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HW 11 extra, not graded.

Show all your work in the blank space you are given on the exam sheet. Always justify your answer. Answers with
no justification will not be graded.

Question 1: Consider the equation d;u + 9, (u*) = 0, where z € (—o0, +00), t > 0, with initial data ug(x) = 0 if 2 <0,
up(z) = 23 if 0 <z < 1, and up(x) = 0 if 1 < z.

(a) Give without proof the implicit representation of the solution given by the method of characteristics.

We have f(v) = v* and f'(v) = 4v>. The implicit form of the solution given by the method of characteristics is
X(7,8) = f'(uo(s))T + s, Vr >0, s €R,

T(r,s) =, Vr >0, s €R,
w(X(7,s), T(1,8)) =u—0(s), Vr>0, seR.

(b) Give the explicit representation of the solution without assuming that there is a shock.

We have f(v) = v* and f/(v) = 4v®. Looking at the definition of ug, we need to consider three cases:

Case 1 (s = 0): We have ug(s) = 0, f'(ug(s)) = 0. Let (z,t) € RxRysq. let us find (7,5) so that z = X(7,s) and
t=T(r,s). We have

r=s, if s<0.

Hence

’u(x,t)zO, if x<0.‘

Case 2 (0 < s < 1): We have ug(s) = 53, f'(uo(s)) = 4s. Let (2,t) € RxRyso. let us find (7,s) so that = X(7,s) and

t =T(r,s). We have x = 4st + s; hence, s = 7%

if 0<s<l1.

Hence

1
p 3
u(a:,t)( v ) ,if 0<az<dAt+1.

Case 3 (1 < s): We have ug(s) = 0, f'(uo(s)) = 0. Let (z,t) € RxRysq. let us find (7,5) so that z = X (r,s) and
t =T(7,s). We have 2 = s; hence,
s=xz, if 1<s.

Hence

’u(m,t):(), if 1<x.‘
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(¢) By invoking the characteristics of the flow, explain why the solution obtained in (b) is ambiguous.

The characteristics cross in the space-time region {(z,t) € RxRs¢; 1 < < 4t 4+ 1. Hence, the solution given by the method
of characteristics is not unique. This means that one must introduce a shock in this region to disambiguate the solution.

(d) Compute the speed of the shock without invoking the Rankine-Hugoniot condition, i.e., just use mass conservation.
(Hint: Look at the lecture notes to see how this is done. If you did not solve (b) correctly, you can use that u(x,t) =
(2/(144t))3 for all 0 < z < z4(t).)

1
Let ,(t) be the position of the shock. We know that x5(0) = 1. The solution on the left of the shock is u; (t) = (Ztitl)) °

The solution on the right of the shock is u (t) = 0. We compute the value of u () by enforcing mass conservation. The

total mass is conserved:
oo zs(t) z5(0) 1 . 3
/ u(z, t)dx = / u(zx, t)dz = / uo(x)dz = / xsdr = —
—00 0 0 0 4

i.e., using the fact that u(z,t) = (x/(1 +4t))7 for all 0 < z < z4(t), we have

ol

(1)
3. (1+4t)’%/ ridr = (1+4t)’%§l’s(t) .
4 0 4

This gives the shock speed )
xs(t) = (1 +4t)7.
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(e) Use the Rankine-Hugoniot relation to compute the shock speed. (Hint: Look at the lecture notes to see how this is
done. If you did not solve (b) correctly, you can use that u(x,t) = (z/(1 + 4t))3 for all 0 < z < z4(t).)

1

The solution is u(z,t) = (175;)® on the left of the shock and u(z,t) = 0 on the right. The speed of the shock is given by the
Rankin-Hugoniot formula
das(t) _ (uf ()" — (ug (1)

- : dz,(0) =1,
dt uF () —us () and 2(0)
where uf (t) = 0 and u; (t) = (Lr(z)g This gives
dx(t) - 3 _ w4 (t)
g~ )= 1+ 4t

which we re-write as follows:
dlog(zs(t)) 1 ldlog(l + 4t)

dt 144t 4 dt

Applying the fundamental of calculus between 0 and ¢ gives

log (1) ~ los(1) = § (log(1 + 41) — los(1)).

This give )
xs(t) = (1+4t)7.

