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Quiz 1 (Notes, books, and calculators are not authorized)

Show all your work in the blank space you are given on the exam sheet. Always justify your answer. Answers with
no justification will not be graded.

Questlon 1: Let v : [O oo) — R be a continuous function with bounded derivative, and let w : [0,00) — R be such
that w(z) =1 [(v (z))dt. (a) Show that [w(z)| < 22 where M = SUP,e[0,00) |02 ()]-

Any time we see a quantity like v(t) —v(z) we must think of the fundamental theorem of calculus, i.e., v( f 0xv(

Hence, we have
(v(t) v(z) ‘ /5‘v dzdt‘ /(91} Ydz|dt < — / / |0,v(2)|dzdt

M/ / dzdt——/(x—t) ?(CCQ—%LBZ)—?.

Hence |w(z)| < 2% for all z € [0, 00).

(b) Estimate w(0).

The estimate |w(z)| < 2% shows that |w(0)| < 0, meaning that w(0) = 0.
(c) Show that 9 (tw(t )) = —toww(t ) .

€T

w(e)l = -

\ /\

Upon observing that tw(t fo (t))dz and recalling that the fundamental theorem of calculus implies that

o( [ se162) = s

I(tw(t)) = 8t/0 (v(z) —v(t))dz = 8t/0 v(z)dz — O (v(t)t) = v(t) — v(t) — toru(t) = —towu(t).

we have

Hence 0:(tw(t)) = —tdw(t).

(d) Prove that v(z) —v(0) = —w(z) — [y wit)dt. (Hint: observe that v(z) —v(0) = [ 1 (tdyv(t)) dt, use (c), and integrate
by parts.)

We follow the hint

o(z) — v(0) = /Ow % (t0h0 (1)) dt = —/Oz %at(tw(t))dt

- /Oz o (1) tw(t)dt — %tw(t) :

_ /Om tw(t)dt — w(z) + w(0),

thereby proving that v(z) — v(0) = — [/ 1w(t)dt — w(z).
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Question 2: Consider the equation dc(x, t)+ 0, (($2—1‘L)C(l‘, t)) —8;8((1—&—1‘2)8:”0(30, t)) = 62/L% wherez € [0, L], t > 0,

with ¢(x,0) = f(x), —0,c(0,t) = 2, —0nc(L,t) = ﬁ, (O, is the normal derivative). Compute E(t) := fOL c(&,t)dg.

We integrate the equation with respect to = over [0, L]
L L L 6 L
| atende+ [ 0@ —aietw.)de - [ oc(+ ecten)ee = 7 [ e
Using that fOL Ore(€,t)dE = d; fOT c(&,t)d¢ together with the fundamental theorem of calculus, we infer that
diE(t) — (14 L*)0pc(L,t) + 0,c(0,t) = 3.
The boundary conditions 0,¢(0,t) = —0,¢(0,t) = 2, —0yc(L,t) = —0nc(L,t) = H_% give
dE(t)+1+2=23.
We now apply the fundamental theorem of calculus with respect to ¢
t
E(t) - E(0) = / 0, E(r)dr = 0.
0

In conclusion

L
E(t):/0 f(&)d¢, vt > 0.

Question 3: Let ¢ = sin(z) cosh(y) + 222 + 3y? (a) Compute A¢(x,y).

The definition A¢ = O0pp¢ + Oyyd implies that

A = Oy ¢ + Oyy¢ = —sin(x) cosh(y) + sin(x) cosh(y)4 + 6 = 10.

(b)Let © be the disk of radius 1 centered at (0,0) and let T’ be the boundary of Q. Compute [ 9,¢dI.

The definition A¢ = div(V¢) and the fundamental theorem of calculus (also known as the divergence theorem) implies that

/F8n¢dl‘ = /Fn-V¢dF = /Qdiv(qu)dQ = /QAqbdQ = 10/QdQ = 10,

because the surface of (2, fQ dQ, is equal to 107.




