is both strong and straightforward to verify.

Definition 13.2.1 (Constraint Qualification) Let C denote the feasible (con-

straint) set. The constraint qualification condition is said to hold at a point

x∗ ∈ C if the gradients of all binding inequality constraints gj , for j = 1, . . . ,m,

are linearly independent at x∗.

Define the Lagrangian function for an optimization problem with in-

equality constraints as:

L(x1, . . . , xn, λ1, . . . , λm) = f(x1, . . . , xn) +
m∑
j=1

λj
(
bj − gj(x1, . . . , xn)

)
,

where λj ≥ 0 are the Kuhn–Tucker multipliers (or Lagrange multipliers

for inequality constraints).
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The following theorem establishes the necessary conditions for a local

optimum in nonlinear programming.

Theorem 13.2.1 (Kuhn–Tucker Necessity Theorem) Suppose that the objec-

tive function f and the constraint functions gj are continuously differentiable,

and that the constraint qualification condition holds. Then:

1. The necessary condition for maximization is:

∂L

∂xi
≤ 0, xi ≥ 0, xi

∂L

∂xi
= 0, i = 1, . . . , n;

∂L

∂λj
≥ 0, λj ≥ 0, λj

∂L

∂λj
= 0, j = 1, . . . ,m.

2. The necessary condition for minimization is:

∂L

∂xi
≥ 0, xi ≥ 0, xi

∂L

∂xi
= 0, i = 1, . . . , n;

∂L

∂λj
≤ 0, λj ≥ 0, λj

∂L

∂λj
= 0, j = 1, . . . ,m.

Alternative Formulation. From the complementary slackness condition-

s, if xi > 0 then ∂L
∂xi

= 0, and if λj > 0 then ∂L
∂λj

= 0. Hence, the Kuhn–

Tucker conditions can equivalently be expressed as follows:

1. For a maximization problem:

∂L

∂xi
≤ 0 with equality if xi > 0, i = 1, . . . , n;

∂L

∂λj
≥ 0 with equality if λj > 0, j = 1, . . . ,m.

2. For a minimization problem:

∂L

∂xi
≥ 0 with equality if xi > 0, i = 1, . . . , n;
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∂L

∂λj
≤ 0 with equality if λj > 0, j = 1, . . . ,m.

Example 13.2.1 Consider the nonlinear programming problem:

max π = x1(10 − x1) + x2(20 − x2)

s.t. 5x1 + 3x2 ≤ 40,

x1 ≤ 5,

x2 ≤ 10,

x1 ≥ 0, x2 ≥ 0.

The Lagrangian function is:

L = x1(10−x1)+x2(20−x2)−λ1(5x1 +3x2 −40)−λ2(x1 −5)−λ3(x2 −10).

The Kuhn–Tucker conditions are:

∂L

∂x1
= 10 − 2x1 − 5λ1 − λ2 ≤ 0,

∂L

∂x2
= 20 − 2x2 − 3λ1 − λ3 ≤ 0,

∂L

∂λ1
= −(5x1 + 3x2 − 40) ≥ 0,

∂L

∂λ2
= −(x1 − 5) ≥ 0,

∂L

∂λ3
= −(x2 − 10) ≥ 0,

x1, x2 ≥ 0,

λ1, λ2, λ3 ≥ 0,

xi
∂L

∂xi
= 0, i = 1, 2,

λj
∂L

∂λj
= 0, j = 1, 2, 3.
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Since all constraints are linear and functionally independent, the con-

straint qualification condition is satisfied. Therefore, the stationary solu-

tion

(x̄1, x̄2) =
(95

34
,

295
34

)
satisfies the Kuhn–Tucker conditions.

When comparing the Kuhn–Tucker Theorem with the method of La-

grange multipliers for equality-constrained optimization, the key distinc-

tion lies in the sign restrictions on the multipliers. Specifically, Kuhn–

Tucker multipliers must be nonnegative, whereas Lagrange multipliers

may assume either positive or negative values. This additional restriction

provides greater interpretive significance in many economic and optimiza-

tion applications.