(f) Give the final and complete expression of the solution including the presence of the moving shock

The solution is finally expressed as follows:

0 if x <0

1
u(z,t) = ( z )3 if0 << (1+4t)3
0 if (14413 <z
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Question 2: Consider the equation dyv + 9,(—v°) = 0, where z € R, t € R+, with initial data ug(z) = 1 if x < 0,
ug(z) = 0 otherwise. Let u(x,t) := 1 — H(x +t). Our objective is to show that u(x,t) is a solution to this problem in
the distribution sense. We denote §, the Dirac measure supported at a, i.e., 6,(¢) := p(a) for all ¢ € C°(R). Accept as
a fact that the chain rule holds for distributions.

(a) Express ug in terms of the Heaviside function.
We have

ug(z) =1— H(x) Vx € R.

(b) Compute dyu(z,t).

Calling £ the independent variable of H and using the chain rule, we have
Opu(w,t) = —0y(H(z + 1)) = —(0cH)(z + )0 (x + ) = —0_,

Hence for all t > 0
Opu(x,t) = —0_y.

Meaning that for all t > 0
<atu(xat)v 90> = _(P(_t) VSD € CO(R)

(c) Compute u(z,t)8.
We have

u(z,t)® = (1 — H(z +1))S.
If 2+t <0, then u(x,t)® = 1. If z +¢ > 0, then u(x,t)® = 0. This proves that

w(z, ) =1—H(z +1).

(c) Show that u(x,t) =1 — H(x +t) is a solution in the distribution sense.
Using that (1 — H(z +1))® =1 — H(z +1t), we also have

0,(u®) = 0y(1 — H(z +1)) = —0, H(z + 1) = —6_,.

This implies that
0tu + az(*’U,G) = *5_15 - (*6_)5) =0.

Moreover, u(z,0) =1 — H(x) = ug(x). In conclusion u(zx,t) =1 — H(xz +t) is a solution in the distribution sense.
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(d) Let xp < x1 be two real numbers and let ¢t > 0. Let u(x,t) := 1 — H(z +t). Compute 9, f;l u(z, t)de.

Case 1: Assume that z; +t < 0. Then z +t < z1 +t < 0 for all z € (xg, z1), whence u(x,t) =1 for all z € (zg,z1). This
shows that

8,5/ u(z,t)dr = 0y(x1 —x9) = 0.

zo

Case 2: Assume that g +t <0 < 1 +t. Then
1 —t
/ u(z,t) = / dz = (—t — xo).
o o

3t/ u(z,t)dr = —1.

0

Hence

Case 3: Assume that 0 < zg +¢. Then 0 < xg+t < x + ¢ for all z € (xg, 1), whence u(x,t) =0 for all z € (zg,z1). This
shows that

at/ u(z,t)dr = 0.

0

(e) Let zo < w1 be two real numbers and let ¢t > 0. Let u(x,t) := 1 — H(z +t). With f(v) = —v°®, compute

o / (e, t)de + f(u(ert)) — Fu(zo. 1))

Zo

and relate your result to Definition 26.3 in the lecture notes.

Case 1: Assume that 0 < zg + ¢t or 21 +t < 0, Then u(xo,t) = u(z1,t) and O, fxol u(z,t)dx = 0. Hence,

x

Oy /I1 u(z, t)dx + f(u(zy,t)) — flu(xo,t)) = 0.

zo

Case 2: Assume that g+t < 0 and 0 < z1 +t. Then u(zo,t) =1 and u(z1,t) = 0 and &, f;l w(z,t)dz = —1. Hence,

O /a61 u(z, t)dz + f(u(zy,t)) — flu(ze,t)) = =1 — (=1%) = -1 +1=0.

0
We have thus establishes that for all zy < 1 such that zg # 1 and 1 # ¢
T
Bt/ u(z, t)dz + f(u(zq,t)) — f(u(zg,t)) = 0.
xo

That is to say the above equality holds for almost every ¢y < z1 and ¢ > 0. Hence u is a weak solution according Definition 26.3
in_the lecture notes
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Question 3: Consider the conservation equation with flux ¢(p) = p*. Assume that the initial data is po(x) = 2, if z < 0,
po(x)=1,if0 <z <1, and po(z) =0, if 1 < x.

(a) Recall the formulas for the characteristics (i.e., give the expressions of X (7, s) and T(,s)).

We recall that we have established in class that for initial value scalar conservation equations the characteristics are defined by

X(7,8) =7¢ (po(s)) + 5,
T(r,s)=T.

forall7 > 0and s € R.
(b) Draw the characteristics in the space-time plane (¢ vs. )

We have

X(7,8) =T(7,5)q (po(s)) + s.
There are three families of characteristics depending on the value of s € R.
Case 1: s <0, X(s,t) =32t + s. In the z-t plane, these are lines with slope 3%
Case 2: 0 < s <1, X(s,t) =4t+ s. In the a-t plane, these are lines with slope i.
Case 3: 1 < s, X(s,t) = s. In the a-t plane, these are vertical lines.

One shock forms between the two black characteristics and another forms between the two red characteristic (see figure).
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(c) Describes what happens by looking at the characteristics.

One shock forms between the two black characteristics and another forms between the two red characteristic (see figure).

2=1° — 15. The trajectory of this shock is 21 (t) = 15t. The second shock moves at

speed 114%00 = 1. The trajectory of this shock is z3(t) = 1 + ¢t. This means that the leftmost shock catches the second when

15t = 21 (t) = z2(t) = 1 + ¢, i.e., the two shocks collide at time - at the position 3. After t = -, the two shocks combine

The leftmost shock travels at speed

and form a new shock moving at speed 224%00 = 8. The trajectory of the shock thereafter is z3(t) = % + 8&t.
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Question 4: Assume u; > us > ug > 0 and consider the following conservation equation

0 if x <0,
wr if0<z<l1,
du+0,(3u®) =0, € (—00,+00), t >0, w(z,0) =up(x) =< u; ifl<az<2

Uo if2<xz<3,
ug if 3 <.

(i) Assume ug = ug. Solve until the expansion catches up the shock. When does it happen?

Let us compute the explicit solution. Let x € R and ¢ > 0. We want to find 7 and s so that = X(7,s) and t = T'(7, s) with
X(r,8) =uo(s)tr+s, T(r,s)=r7

Hence 7 = t. We now look for s.

Case 1: If s <0, we have ug(s) =0 and X (¢,s) = s; as a result, s = X (¢, s), and
u(z,t) =0, if x <0.
Case 2: If 0 < s <1, we have ug(s) = u1s and X (t,x0) = uist + s; as a result s = X/(1 + u;t), and

u(z,t) = urz/(1 + uit), if 0 <a <1+ ut.

case 3: If 1 < s <2, we have up(s) =wuy and X (¢t,29) = uit + s; as a result s = X (¢, s) — uyt, which implies

u(z, t) = us, if1+ut <ax<24ut.

Case 4: If 2 < s, we have ug(s) = ug and X (¢, s) = uat + s; as a result s = X (¢, s), which implies

u(x,t) = ug if 24 ust < .

We have a shock at z = 2 and ¢t = 0. The speed of the shock is given by the Rankin-Hugoniot formula

dv;  fui—3ud 1
— === = —(u1 + u2).
dt Uy — Uz 2(1 2)

As a result x1(t) = 2+ 5(u1 + ug)t. This implies that the solution is

0, if z <0,
(e, 1) = wiz/(1+ugt), if0<z<1+ut,
’ Uy, if1+u1t<z§2+%(u1 + u2)t,
Us, if2+%(u1+uQ)t<:L'.

The expansion wave catches up the shock when the interval (1 + uyt,2 + %(ul + ug)t is empty. Hence the time T when the
expansion wave catches up the shock is defined by

1
2 —+ 5(’&1 +’LL2)T = 1 + UlT,

that is to say
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(ii) Draw the characteristics corresponding to the situation (i) with u; = 2 and ug = 1.

=1 L.

x=0 x=1 x=2 x=3 x=4

(iii) Assume now that u; > ug > ug = 0. When does the first shock catches the second one?

The speed of the first shock (starting at © = 2 when ¢ = 0) is given by the Rankin-Hugoniot formula

d.fCl %U% — %U% 1
dt  up—wuy 2(u1 ).
As a result z1(t) = 2 + 3(u1 + u2)t. The speed of the second shock (starting at = 3 when t = 0) is given by the
Rankin-Hugoniot formula
dIQ _ %’U;g - 1
dt - U9 o 2
As a result z5(t) = 3 + Suot.
The time T when the two shocks are at the same location is such that x1(7") = 2o(T"); that is to say,
1 ! 1 /
2+ §(u1 +u)T =3+ iugT ,
which gives
e
U1 '

Note that T" > T” for all uy > 0. This means that the first shock catches up the second one before the fans catches the first
shock