While the Kuhn–Tucker Theorem provides a necessary condition for

optimality, the following theorem establishes sufficient conditions under

which the Kuhn–Tucker first-order conditions guarantee a global optimum.

Theorem 13.2.2 (Kuhn–Tucker Sufficiency Theorem) Suppose the following

conditions hold:

(a) The objective function f is differentiable and satisfies

Df(x)(x′ − x) > 0 whenever f(x′) > f(x), (13.2)

which holds if either:

(a.i) f is concave; or

(a.ii) f is quasi-concave and Df(x) ̸= 0 for all x ∈ Rn
+.

(b) Each constraint function gj is differentiable and quasi-convex.

(c) The point x∗ satisfies the Kuhn–Tucker conditions, and the constraint qual-

ification condition holds at x∗.
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Then x∗ is a global maximizer.

PROOF. Suppose, for contradiction, that x∗ is not a global maximizer.

Then there exists a feasible point x′ such that f(x′) > f(x∗) and gj(x′) ≤ bj

for all j. By condition (13.2),

∇f(x∗) · (x′ − x∗) > 0.

For each binding constraint gj (i.e., gj(x∗) = bj with λj > 0), the quasi-

convexity of gj implies

∇gj(x∗) · (x′ − x∗) ≤ 0.

Multiplying by λj and summing over j, we obtain

∑
j

λj∇gj(x∗) · (x′ − x∗) ≤ 0.

However, from the Kuhn–Tucker first-order conditions,

∇f(x∗) =
∑
j

λj∇gj(x∗),

which implies

∇f(x∗) · (x′ − x∗) =
∑
j

λj∇gj(x∗) · (x′ − x∗) ≤ 0,

a contradiction. Therefore, x∗ must be a global maximizer. 2

If, instead,Df(x)(x′−x) < 0 whenever f(x) > f(x′), and gj is differen-

tiable and quasi-concave, with the multipliers having the nonpositive sign

appropriate for a minimization problem, then x∗ is a global minimizer.
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In the special case of a single inequality constraint g(x) ≤ b, define the

feasible set

C = {x ∈ Rn : g(x) ≤ b}.

We then have the following result.

Proposition 13.2.1 Suppose f is differentiable and quasi-concave with ∇f(x) ̸=
0 for all x ∈ Rn

+, and that C is a convex set (e.g., when g is quasi-convex). If x∗

satisfies the Kuhn–Tucker first-order conditions, then x∗ is the global maximiz-

er of the constrained optimization problem.

The problem of finding a nonnegative vector (x∗,λ∗), where x∗ = (x∗
1, . . . , x

∗
n)

and λ∗ = (λ∗
1, . . . , λ

∗
m), that satisfies the Kuhn–Tucker necessary conditions

and the inequality

L(x,λ∗) ≤ L(x∗,λ∗) ≤ L(x∗,λ) ∀ x ≥ 0, λ ≥ 0,

is known as the saddle point problem.

Proposition 13.2.2 If (x∗,λ∗) solves the saddle point problem, then (x∗,λ∗)
also solves the nonlinear programming problem (13.1).

13.3 Economic Applications

Corner Solution in Linear Utility Maximization

Consider the linear utility function u(x) : R2
+ → R defined by

u(x, y) = ax+ by,

where a, b > 0.

The marginal rate of substitution (MRS) of x for y is a
b
, while the price

ratio (or economic rate of substitution) is px

py
. These two rates generally
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differ unless a
b

= px

py
.

As a result, the first-order condition for an interior solution,

a

b
= px
py
,

rarely holds. Therefore, the utility maximization problem typically results

in a corner solution, where the consumer consumes only one good.

We use the Kuhn–Tucker approach to solve this problem. The La-

grangian is

L(x, y, λ) = ax+ by + λ(I − pxx− pyy).

The Kuhn–Tucker conditions are:

a− λpx ≤ 0, b− λpy ≤ 0,

I − pxx− pyy ≥ 0, x(a− λpx) = 0,

y(b− λpy) = 0, λ(I − pxx− pyy) = 0.

We consider four possible cases:

Case 1: x > 0 and y > 0. In this case, a = λpx and b = λpy, implying
a
b

= px

py
. Thus, the indifference curve is tangent to the budget line at

the optimum. Since λ = a
px
> 0, the budget constraint binds (pxx +

pyy = I). Consequently, any bundle lying on the budget line yields

the same utility and is therefore optimal.

Case 2: x > 0 and y = 0. Then a = λpx and b ≤ λpy, implying a
b

≥ px

py
.

Since λ = a
px
> 0, the budget constraint binds, giving

x = I

px
, y = 0.

Case 3: x = 0 and y > 0. Then b = λpy and a ≤ λpx, implying a
b

≤ px

py
.
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Since λ = b
py
> 0, the budget constraint binds, giving

x = 0, y = I

py
.

Case 4: x = 0 and y = 0. This case is infeasible because u is strictly in-

creasing and I > 0.

Summary: The demand correspondence is

(x(px, py, I), y(px, py, I)) =



(
I

px
, 0
)
, if

a

b
>
px
py
,(

0, I
py

)
, if

a

b
<
px
py
,

(x, I − pxx

py
), if

a

b
= px
py
,

for all x ∈
[
0, I
px

]
.

x�

x�

x�

x�

x�

x�

Figure 13.1: Utility maximization for a linear utility function.

Remark 13.3.1 Optimal consumption can also be visualized by comparing

the slopes of the indifference curve and the budget line (Figure 13.1). If
a
b
> px

py
, the indifference curve is steeper than the budget line, so all income

is spent on good x. If a
b
< px

py
, the indifference curve is flatter, so all income

is spent on good y. When a
b

= px

py
, the two are tangent, and every bundle

on the budget line is optimal.
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Economic Interpretation of the Kuhn–Tucker Conditions

Consider a firm that produces n goods using m resources, aiming to max-

imize the profit subject to resource constraints.

• xj : output of good j;

• ri: available quantity of resource i;

• f : the profit function;

• gi: function describing the use of resource i in production.

The optimal solution gives the profit-maximizing output levels of each

good. To interpret the Kuhn–Tucker conditions economically:

• fj = ∂f

∂xj
: marginal profit (or marginal revenue) of product j;

• λi: shadow price of resource i;

• gij = ∂gi

∂xj
: amount of resource i required to produce one more unit of

product j;

• λig
i
j : imputed cost of using resource i for the marginal unit of good

j.

The condition
∂L

∂xj
≤ 0 implies

fj ≤
m∑
i=1

λig
i
j,

that is, the marginal profit of good j cannot exceed its total marginal im-

puted cost. The complementary slackness condition xj
∂L

∂xj
= 0 further

implies:
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• If xj > 0, then fj = ∑
i λig

i
j — marginal profit equals marginal im-

puted cost.

• If xj = 0, then fj <
∑
i λig

i
j — good j is not produced when it is

unprofitable.

Similarly, the condition
∂L

∂λi
≥ 0 restates constraint i, ensuring total

resource usage does not exceed availability (ri). Moreover:

• If
∂L

∂λi
> 0, resource i is not fully used and its shadow price λi = 0.

• If
∂L

∂λi
= 0, resource i is fully used and λi > 0.

Example 13.3.1 Reconsider Example 13.2.1. The firm produces two goods

using three resources: 40 units of resource 1, 5 units of resource 2, and 10

units of resource 3. Resource 1 is used in both goods (5 units for good 1

and 3 units for good 2), while resources 2 and 3 are specific to goods 1

and 2, respectively.

The prices of the two goods follow inverse demand functions

p1 = 10 − x1, p2 = 20 − x2,

and the firm’s revenue function is

R = x1p1 + x2p2 = x1(10 − x1) + x2(20 − x2).

The optimization problem is therefore:

max R = x1(10 − x1) + x2(20 − x2)

s.t. 5x1 + 3x2 ≤ 40,

x1 ≤ 5,

x2 ≤ 10,

x1, x2 ≥ 0.
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This is precisely the program analyzed in Example 13.2.1. The optimal

solution is (x1, x2) = (2, 10), meaning the firm should produce 2 units of

good 1 and 10 units of good 2 to maximize revenue.

Thank you for completing this course!

Your dedication to learning and perseverance throughout
this material are truly commendable.


